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The attenuation factors for low-frequency sound and second sound in pure insulators are calcu-
lated. The finite lifetime and dispersion of the longitudinal phonons are taken into account. The

results are compared with results derived previously.

1. INTRODUCTION

The absorption of low-frequency sound, at frequencies
below the reciprocal of the relaxation time (the collision rate)
of thermal phonons, was first studied in Refs. 1-3. In this
case the sound may be regarded as an external factor which
alters the distribution function and energy of the phonons.
These changes give rise to an irreversible dissipation of the
energy of the sound waves. This dissipation is determined by
the temperature and by the rate of change of the entropy of
the thermal phonons.

In addition to the external agent—the sound—the pro-
babilities of various microprocesses in the phonon system go
into determining the phonon entropy. In pure crystals the
simplest of these are those three-phonon processes which are
allowed by the rigorous energy and momentum conservation
laws. When these interaction processes alone are taken into
account, one is dealing with the so-called problem of long-
wave longitudinal phonons, which arises in the calculation
of the rate of change of the entropy of the phonons and the
thermal conductivity of insulators.

This problem has been solved in the model of an isotrop-
ic, unbounded crystal by taking the four-phonon interac-
tions into account through anharmonicities of fourth order?
and of third order in the second Born approximation.* For
certain real, unbounded crystals, this problem has been
solved by taking into account the effect of degeneracy points
on the probabilities for the three-phonon interactions.’

The finite lifetime of the longitudinal phonons and their
dispersion have not been taken into account.

As is shown below (Section 3), the governing processes
in this problem are not the four-phonon interactions or inter-
actions of higher order but the interactions of three longitu-
dinal phonons; in addition, the finite lifetime and dispersion
of these phonons are important. We take this interaction into
account in calculations of the attenuation factors for low-
frequency sound and for second sound. We compare the re-
sults with results derived previously. We find that the at-
tenuation factor for low-frequency sound has a different
temperature dependence and is smaller in magnitude than in
Refs. 2 and 3.

The effect of these processes on the attenuation factor of
high-frequency sound and on the thermal conductivity was
studied in Ref. 14.
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2. DISSIPATION FUNCTION

The energy of a quasiparticle of species j, with wave
vector k, can be written in the following form for the case in
which the spatial and temporal changes in the parameters on
which this energy depends caused by a modulated external
field are small:

o'k, r, t)=0¢ (k) (1+bi(r, t)), (2.1)

where w{ (k) is the energy (% = 1) of the quasiparticle in the
absence of the modulated field, and |/ (r,? )| €1 is the modu-
lation depth.

The modulation of the energy causes the distribution
function of the quasiparticles to deviate from an equilibrium
Planck function:

. O -t
¥ =(exp—1)". 22
exp— (2.2)
Under the adiabatic conditions
. d ) ) )
IT’ElnIb’(r,tH <1, [PVI|b@Et)]||<1, (2.3)

where 7/ and I = 7/g/ are the average relaxation time and
the mean free path of the quasiparticles, and g/ = dwg/d kis
the group velocity of the quasiparticles, the interaction
between quasiparticles causes this deviation of the distribu-
tion function to relax to a new quasiequilibrium distribution

j__ -1
N0j=[exp(_‘01?'$)_1] _

Here T = Ty(1 + ¢ (r,2)) and u=w(r,? ) are the temperature
field and the field of the drift velocity of the quasiparticles,
and T, is the equilibrium temperature.

If the interactions of the quasiparticles obey energy and
momentum conservation, then ¢ and u are determined from
the equations for stimulated secondary waves (waves of the
“second-sound”’ type).® If momentum is not conserved in an
interaction, the drift velocity will be zero (u = 0), there will
be no secondary waves, and energy conservation is used to
determine 4.

