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A new mechanism of x-ray and y-ray production by passage of relativistic electrons through an
excited medium is suggested, whereby the radiation is due to de-excitation of the quantum system
as it interacts with the electrons. It is shown that the radiation yield can be appreciably increased
by the correlation between the excited quantum systems contained in the medium.

INTRODUCTION

Interest has greatly increased recently in generation of
high-power electromagnetic radiation in the x-ray and y-ray
bands. This interest is mainly due to the ever expanding use
of these rays in purely scientific and in applied research.

At present the electromagnetic-radiation source that is
best from the viewpoint of intensity, directivity, and polar-
ization is synchrotron radiation. The spectral density of
synchrotron radiation in the x-ray band (2-100 keV) is high-
er by six orders than that of bremsstrahlung and by three
orders than that of the characteristic radiation of the best x-
ray tubes. Generation of synchrotron radiation in the x-ray
band, however, calls for powerful beams of high-energy rela-
tivistic electrons. Thus, for example, a 2-5 GeV accelerator
is needed to obtain 50-100 keV synchrotron radiation. An-
other possible mechanism of generating x and y rays is spon-
taneous emission of electrons and positrons channeled in a
single crystal. Generation by this method is hindered consid-
erably by the very high requirements imposed on the mon-
ochromaticity and angular directivity of the beam, as well as
on the crystal quality.’?

We propose here a new mechanism of x-ray and y-ray
generation by passing relativistic electrons through an excit-
ed medium. The radiation yield in the medium is greatly
increased by the onset of correlations between excited quan-
tum systems (the Dicke effect®). An electron interacting with
an excited quantum system de-excites the latter and emits a
bremsstrahlung photon.*

We show in this paper that the cross section for this
process has a kinematic singularity corresponding to emer-
gence of a virtual photon to the mass shell. In the ultrarelati-
vistic limit the cross section of this process coincides in the
vicinity of the pole with the cross section for Compton back-
scattering of electrons from real photons.

In §§1 and 2 we obtain the cross section for bremsstrah-
lung from a phonon upon de-excitation of a single quantum
system. In §3 we show that cooperative effects can result
from interaction of a relativistic electron with a medium
consisting of excited quantum systems, and demonstrate the
possibility of obtaining hard electromagnetic radiation of
high spectral density.

§1. MATRIX ELEMENTS OF THE PROCESS

Consider an ensemble of N quantum systems. Assume
that each such system has two energy levels and consists of 4
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elements (4 nucleons in a nucleus, 4 electrons in an atom,
etc.). To be definite, we take a quantum system hereafter to
mean an atom. The results that follow can be used without
restrictions for other quantum systems.

Assume that a relativistic electrons passes through a
medium consisting of excited atoms. Consider the interac-
tions of the electron with an individual atom. They can be
described by the following diagrams: The diagram of Fig. 1
describes inelastic scattering of the electron by an atom. If
the atom excitation energy Ey is low compared with the
initial electron energy, the excitation and de-excitation pro-
babilities are approximately equal and the number of excited
atoms remains constant. Since the process has no directivity
in this case, the interatomic correlation that leads to the on-
set of cooperative effects is then insignificant.’

The diagram of Fig. 2 describes bremsstrahlung via vir-
tual excitations of the atom. This process modifies substan-
tially the spectrum of the bremsstrahlung of nonrelativistic
electrons.® We note that in this process the photon energy
coincides with the energy of the transitions in the atom.
Therefore the spectral distribution of the bremsstrahlung of
relativistic electrons changes little.

The diagram of Fig. 3 describes the ‘“usual” brems-
strahlung. The matrix element corresponding to this process
can be written in the form

w={NY v ne) 6 )Y )

j=1 i=t
XHini(r., v55) 1 (vij) %r (v55) dr. dr,” dry;. (1)

The sumation here is over all N atoms and over the A4 elec-
trons contained in the atom; G (r,, ', ) is the electron Green’s
functions; ﬁly is the 2-photon emission operator; H,,, is the
Hamiltonian of the electromagnetic interaction of the elec-
tron with the atom:

Ly & ieydear
Hint=—? J(")Tr____rTl’] , (2)

where j (r') is the incident-electron 4-current operator and
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b,

FIG. 2.

