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Kinetic phenomena in superfluid He>~He* solutions are investigated by calculating the velocities
and damping of first and second sound in the hydrodynamic as well as in the kinetic regime. The
results point to the presence of velocity dispersion of second sound and to its substantial absorp-
tion in the transition frequency region. The calculation procedure employed has made it possible
to write down in explicit form all the dissipation coefficients of the phonon-impurity system of a
superfluid He®>~He* solution. The times contained in the dissipation coefficients for low-density
solutions differ by more than an order of magnitude from those of an earlier theory. The calcula-
tion results are compared with the available experimental data.

The fundamentals of the kinetic theory of the He*~He*
quantum-liquid solutions were set forth by Khalatnikov and
Zharkov.' Using the basic ideas of this paper, Baym, Saam,
and Ebner’™ developed a detailed theory of kinetic phenom-
ena in the phonon-impurity system of He>~He* solutions at
T <0.6 K. Baym’s theory, while in good agreement with ex-
periment for sufficiently concentrated solutions at relatively
low temperatures, diverges substantially from it with rising
solution temperature and with decreasing solution concen-
tration. Attempting to eliminate this divergence, some
workers calculated the phonon-impurity time using an un-
justified averaging procedure that contradicts the theory of
Refs. 1-4 and is shown in Ref. 7 to be incorrect. The use of
the intermediate results of Ref. 3 gave them grounds for stat-
ing that they follow this theory. Most investigators (see, e.g.,
Refs. 8 and 9), after reducing the data in full accord with
Baym’s theory, found in a number of cases a deviation from
experiment by approximately an order of magnitude. This,
in particular was the size of the disparity between the ob-
served and calculated values of the second-sound absorption
coefficient.’

The purpose of the present paper is to calculate the ve-
locity and absorption of second sound in the phonon-impuri-
ty system of an He’>~He* solution with allowance, as in Ref.
7, for the phonon-phonon small-angle scattering and for the
inelasticity of the phonon-impurity scattering. A general
expression is obtained in the hydrodynamic regime for the
renormalization of the velocity and of first-sound absorption
in superfluid He*~He* solutions; this explains, in particular,
the high-temperature data of Refs. 10-12. The results per-
mitted all the dissipative coefficients of the phonon-impurity
system including the second viscosities, to be written in ex-
plicit form. We have used in the calculations the results of
Ref. 1 as well as of Refs. 2—4, and stress therefore that we are
dealing here not with the correctness of the Baym—Saam-
Ebner theory, but with the range of its validity.

VELOCITY RENORMALIZATION AND FIRST-SOUND
DAMPING. DISSIPATION COEFFICIENTS

We have previously’ obtained the renormalization and
damping of first-sound in a phonon-impurity system, assum-
ing that the condition C,/C; <1 (where C, are the quasiparti-
cle heat capacities per unit volume) is satisfied in the hydro-
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dynamic  limit. Here we consider for a
phonon-roton-impurity system a hydrodynamic regime not
subject to this restriction and obtain the time that deter-
mines the second viscosity in a phonon-impurity system.

Starting with the complete system of linearized equa-
tions' that describe solution of He*~He* quantum liquids
and yield the dispersion equation @ = w(k ), we havein accor-
dance with Ref. 7 for the renormalization of the velocity ¢ of
the first-sound absorption coefficient «,, in an approxima-
tion linear in p,/p4 (., = Pn3 + Pas is the total normal den-
sity),

Ac Reo—ck c—co O6m ps 1

—= = ————+—ReKk,
c cok Co 2m p. 2p4 ¢
B ImK, (1)
oy = zpkc m
where
E—cl=—u[za+ it (1—3—w)]
c puc? 2
0*E 0%,
(j : fsdI‘,+j f‘dI‘) (2)

¢ is the speed of sound in pure He* at T=0, x = n,/n,
is the concentration, P, is the impurity-gas pressure,
pi = n;m; are the densities of the solution components, ¢, is
the energy of the He* quasiparticles,
E; =€y + €5 =€, + p}/2m is the energy of the impurity ex-
citation (impuriton), §m = m — m, is the renormalization
correction to the impuriton mass, £ is the distribution func-
tion,

=& de 0 —- 0 080 pA om
c dp.’ m.c* (994 m dp.
The expression for X is
K=—<V|V)+<V|Ra |V, (3)
where
oE )
p—k‘ : + m p.’!z
Ve ( Vs ) | ¢ 9p. m
v e e
c 6p4 hz
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and the operator matrix is

R=(o—kv—il)~!, (4)
w—kv = (m—kVB 0 ) I=(133+134 I, ) . (5)
0 (x)—ng 143 14A+1Aa

The z axis is chosen here along k, p, and v, = Jd¢,/dp; are the
quasiparticle momentum and velocity, and 7, are linearized
collision operators. The scalar product of the bra-vector (/|
by the ket vector |@ ) is defined as follows:

<117| (P> = 5 wz'(Pafa’ dr's _5 'llh'(Pafz.l dr., (6)

where £ is the derivative of the distribution function with
respect to energy.