The amount of energy (Q ) absorbed by the gas of quasi-
particles from the external modulating field per unit time
(the dissipation function) is equal to the product of the tem-
perature and the rate of change of the entropy of the quasi-
particles. To determine the latter we need the solution of the

(2.4)
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kinetic equation for N4 . However, we can find a good esti-
mate of Q without solving the kinetic equation®:

Q~cT<|8|/v, (2.5)
where c is the specific heat of the gas of quasiparticles,
N il ( ku
jem | — g 4+ — 2.6
o'=b (6t+gV) 8 wﬂj), (2:6)

v/=v/(k) = 1/7/(K) is the quasiparticle collision rate, de-
fined as a functional derivative of the collision integral,'°

[8|=|T—T,|/T<1;  |ku/od|<1.

Here (. . .) means an average

1 R .

B = X () W) £, 27
cI* < ;

As can be seen from (2.5), the dependence of the collision rate

v/ on the wave vector k is important in the calculation of Q.

3. ABSORPTION OF LOW-FREQUENCY SOUND

Let us use expression (2.5) to estimate the attenuation
factor for low-frequency sound with a wave vector q and a
frequency Q, = gV, (¥, is the sound velocity) which satisfy
conditions (2.3): Q,7/ <1, gl’ «1.

The sound wave changes the elastic properties of the
medium and modulates the energy of the thermal phonons.
The modulation depth 5/ can be written in the following
form, as in Ref. 1:

b=Auius (3.1)

where 4 is the strain tensor caused by the sound, while the

tensor A }, is determined by the crystalline symmetry (the
Griineisen tensor). In this case, the quantity 8/ in (2.6) is
Q> ]uﬁio},

S
(3.2)

oo Vit
where V; and g;; are the phase and group velocities of the
second sound. If there is no second sound, we have V;; =0
and g; =0.

We can determine the characteristic features of the ab-
sorption of the sound from the model of an isotropic crystal.
In this model there are longitudinal (/) and transverse ()
phonons, whose frequencies (corrected for dispersion) are

&):,g=kvl,l[1+gl,t(k)]7 (3'3)

where ¥, is the phase velocity of the phonons, and the quan-
tity &;, (k) is a measure of the deviation of the phonon fre-
quency from a linear dispersion law. In an isotropic crystal,
the tensor A is A j, = A/6, , where A/ is on the order of uni-
ty. The phase and group velocities of the second sound, un-
corrected for dispersion, are'!
V. [ 14+1/,(VJ/V,)?

Y (3.4)
1+/(VIVL)

1=

Ya
q
; =Vy—.
3 ] gu 11 q
Since the velocities V,, ¥}, V;, and ¥V; are comparable
in magnitude, we find the following estimate of Q, averaged
over a period of the sound wave:

6 = Es chzs;' <71'> QSZ’
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Es = 1/2 st2 (uﬂ))zy (3.5)

where £ is the average energy density of the sound wave,
and p is the density of the crystal.

The sound attenuation factor is given in order of magni-
tude by

Q. T < 1 >
= L o (1), 6
1 g, pV.’ v (3.6)
We write the collision rate ' in the form
vi(k)=v, Eapjfpj(x), (3-7)
P

where the sum over p means a sum over the processes in
which the phonons of species j may participate; v, is the
collision rate of the thermal phonons, which is given at high
temperatures (T »®) by v, = (T /mV }wp, and at low tem-
peratures (T€®) by v, = (T/mV?) (T /®)'wp; a) ~1; m is
the mass of a unit cell of the crystal; ® and w,, are the Debye
temperature and Debye frequency; and the function f(x)
depends on the type of process (p) and the argument x,
whichis @’/ /@ at T >® and x = w’ /T at T<O.

When dispersion is ignored, the rigorous energy and
momentum conservation laws allow the following three-
phonon interactions: /<>/ +t and l<»t + t. The collision
rates due to these processes were calculated in Refs. 2—4 and
12. In the region w’ €T we have f, « x for transverse phon-
ons and f,] « x* for longitudinal phonons.