J (r) is the atomic-electron 4-current operator.

We transform to the variables r;, =r;; —R;, where
R}, is the radius vector of the atom’s centroid. The atomic
wave functions can then be represented as products of the
wave function @(R ; ) that describes the motion of the atom’s
centroid and ¢ (r';; ) that describes the motion of the ith elec-
tron contained in the j th atom:

x(rs) =0 (R;) @ (rs'). 3)

Changing to the momentum representation, we obtain for
the interaction between the electron and an ensemble of
atoms (weusefi=m=c=1)

4nie®

~@n)F {qu Z“DF(RJ) le™ | D, (R;)>

1 i N
2ot <(Pf (re) IHT (re)G (rev r. )ae“"' I(Pi(re )>

X Z Cor(ry’) |j'e " | @i (ry")>

i=1

+j qu (0(R)) |e'7™| @, (RJ)>

i=1

X <cPf (re) IHT (re) G (l‘e, re’)p(rel)eiqre’ I(Pi(re,) >

X 2<(P'F(rij,) Ip(rfj')e'“‘"”!(P: '"iil)>}v (4)

where j’ is the transverse part of the current of atomic elec-
tron, p is the charge density ¢ = p, — p, — k is the vector
momentum transferred to the atom, and « is a Dirac matrix.
Equation (4) was derived under the condition that the veloc-
ity of the atomic electrons is much larger than the velocity of
the atoms themselves.

The matrix element (4) describes the bremsstrahlung by
an electron both with and without change of the state of the
atom. Let us consider the kinematic relations for the case
when the state of the atom is changed. The minimum mo-
mentum transfer is then ¢ = p, — p, — k, where k is the en-
ergy of the bremsstrahlung photon; E, = E, + w — k,and »
is the transition energy in the atom (negative when the atom
is excited and positive when it is de-excited). We use for sim-
plicity the ultrarelativistic approximation (an exact analysis
yields the same result):

PR E—1/2E,, p;RE,—1/2E;, qmin~ (k—®)/[2E,—

We see hence that the equality ¢ — @ = 0 can be satisfied
only if w > 0, i.e., when the atom is de-excited. At w <O the
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matrix element in (4) has thus a pole singularity. The cause of
the singularity is the possibility of emergence of a virtual
photon to the mass shell, as a result of which the process in
question can be represented as a set a two processes: radia-
tive decay of the atom’s excited state, followed by Compton
scattering of the electron by the y photon.

We note that the presence of a pole only at > 0 makes
the process directional: bremsstrahlung becomes preferred
when the atom is de-excited. In a real situation the pole sin-
gularity is eliminated by introducing imaginary parts of the
electron and atom energies. These widths result from the
finite lifetimes 7, and 7, of the electron and atom, respec-
tively, in a definite energy state. The value of 7, is deter-
mined mainly by collisions of the electron with the atoms of
the medium:

t.=1/0.v.n,

where o, is the effective cross section for inelastic scattering
of the electron, ve is its velocity, and » is the particle density
in the medium. The atom lifetime depends on the probability
of radiative spreading and the rate of energy transfer by colli-
sion. The total energy width contained in the pole denomina-
tor is thus given by

I'=TIy+owentoasvan,

where o, is the cross section for inelastic collision of the
atoms in the medium and v, is their velocity.

Despite the presence of an initial width I, the process
remains resonant (I'/w<1). We shall therefore consider
hereafter only the bremsstrahlung accompanied by de-exci-
tation of the atom.