In the calculation of the second term in (3) it is necessary
toseparatein R the part corresponding to the subspace of the
collision invariants of the operator I, and then use the 7-
approximation for the operators ;. We choose as the basis
vectors of the subspace of the collision invariants

‘c Yy — | 631 [ 1 6Pf ’ >
' Cur A ns3 ans Tng (7)
IEz} =(CvT) A | 83> , IE:;) — pn—ll’ p31> ,
€, Dz
where C,=C,+C, is the Theat -capacity,

Ae, = €5 — 5, and &, = 3(9P;/0n,) r,,, - The vectors |¢,) and
|€s), which contain x and y components of the momenta,
drop out of the calculations, since the z axis is directed along
k.

We introduce, for the mixture of the phonon and impur-
iton gases, operators for projection on the subspace of the
collision invariants

Po=D 18 G| 8)

and on the subspace 7, = 1 — Z _ orthogonal to it. Further
transformations are carried out to go from the operator I to
Z 12 ,, where the T approximation is used. We start from
the equation
(o—kv—il) R=1.

We multiply it from the left and from the right by Z_, and
then from the left by 7, and from the right by Z . Solving
the system of two equations we obtain

PRP =P [0—P VP .—P kvP,
X(0—PkVP,—iPAP,) ' P.kVvP.] ' P.,
PiRP =P (0—PkVP ,—iP I P,) '\ P kv P RP.. 9)

In the hydrodynamic limit, which will be considered for
first sound, the terms @ — 2 ,k-vZ, can be left out of the
expressions in (9). We calculate similarly in this limit

PoRP =P (Pl Pr) ' Py PRPr=PRPKVP RP..

(10)
From (3), (9), and (10) we obtain

K=— V|V + 0 (V| P (0—PkvP) " P | V>
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[V)=cP,[1+kvP (0—PkvP,)~'P.]| V). (12)

The matrix elements of the operator Z _k-vZ are cal-
culated by starting from the definitions (6) and (7):

Ey|kv.|E>=Ekuoy, <&:|kv.|¢s>=Fuss, (13)
where
0P; ) TS? _ 2
2o , 2= §=8,+—C, (14
Uzn on ( ons ! o Uy 0Cy 4 3 b (14)

with S, the entropy per unit volume of pure He*.

Calculating the matrix elements of the operator
(@ — Z kvZ_.)"", we obtain for (12) after rather laborious
algebra

2
17> = 2 lgw + Addgo + 4 220) g0
V3 Cyc?
g n 2 A
+ (A 22) (2225) oo (15)
3sLv
where

I > _ l (p.’!n> . 1 3p32v33_pav3>
®n Pan 217?3 3pulz’u—])/.v4 ,

1] CiAe, > (16l

o) =
@ 3Cv I *0384+3Cvfpo;

are vectors that determine the first and second viscosities of
the solutions, while

2TC,
ASaUsz - 3p = Psz
> = T-% "

le TS,

€Wz — Pz

fne (17)
om0 T )

? mpn ns 6"/3 Tna —Pn3Psz

are vectors that determine the heat conduction and the diffu-
sion

1 S
AE(POI—PA —ue,tA, ( 3 p‘vz.-—a‘-s‘),

I <584 £>__p_1.( aSA)
{ei|&w 19[.)4 a C. a0 ’
The vectors (16) and (17) are mutually orthogonal. They con-

tain expressions that enter in the hydrodynamic definitions
of the corresponding dissipative coefficients:

Pna ( 3 ) p'n-'! TS uACA IUC3]
= +{r——
A [ Pn P e o

A;=[A,. ( - f: ) —3(u4+tl})],

Ap =( A— ;’— w[.’;—1) B'+A,, (18)
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}bzmé (a+-6ﬂ),

A= wl.— m

wCs)S'+An,

(19)

2 2
P =ty U

Here u? is the squared second-sound velocity in the solution,
and

1 ( oP;
p= mc® N Ons )T”‘
From the relations (11) and (15)—(18) and from the defin-
ition (1) we have for the first-sound absorption coefficient