If we consider these processes alone, we find that most
of the attenuation in (3.6) is caused by long-wave longitudi-
nal phonons, and ¥, becomes infinite. In Refs. 2 and 3, this
singularity was eliminated by taking into account four-
phonon interactions of longitudinal phonons through
fourth-order anharmonicity and third-order anharmonicity
in the second Born approximation. The contribution of these
processes to the collision rate v/ at high temperatures is

i~ (2)] W, (33)
and the contribution at low temperatures is
TS AT A R

On this basis, the attenuation factor of the sound was found
to have a temperature dependence T ~'/# at high tempera-
tures and 7" ~2 at low temperatures. The finite lifetime of the
longitudinal phonons and their dispersion were not consid-
ered.

Here we take into account the interaction of three longi-
tudinal phonons having a finite lifetime 7, = 1/v, and dis-
persion—a case not considered in Refs. 1-5. In this case, the
é-function in the energy in the expression for the probability
for the process / + /<»/ must be replaced:

6<m/+m2'—ms')*l;[voz+<ms+w;—w3')21—t (3.10)

The rate of collisions due to these processes is®’

. 20! o' [ g (kn)—V,
Vigter ~ Vox Jaretg —— +arctg| — \———— g
Vo Vo V.

(3.11)

where the quantity in parentheses, a measure of the phonon

Akhiezer et al. 510



dispersion, is taken for Debye phonons (k,, ~@p /V;)at high
temperatures, and is independent of the temperature; at low
temperatures, it is taken for thermal phonons (k,, ~T /V,).

If the dispersion of the longitudinal thermal phonons is
positive, gt > ¥}, or

(km/'Vo) Igl(km)—Vzl<<1, (312)
the sound attenuation factor is
1o o6 B.13)
QAT T<0,

in agreement with the results derived in Ref. 1.
If the dispersion of the longitudinal phonons is nega-
tive, and we have

(ko) |8 (fem) = V.| >1, (3.14)
then the attenuation factor is
Qsz[ Igl(km)_Vll mVaz ]I/‘
61 v T ’ e 3.15
Ys Q—,z ® Igl(km)_Vll mV'z ]‘/. r<® ( . )
T T v, e 17
Comparing (3.15) with (3.13), we see that in this case a large
factor
U Y — 2 A ,
[l=rimyz ge (1 T g
V. T (®e/T)*, T<O,

appears in the attenuation. At high temperatures, T >®, the
sound attenuation factor has the same temperature depen-
dence as in Refs. 2 and 3, but its magnitude is smaller by a
factor of [|g’ (k,,) — V;|/V;]1"4.

At low temperatures, 7<€®, the dispersion has a strong
effect on the temperature dependence of the attenuation fac-
tor. This can be seen in the case of a linear chain, for which
the dispersion of longitudinal phonons is negative,
& ~ —a’k? (a is the lattice constant), and |g' (k,,) — V; |/
¥, ~(T /®)?, while the sound attenuation factor is

1 ~Q.2(mV,20) "/ T,

In contrast with the isotropic model, the presence of
degeneracy points in a real crystal gives rise, for the longitu-
dinal phonons, to a dependence of the function £ in (3.7) on
the frequency of these phonons which differs from the x*
dependence in Ref. 5. For crystals of higher symmetry we
have f ~x?, and the sound attenuation factor is determined
by (3.13). For crystals of low symmetry, f P’ may be propor-
tional to x> or x*. If f, ~x*, the attenuation factor will be
given by (3.13) or (3.15), depending on the dispersion. If

(3.17)
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f p’ ~x3, and inequality (3.14) holds, the attenuation factor
will acquire a logarithmic factor

g (kn)—V, mV2
T T 7

instead of (3.16).

Under conditions such that second-sound waves can
propagate through a crystal, the hydrodynamic attenuation
factor for the second sound, ¥, can be determined by an
approach similar to that taken for low-frequency sound®'3;
the result is, in order of magnitude,

1

'{anuz@v“), (318)

where Qj; =gV is the frequency of the second sound.
Comparing ¥, in (3.6) with ¥, in (3.20), we find
Yu~Ts(pVu?/eT),

so that the attenuation factor for the second sound has the
same characteristic features as the attenuation factor for
low-frequency sound at low temperatures.

(3.19)
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