Taking this into account, the matrix element (4) can be
rewritten in the form

_ 4mie® j' Zl (O (R)) | '™ | D, (R,))
(23'5) ¢*—o’—iel R.
X Z C@r(ry’) |j'e="" | @r(ry") . (5)

i=1
The summation is now only over atoms in the excited state,
and the electron matrix element is

M. =<u,|A|u.,
where u, and u, are Dirac spinors and
ae’[E;+k+a(p, k) +B]la
2kd,

alE\—k+a(p.—k)t+p]ae
B 2kd, ' (6)

A:=

Here §is a Dirac matrix, e the y-photon polarization vector,
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di=E,—pycos0;, d,=FE,—p,cos0,,

where 6, and 0, are the angles between the directions of the

initial and final electron and ¥ photon.
Itis convenient to write the matrix element in the form

_ 4mie {D:(R)) | ™| O, (R;)>
(2 )“f Z‘ ¢*—o*—iol

where M ;

MR, (7

is the atomic matrix element:

A
M= Yan(es') 7o | gu (1),

1=1

We represent it as a multipole expansion’

M= (@) Y D LIMIMIIM) Y, Dt (@)

i=1{ LM p=A1
X Eu[Niy(q; ML) +uNy(q; EL) . (8)

Here L = (2L + 1)V %D, " is the Wigner D-function; N,
are the magnetic and electric interaction matrix elements
defined in Ref. 7; £, are unit vectors of the spherical basis.
We express now the probability of the investigated process in
the form

dp. dk

2n
) WYV LY
2J+1 ks (2n)

where M; and M ; are the magnetic quantum numbers of the
initial and final states of the atom. The averaging and sum-
mation over the initial and final magnetic substates of the
atom are easily performed and yield

2J,+1 1
27+1

&)

dW=4ne*

(¢*—w*—iol)
A

X 2, | Z (O (R;) |e'™| O, (R;
LM j=1

X[ [Ny (q; ML) |*+|Ny(q; EL) |*]

il

dp. dk
(2n)°”

Introducing the radiative width of an isolated atom

(10)

2J+1

L= 2/:+1

2t g Z{IN,,(q,ML)|2+INu(q,EL)IZ} (1)

we obtain for the cross section of the process

N
Iy 1 l ) 2
aW=—rnon < ) [ giaR A
(qz_(oz_imr)z ® ; q)F(RJ)Ie IIQ)I(RJ)
1 dp. dk
x[me— L g Rk 12
¢ Y T (12)

The cross section for scattering of an electron by an individ-
ual atom can be obtained from the probability in the usual
manner:

aw dWo

do,= = 13
T ] N/ i N k (q) ’ ( )
where j is the incident-particle current density,
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1 o 1 1\2 1 1
e (ALYl £ 1)
T A U R Bl S s
d, d, D2 1
+k2( +— )]—— 1

di d (*—0*—iel)? a2 A, (14)

dQ:=sin 6, d6; do; (i=1,2), a=1/137;
P, (q)= I Z, (O (R;) |e'™| D, (R;)> ' . (15)

Jj=1

The cross section of the process is thus represented by a sin-
gle process multiplied by a correlation factor P, , the latter
determined by the cooperative properties of the medium and
ranging from N to N2, depending on the degree of correla-
tion. We note that the presence of a sharp maximum of the
cross section permits direct integration with respect to the
angles @, 6,, and 6,.

§2. TOTAL CROSS SECTION PER ATOM
We integrate first with respect to the angle @, and get

do Ie?
T Toon T (0:,6:)
2n
P de ) .
X =) s 1 y
5 (¢t HTrgr o0 Orsin 6.0, b, (16)
where
1 1 2 1 1 d‘ dz
F (o, —(———)—Zk(——__)+kz( +__).
R ) d dy & d

Transforming to the variable > and integrating with respect
to it we obtain
do Iy o F(6,,6,)

dQ,dQ, T ke®* (A+Bd,+Cd?)"
where the coefficients 4, B, and C are given by

A=—d*[(Ey+k) —1] —20d,,

B=2[E E.d,*+ (kd,—1) (0+d,) ],

C=1—(E,~k)*—2kd,.
The region of integration over 6, is governed by the positive-
ness of the radicand in (17), and from the condition that the

integral exist we obtain a restriction on the ranges of the
variable d:

dk, (17)

E./2<d,<20E/k (18)
and of the angle 6,:
piit+k— (pt+w)? < cos0, < P12+k (p— (0) (19)
2P1k 2p,k