(20)

UG U’

o’ [4
—— | —AMtL A,
M et Ly AT e
S 2
o0 (AD+kT o A\ ] 1)
psz
where
N=—L@ (PIP) >, n=—{@ (L IP) > (22)
are the velocity and heat-conduction coefficients:
D:_ <(PD| ('@nlyn)_ilch>q
kq~=( 2 CsT ST) Ps (23)
o:p

3 pusl?

are the diffusion coefficient and the thermal-diffusion ratio;
ti=— A e[ (PRIP,) o0

=041 +20.0:4,(1—4,) +0.°Ts (1-4,)* (24)

is a combination of the second-viscosity coefficients. Rela-
tion (21) was recast in a form that allows us to compare it
with the corresponding result obtained from the hydrodyna-
mics equations. ' For nondegenerate solutions, the thermal-
diffusion ratio defined by (23) coincides in this case with the
expression given in Ref. 1. Calculation in accordance with
(21) yields for the phonon system the results of Ref. 14.

We calculate now the dissipation coefficients contained
in (21) for the phonon-impurity system (7T < 0.6 K). We re-
write the matrix element for the first (shear) viscosity % in
(22) in the form

<(Pn| ('@nlg,ﬂ)_iiq)n>=<@n|)(,n>v (25)
where |y, ) is defined as
PAP = po. (26)

Allowing for the orthogonality of |ys,) to the subspace of
the collision invariants of the operator /5, we have in ex-
panded form

(—Ts " 1a) IX3q> +134IXI.n> = { Psn?s
LU=P) L] g Hlas| 7on? = | @)

(27)

(—~

To derive (27) from (26) we used the r-approximation for the
impurity-impurity interaction

Iy=—157 ' (1-Ps.) (28)
and for the phonon-phonon interaction
lLi=—1,7'(1-2), (29)
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where

>€E
Prm X le o], 7= 22ePl (30)
; e<pr.lpa>s

|c5;), in contrast to |¢5; ), is normalized to quantities pertain-
ing only to the impurity subsystem. The operators I, and I,
exert different actions in the angle and energy subspaces. We
have therefore introduced vectors |b ), and |a), defined re-
spectively in energy and angle subspace, and the correspond-
ing scalar products.” In I, account is taken only of the fast
longitudinal relaxation that has a characteristic time 7, and
is due to three-phonon processes. This approximation is val-
idif x > 10™%, since the establishment of total equilibrium in
the phonon system of these solutions is governed by phonon-
impurity collisions rather than by transverse phonon relaxa-
tion.

The action of the operator I,, and I,; on a vector is
defined in standard fashion.” We shall find it useful to ex-
press I, in terms of projection operators on a basis of Le-
gendre polynomials P;:

|P >yu<P |

1
(PP, 31

=
Starting with (31), we can represent the operator I that acts
in phonon-vector space in the form’

I,=— Etl_iyz

where, using the corrected numerical values of the impurity
spectrum, we have according to Refs. 2 and 3
7.7n. _11.3n, 10.7n,

T lma=tlm=

P 2= A
xep. xep, xep.

<P0|143IP0 y ?
0

TP Py (32)

ty =

(33)

At the temperatures and concentrations we have con-
sidered, the inequalities p,,/p,; €1 and S<1 hold. This al-
lows us to leave out of (27) the terms I54|ys,)s L3s|Xay)s
L3]x3,)- The system (27) breaks up then into two indepen-
dent equation, and the shear viscosity becomes a sum of an
impurity viscosity

T]a=<(P3n|(P3n>T33=PfTaa (34)
and a phonon viscosity
Tla=<fpu:l [TII_1(1_=¢II) +t2_1] _‘l‘CPm>~ (35)

Inthe derivation of (35) it was recognized that, in accordance
with (32),

Lig|gun> =2"" | Yun?.

Relation (34) coincides with the expression obtained in Ref.
2, and goes over for the nondegenerate case into the result of
elementary gas kinetic theory. We note that the equality
7 = 73 + 74 agrees with the results of Ref. 1 and, as follows
from the calculations presented here, is valid only in the
zeroth approximation in p,,/p,; and in 8. The matrix ele-
ment (35) is calculated in the same manner as in Ref. 7:

(36)

T]4=1/5PMCZTZ,

where 7, is determined from the expression
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Tl:[j t (tl+"7u)*11744f4,d174][§ (tz""t'u)_l101.4]‘4'dpz.]-.i .
0 ° 7

Equation (37) represents various mechanisms, discussed in
Refs. 7 and 15, that establish equilibrium in the phonon sys-
tem when impurities are present. In low-concentration solu-
tions, for which 7, > 7, we must put 7, = Oin (37), and then

-1
= —Brpns ( [ tmpes dm) _ (38)
0

Equation (38) differs substantially from the theoretical re-
sults®>™ in which no account was taken of the phonon times;
this corresponds to the limit 7;— oo, for which (37) yields

7% =—(67°pni) —’j tpitf dp.. (39)
0

Substitution of (33) in (39) produces at the lower limit a
divergence that was eliminated in Refs. 2—4 by taking into
account the absorption of long-wave phonons by the impuri-
ties, with a characteristic time ¢,. Equation (37) is therefore
valid at 7 €7,. This inequality does not hold for concentrat-
ed solutions at low temperatures and at high pressures, when
the phonon spectrum becomes nondecaying. In this case
Baym’s theory is applicable, as confirmed by experiment. In
the general case it is necessary to replace ¢,~ ' in (37) by
t; '+t ;. Since the averaged quantities are the frequency
t 7 " with weight p}f in (38) and the time ¢, appears in (39), it
follows that 77 differs from 7;° by more than an order of
magnitude, as shown in Fig. 1. It can be seen from this figure
that in the general case 7, has a rather complicated depen-
dence on temperature and concentration. At pressures 15—
20 atm, when the phonon spectrum is non-decaying, (38)
should go over into (39), as was indeed observed in Refs. 16
and 17 for x =~ 1073, The large measurement error, however,
prevents an accurate quantitative comparison.

The thermal conductivity » = x5 + », is calculated in
the same manner as the viscosity. In accordance with Ref. 1
we have here x, =0, and

5= Pau | Pax? Tss. (40)
For the nondegenerate case we obtain
Us="/sN3Tss T/ M.
The matrix element in (23), which determines the diffu-
sion, is
(@o| (PlP0) 90> =<Pn| Y0,
where |y, ) is given by an equation similar to (35).
In Eq. (41) the |y;p) are detetmined in terms of |@in?s
which contain vectors that pertain the subspace of the colli-
sion invariants of the operators I,;. To use the 7-approxima-
tion it is therefore necessary to separate in |y,p) the terms
pertaining to the subspace of the collision invariants of these
operators:
loip> =|%ip™> +ain|Pin?

(41)

(42)
with the orthogonality condition
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<Xm" | (Pm> =0. (43)

We express the desired matrix element (41) in terms of @, in
the form

e aan'l_(hb) Oons Uz’ (44)

n3 pn

<@n|xo> =( P
P

Substituting (42) in the equation of |y, ) in the 7-approxima-
tion, we get

(—Tsa—i‘{']u) l X30">+134 I XAD"> = I @sp>—13, I aaD‘(P3D+CIAD(P4D>,

(45)
(=o' L) [ to™ s | xsp™> = |@ip?—13|@3pPspt AnPun?.
Solving the system (45) for |y7,) with the condition (43),
subject to the constraints above, we obtain the diffusion coef-
ficient

D= (‘pm/‘Pn) Usn®Ty. (46)

Substituting D and &, in the relation for the effective heat-
conduction coefficient,! we obtain
Reir="/3C,C*Ty T %s.

(47)

Relation (47) allows us to determine the time 7, from heat-
conduction experiments (Fig. 1). It can be seen from this
figure that the times obtained in Refs. 6, 18, 19,and 5, 16, 17
by the same procedure differ by approximately a factor of
two. The reason for this difference is apparently that in the
first set of references the width of the heat pulse was a factor
of ten larger than in the second. Therefore in the first case the
regime was closer to hydrodynamic, determined by the time
71, while in the second it was closer to kinetic with a time 7,
> 7. The difference between 7, and 7,, agrees approxi-
mately with that observed in experiment. We note that the
time obtained in Ref. 20 from thermal-conductivity data®
agrees with 7, of Fig. 1.
The matrix element

e (Pl P.) 7> =< e %22, (48)

which defines in (24) a combination of second viscosities, is
calculated in analogy with the diffusion. The difference is
that the relaxation time 7, is substantially longer than not

1,z-10"%

- b

10°

!