The energy of the bremsstrahlung  photon should satisfy in
this case the condition

0<k<4Elo/(1+4E0). (20)

Conditions (18)-(20) coincide with the requirements im-
posed on €, and k in the inverse Compton effect. This in not
accidental. The point is that we have used the pole approxi-
mation, in which a virtual photon emerges to the mass shell
and becomes real. Kinematic relations that are valid for the
real process of ¥-quantum scattering by a moving electron
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are therefore satisfied in our process. Integration of the cross
section (17) with respect to 8, is elementary and yields

do F1a2n{ 1 (1 2k)

dk ~ oThp? U(=0)"\ a7 4,
2+ wea)
TN V)
(___A)‘/z 2 (i1
2
T 1)
2 L(—a9)® 4, (—C3)"

In the ultrarelativistic approximation, assuming E,,
E,>1,0E,€1,k<E E,, we easily obtain from (21)

do Ina? {( 1 Zk)

EI—S= szkp12 dlz d,
2 A 1
-I-( k——+k2d1)(1+——)——
2 d, 2B* I x,
it (1o (1)}
g+ + 1+ I,dQ,,
o o\ ae 25" 22)
where

I— j. d(d,) — T
" (A+Bd,Cd?) " (=C)*
A=4p?sin? 0 [ p,20*— (E,0—kd,)*|~2d, (ko EE,) ",
zo=—B/2C

and the conditions A/B *><1,A/AC«]1 are satisfied. Integra-
tion of (22) with respect to the angle 8,, between the limits
determined by (19) is elementary and yields
do I'oln { 2k k4K k }
—= s+ -+ 8wp (.
dk I‘mZ'pr P u)pf D1 o 4(1)]712 op
The expression obtained for the cross section can be repre-
sented as a product of the factor ', /T by the cross section
for the inverse Compton effect in the case of scattering of
ultrarelativistic electrons by low-energy y rays.®

Integration of (23) with respect to the y-ray energy
yields

A=B*—4AC,

(23)

0=01F7/P, (24)

where o, is the Thompson-scattering cross section. We
must note here once more that this behavior of the cross
section is the result of the resonant character of the process.
Comparing expression (23) for the cross section with the
cross section for ordinary bremsstrahlung, it should be noted
that the latter is proportional to 75 < Z ? whereas the cross
section of the investigated process is proportional to 73 and
therefore exceeds the cross section for ordinary bremsstrah-
lung in the case of small Z X 10.

§3. INFLUENCE OF MEDIUM ON RADIATIVE DE-EXCITATION

The influence of the medium on the investigated pro-
cess is determined by the presence of the correlation factor
P, in the cross section (13). If the distance between the atoms
a,>A (A is the atom’s spontaneous-emission wavelength),
there is no correlation between the atoms and P, = N. We
shall therefore assume that a, <A and that spontaneous su-
perradiance can occur in the system.

1164 Sov. Phys. JETP 61 (6), June 1985

Let the ensemble of excited atoms have a volume V in

the form of a right parllelepiped with sides L,,L,,L,(L,

=L, = D. It is known? that no cooperative properties are
manifested in a large-size system, so that it is of interest to
consider two cases.

1. L, ,D</l,ei°R’ ~ 1. In this case the electromagnetic
field of the electron exerts the same action on all the atoms of
the sample.

The wave function of a system of N particles is charac-
terized by quantum numbers 7 and m, where r is the “cooper-
ative” quantum number,and m = (n,_ —n_)/2(n,. and n_
are the numbers of the atoms in the excited and ground
states). In this case we can write for the radiation cross sec-
tion

0=00(T) (r+m) (r—m+1), (25)

where o,(I') is the integral bremsstrahlung cross section in
the case of de-excitation of an isolated atom, and is given by
Eq. (24). This cross section is a function of the total width I"
of the radiation energy. As already noted, I is determined by
the sum of the radiative and collisional widths. The radiative
width of the system considered is in turn also dependent on
the quantum numbers 7 and m:

I’1=I‘h—137(r+m) (r—m+1), (26)

where I, is the radiative width of the isolated atom. Substi-

tuting (24) in (25) and taking (26) into account, we obtain

_ 1 Ty(rtm) (r—m+1) 27)
N T ATy, (@+m) (r—m+1)/N

It can be seen that the maximum of the cross section is

reached at r =N /2 and m = 0:

raNe 10
P TATNAN
If N is large enough, we can neglect I', in the denominator
and the cross section of our process coincides with the cross
section of the inverse Compton effect.