-

T T TTTI]

I

0°

Il
g,1 gz 030401 02 03047, K

FIG. 1. Temperature dependence of the phonon-impurity relaxation
times for x = 107> (a) and x = 1.3.1072 (b): I —theoretical calculation,>
2—calculated from (37), 3—calculated from (38); /\ data of Refs. 5, 18,
and 19, O—of Refs. 6, 16, and 17, O0—of Ref. 20, ®@—of Ref. 21.
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only 73, but also 7. In this approximation we obtain

AM\aof Cs'\?
T = (u-i-w - —3—) (E:) C.Try, (49)
where
te=—Ce e/ e is|€d (50)

is the time that determines the second viscosity. According
to (32) and to the definition of the action of the operator I,;
on an arbitrary vector we have

(84,143| €4> =1/, 5 W:ufs/f&/ (34“84,)2 drl's dF3/ dr, dFAI, (51)

where w, is the transition-probability density. We note that
in perfectly elastic scattering (¢, = ;) expression (51) van-
ishes. It is therefore necessary to retain in the difference
£, — €, the terms that contain the small parameter v;/c; this
is equivalent to allowance for the inelasticity of the phonon-
impurity scattering. According to the conservation laws we
have

ec—e/=vs (p—p.) + (p—p./) ¥/ 2m.
We ultimately obtain, accurate to within terms of order (v,/
),

T=p't,". (52)

The time 7, describes the slow establishment of energy
equilibrium between the phonons and the impurities. The
situation is similar here to that considered in Ref. 14 for a
phonon-roton system. The difference is that in the latter the
parameter [3 is not as small, so the first-viscosity time is of
order 7.

Leaving out of (18) the terms containing the small pa-
rameters 3 and (u,/c)?, we obtain according to (21) for the
coefficient of first-sound absorption in the phonon-impurity
system

o? [ 4, HaPn  Use’ ( uC,—wC; )2
= -_ + + - 7» -
o 20.c* L 3 Mot Cy ¢ Cv
Q. 2
v v

The dissipation coefficients 7 = 15 + 14, %5, D, and §; in (53)
are given by expressions (34), (36), (40), (46), and (49).

When the inequality C,/C,<1 is satisfied, Eq. (53) goes
over into the result of the Ref. 7, where the third term, pro-
portional in this case to the small quantity 3, was left out.
The contribution of the second viscosity to the first-sound
absorption coefficient was calculated here in explicit form. If
the phonon heat capacity and the impurity-gas thermal con-
ductivity are neglected, Eq. (53) agrees with the result of Ref.
4 to an accuracy of order the times 7,, 7,, and 7. The differ-
ences between the times, as noted above, is due to neglect, in
Refs. 2—4, of the three-phonon processes and of the inelastic-
ity of the phonon-impurity scattering. It was assumed on
this basis that the energy equilibrium between the phonon
and impurity systems is ensured by processes in which the
phonons are absorbed by impuritons, with a characteristic
time #, that determines in that case the second viscosity.

It follows from our present result that the establishment
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of the indicated equilibrium and the second viscosity are de-
termined by two processes that proceed in parallel: inelastic
scattering and phonon absorption by the impurity. Numeri-
cal estimates show that absorption must be taken into ac-
count at low temperatures and high densities, and at in-
creased pressures. In this case 7, ! must be replaced by
(P S

The main contribution to first-sound absorption is
made by second viscosity. From this viewpoint it would be of
interest to measure sound absorption in the hydrodynamic
regime at 7' < 0.6 K, for this would permit comparison of the
theoretical value of 7, with the experimental one. To our
knowledge, only kinetic data on sound absorption in this
temperature region are available at present,? and agree with
the calculations of Ref. 7.

Let us calculate the renormalization of first-sound ve-
locity in the hydrodynamic limit. According to (1) and (11)
we have

Ac c—Co

= +

4 Co 204

[ o V| P(0—PKvP) " P.| V>

—<V|V>—6—nip3]. (54)
m

The calculation takes the rotons into account, so that this
result can be compared with the available experimental data.
Calculating the matrix element contained in (54), we get

A_c=ﬂ+9_"[l4“2(1___lﬁzi)
c

c Co 2p4
— o)’ CsC.T _pnr.-i—naém]_i_(A_C)/ ’ (55)
CvpnCZ On 4 '
where
(B) = OF (oo ((Boe|Tecy) (56)
c v 20 C.T N dps ! dp,

The hydrodynamic expression (55) is exact in the approxi-
mation linear in p,, /p,. If the impurity-gas and roton densi-
ties are small compared with the phonon density Ppn» then
Eq. (55) leads to the result of Ref. 14 in the zeroth approxi-
mation in the small parameters p,,; /p,,, and P-/p,y. For the
roton system, Eq. (55) with the numerical values of the pa-
rameters taken into account goes over into the result of Ref.
23, in which the second derivatives of the roton-spectrum
parameters with respect to density were disregarded. Nu-
merical estimates show that the contribution of the latter is
insignificant at saturated vapor pressure. Neglecting the ro-
ton contribution, we obtain from (55) at C,/C, <1 the results
of Refs. 7 and 24.

Equation (55) with account taken of the rotons and of
the results of Ref. 7 explains the experimentally observed'®
decrease of the temperature-dependent part of Ac/c at
T>0.6 K. A quantitative comparison, however, is hardly
useful here, since the hydrodynamic conditions do not ob-
tain at all times in Ref. 10. A numerical comparison of (55)
with experiment in the high-temperature region bounded by
the inequality p,/p,<1 is shown in Fig. 2, where calculated
and experimental data are given for a solution with
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Cy +Ac, m/s

235

230

225

1.0 1,2 1,4 1,6 1,87, K

FIG. 2. Second-sound velocity of ¢, + Ac at ¢, = 238.3 m/s: 1—calculat-
ed from (55) for x = 0; 2—calculated from (55) for x = 6.3-10~% O—data
of Ref. 11, ®—data of Ref. 12.

x = 6.3.10~? (Ref. 11) and for pure He* (Ref. 12). It follows
from (56) that the phonon contribution to the renormaliza-
tion of the first-sound velocity by the phonon-roton cross
term is significant at 7> 1 K.

SECOND-SOUND DAMPING AND VELOCITY DISPERSION.
SECOND-VISCOSITY COEFFICIENTS
We calculate now the velocity and absorption of second
sound in a phonon-impurity system when w7;;<1 holds in
the zeroth approximation in the small parameter p, /p, the
problem reduces to solution of the kinetic equations
(0—kvs—ils—ils) gs—ils8:=0,
(57)
(0—kv,—il,,—ils) gi—ilig:=0,

where g; determines the deviation of f; from equilibrium.” -

The system (57) yields

(0—kvs—ilys—ilst IR 1s) gs=0, (58)
B;.=((D—kvl._i1u_i143) -1 (59)

The problem of finding @ = w(k ) that satisfy Eq. (58) is
equivalent to determining the poles of the resolvent of this
equation

R3=((l)_kV3—i133_i13‘+134R4143)—1. (60)

For an impurity system in the hydrodynamic approxima-
tion, we must project Eq. (60) on the subspace of the invar-
iants /;; and find the poles of the expression

yacR:s?Sc:?Sc(m_yacQ?u)_iyac, (61)
Q=Kkv,t+ils— IR I s—ikvsPskvsTss. (62)

The derivation of (61) and (62) is similar to the derivation of
(9). It was recognized in the derivation of (62) that the param-
eters p,4/p,, B and w75 are small.

It is necessary next to find the matrix of the operator
© — P, QP ,, inthebasis |cy;). By setting the determinant
of this matrix equal to zero we get a dispersion equation for
(k) in the form

(2_)2 _ Usn® + 2" (1+bo1)* , (63)

k 1+by  (1+boo) (1+011)
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. k2M3 1

boo= l “_"<E/.z| ((l)'—kVI.)RL((l)_kVL) |E‘z>,
oCy [0}
4 K 1
b= it 2 | (0—kv) Ri(0—kv) |60d,  (64)
3 wpn ®
1

<€42 I (m_kVI‘)R/. ((u—kw) l 543>.

28
The energy and momentum conservation laws were used in
the derivation of (63).

We calculate now the matrix elements in (64). The vec-
tors (w — kev,)|¢,;) that they contain are proportional to
|p,) and belong to a subspace projected out by the operator
Z . Equation (64) therefore usually contains matrix ele-
ments of the operator | R, 7, that can be reduced to the
form

P\RP\y=(1—ity" P \R\Py) "' PR\ P
(65)
R||=((J.)—kV4+iT||_i—i[A3) -1,
Relation (65) is obtained from the equation

R.=R*it~'RPR., (66)

for R,. Multiplying (66) from the left and from the right by
2 we obtain Eq. (65).

Since the times (33) differ little, we shall simplify the
derivations and the final results by regarding them as identi-
cal and equal to ¢,,;. This assumption is inessential, since in
the kinetic limit, when w7,,; > 1, all equations contain only
T,pui » as follows from the calculations, and the generalization
of the hydrodynamic equal-time approximation to include
the case t, #1, 71, istrivial; this is done by replacing 7,,,; by
7, in the term corresponding to the shear viscosity, and by
replacing 7,,; by 7, in the diffusion and thermal-diffusion
terms.