The dependence on n drops out. Thus, allowance for the
cooperative effects makes the cross section in this case no
longer dependent on the width I, and I',, or on the density
of the medium. The reason is that for a system of small size
the spontaneous-emission probability and the probability of
our process have the same cooperative amplification coeffi-
cients. They are therefore cancelled out in the numerator
and denominator of (28).

2. L,<A,D>A. In this case the spontaneous-emission
line width is given by®

3Ty, NA?

0==0,

(28)

Omax=

Equation (13) can in the general case not be integrated for a
system of arbitrary size. We consider therefore a definite
range of the angles 6, and 6,.

The point is that for an extended system coherence sets
in only when the condition g-R< is satisfied (for all R ). We
resolve g-R into two components, parallel and perpendicular
tothesamplelengthL,:q"R =¢, R, + q; R .Thepresence
of a pole leads to |g| = @ and for the superradiant state to set
in the condition g A X7 or @ sin D S 7 must be satisfied (§ is

I. S. Batkin and A. N. Aimaliev 1164



the angle between the direction of the vector q and the Z
axis). Thus, the existence of superradiance is determined in
this case by the direction of the momentum-transfer vector
q (siné<w/wD ). Thedirection of the vector g depends in turn
on the energy of the emitted y photon.

From elementary kinematic considerations we can
write

B w[1—(v/c)cos 6,]

" 1—(v/c)cos B, @ (1—cos 0) /E,
where 6,,0, and @ are respectively the angles between the
vectors p, and q, p, and k, and q and k. In our case, when a
relativistic electron is incident on a system consisting of two-
level atoms, expression {29) can be simplified (w/E;<1):

(29)

B — ol[1—(v/c)cos 6,] (30)
1—(v/c)cos B,

Assume that the initial momentum p, of the electron is di-

rected along the Z axis. The energy band AE, in which the

coherent properties will manifest themselves will then de-

pend on the angle in the following manner:

o[ 1= (v/c)cos (arcsin (/D)) ] < B < w(1—v/c) ‘
1—(v/c)cos 0, 1—(v/c)cos 8,
(31)

Provided that Dw>, the expression for the energy range
AE, can be written in the form

AE=n*[D*o[1—(v/c) cos 8:1] % (32)

In the energy interval AE, the cross section for our
process increases thus by NT", /T", times. In turn, we have
theratioT, /T = (87/3)(D*/A 2) (we assume here as before
that the collision width ", can be neglected). Thus, the cross
section for radiative de-excitation in an extended object is
decreased by a factor D ?/4 ? compared with the case when
there is no correlation between the atoms.

Knowing the cross section, it is easy to determine the
total number of photons emitted by one electron
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Ny=6(0)An %13% AE,. (33)
The spectral density is
$i= s (@ym . (34)
3 A’

The number of photons emitted at a wavelength A = 1 A on
account of radiative de-excitation is higher by several orders
than the number of synchrotron-radiation photons of the
same frequency, viz., 10'° photons/mA-rad-A.s. It was as-
sumed in the calculations that the energy of the incident
electrons is E; = 150 MeV and the atom excitation energy is
o =0.1 eV; the sampledimensions are D =10 cm and
L, = 1073 cm, and the particle density in the medium is
n=10%cm™3.

The radiation yield was calculated for one target. It
should be noted that the number of photons can be increased
by using a packet of targets with spacing greatly exceeding
the radiation wavelength. In this case the condition for the
onset of cooperative effects in each layer is not violated, and
the total photon yield increases appreciably.'’
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