Consider the frequency region

o (7" + i) ! S uale. (67)
In this case
Ry=—i(v'=1,)"" (68)
Substitution of (68) in (65) yields
1
?“Ru@“: 3p |pa>g((l)—kVA_i<143>a)_lg<pa|, (69)
nk
where
o> r=eCpa] (v =Lis) 7| p> et £ pal (0 —Lis) = Lis| o>
(70)

is an operator in angle space. From the definitions (32), (37),
(52), and (70) we have in the equal-time approximation
s> = — T + (1=B) TP, (71)
where B = oni/Te. To obtain (71) we left out the terms con-
taining B (7 /7, )<1. By an iteration procedure we reduce
(69) to the form
PRSPy
1
3Pns

(1—B) ck®?,
iCkTphi + (1—'6)00

Ip4>,[ Rpni—Ropni Rpinl <P«|,

(72)
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where
Roni = ((o—kvrl-i'r;rti) -,
1
o= C—lc—(a)-i-irphi).
Calculating in (64) the matrix elements of the operator

(72), we obtain after straightforward but rather laborious
calculations

Cy (1+b) = 1+ k*ug n i C, . ick”cp,,i+00~
C, oC, oty Cs icktem +(1—PB) Qs
n 4 kz i n
0 v(1+b“)=1+i—J—‘3—+J—p—‘{1
Ons 3 ®WPns  OTphi Pn3
. 3i(‘IOQO_1) [ + (1_8) (%Qo_i) ‘]} (73)
ckTons ’ ickton: T (1—B) Qs
b= (3 50m) ! s
o Cvon ! Klweton: ickTon +(1—B) Qs

Relations (63) and (73) solve the problem of finding the sec-
ond-sound dispersion law at frequencies that satisfy the ine-
quality (67).

The result is greatly simplified in the kinetic limit
OTpp; PUy/ ¢ (but w733 €1 and w7 €u,/c). In this case we have
from (63) and (73) for the second-sound velocity and absorp-
tion coefficient

e (2)" o
3 Ons
o 4 4T n :
Oy = 2(—n3+ 2%3)+ s ( ! +4C —1)
2053u5" 3 u, 203l N Tpne 3us’ 1
(75)

The physical meaning of (74) is obvious and is similar to that
described in Ref. 14 for a phonon-roton system. When the
phonon mean free path c7,,; substantially exceeds the sound
wavelength £ ~!, the second sound propagates through the
impurity gas with velocity #; and damping a,, the latter de-
termined by the impuriton hydrodynamics and by the
phonon Kkinetics. For the impurity system we have p,, =0
and C, = 0, and (75) becomes equal to the result of Ref. 7.

In the opposite limiting case w7,,; €<u,/¢, according to
(63) and (73) the dispersion equation takes the form

(I Y P (. CO L
k 3p.Cv Uye 1—ioT:

P O
oCy Cy ® Cy 1—ioT
:
B S S LI (76)
30, 1—ioT; 3 P

to simplify the result. We have left out of (76) small terms due
to the phonon shear viscosity.
In the limit @7, <1 it follows from (63) and (73) that

w15 +n—3( P ) ] 1 (77)
0.Cv On ¥ Ong /T
®? [ 4 H3Pn uzez
= —l —nt+iu+ —_
e 2pnu° L 3 e Cv  ul
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2 5 \?
o022 e 22 ) 78)
Uy Pscv

where
2

CII=C2_‘2PAC1+942§3 = 1— ( £3_) CATTg (79)
9\VCy

is a combination of the second-viscosity coefficients. Taking
an earlier remark into account we have written out here the
result with the various 7, that are contained in the corre-
sponding dissipation coefficients.

Expression (78) was reduced to the same form as the
result of Ref. 13, which follows from the complete system of
hydrodynamic equations. Analysis of the result (78) shows
that the main contribution to second-sound absorption is
made by diffusion, thermal diffusion, and second viscosity.
Figure 3 shows the temperature dependence, calculated
from (78), of the second-sound absorption coefficient in a
solution with x = 1.3-1072, as well as experimental data
from Ref. 9 and a curve plotted in accordance with the the-
ory of Baym and Saam. So large a deviation of the latter from
the experimental values and from those calculated from (78)
is due to the need for taking small-angle phonon-phonon
scattering into account; this scattering, as follows from Fig.
1, is important for the establishment of total equilibrium in
the phonon system. In addition, the equation used for sec-
ond-sound absorption in Ref. 9 differs, in particular, also by
a numerical coefficient from the result of (78). It is impossi-
ble at present to identify the cause of the difference, since
Ref. 9 cites only the results of an unpublished paper by Saam.
We note that the discrepancy seen in Fig. 3 between our
theoretical values and the experimental data at T< 0.2 K is
due to the fact that the hydrodynamic approximation no
longer holds at low temperatures.

The discrepancy between the calculation by the Baym
theory and experiment increases with decreasing concentra-
tion. Measurements of second-sound absorption in low-con-

oy /w? 107" em=1s~2
40

20 - !
10 -

5,01
Z,ﬂ_‘ \2
s N

0,6

0,2 -

07 L1 1]
0,1 0,2 0,304 T, K

FIG. 3. Temperature dependence of the second-sound absorption coeffi-
cient in a solution with x = 1.3-1072; 1—values calculated by the Baym-
Saam-Ebner theory, ®—experimental data of Ref. 9; 2-—calculations in
accordance with (78) with the time shown in Fig. 1.
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centration solutions with x ~ 10~ are contained in Refs. 17
and 19. For these solutions, just as for x = 1.3-10~2, calcula-
tions by means of (78) with the time shown in Fig. 1 yield
values close to the experimental ones, and the latter differ by
approximately an order of magnitude from those calculated
with the times of the Baym-Saam theory.?™

Relations (74), (76), and (77) allow us to track the disper-
sion of the second sound whose velocity ranges from u, in the
high-frequency limit to u, in the hydrodynamic case. Analy-
sis of the dispersion equations (63), (73), and (76) shows that
there are two second-sound dispersion domains: a space do-
main, where ck7,,; ~ 1 and the second-sound wavelength is
of the order of the mean free path, and a frequency domain
where w7, ~ 1 and the dispersion is due to the slow establish-
ment of energy balance between the phonon and the impuri-
ty systems.

The second-viscosity coefficients £, £,, &5, and £, can
be determined by comparing (53) and (78) with their hydro-
dynamic expressions. We take into account here that accord-
ing to Refs. 14 and 25 the second-viscosity coefficients are
connected by the relations

&=ty £2=C.Ls.
We finally obtain

.‘)4§1=(u+w—1/3) (u+w) (CC*/CV)ZC‘TTC’
C.=(utw—/4)*(Cs/Cv)*C. T, (80)

pa2§3= (u+w)z(cs/cv) :C.Tt.

The time 7, is given by (52), according to which the second
viscosity is determined by the slow establishment of energy
balance between the phonon and impurity systems.

CONCLUSION

Collective modes in the quantum-liquid He>~He* solu-
tions have been investigated in a wide frequency range. The
calculation procedure employed made it possible to express
in explicit form all the dissipation coefficients of a phonon-
impurity system, including the second-viscosity coefficients
(80). The times (37) and (52) that determine these coefficients
differ substantially from those obtained earlier in Refs. 2—4.
The projection-operator method employed can be used to
solve in practice similar problems for a mixture of arbitrary
gases.

A general expression (21) was obtained in the hydrody-
namic limit for the coefficient of first-sound absorption by a
system of phonons, rotons, and impuritons. Calculation by
means of (21) yields for a phonon-impuriton system an
expression that differs substantially, in the pertinent limiting
case, from that given in Ref. 4. The difference is due to two
circumstances: allowances for the small-angle phonon-
phonon scattering that causes rapid two-stage relaxation in
the phonon gas, and the phonon-impurity scattering inelas-
ticity that determines, according to (52) and (80) the second-
viscosity coefficients.
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The relaxation time obtained agrees with the experi-
mental data (Fig. 1) and differs substantially from that calcu-
lated earlier.>™

Renormalization of the first-sound velocity in a
phonon-roton-impurity system explains qualitatively the ex-
perimentally observed abrupt decrease of this velocity at
T>0.6 K, and agrees qualitatively with experiments in the
high-temperature region (Fig. 2).

The second-sound velocity and damping in a phonon-
impurity system have been determined in the frequency,
temperature, and concentration ranges defined by the ine-
quality (67). Relations (74), (76), and (77) permit the second-
sound velocity dispersion to be tracked from the value u; (74)
in the high-frequency limit down to u, (19) in the hydrody-
namic limit.

The calculated second-sound absorption coefficient (79)
agrees with the experimental data (Fig. 3) and differs sub-
stantially from the result obtained in the theory of Baym et
al.
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