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A theory is developed for the emission of bulk plasmons by a charged particle as it undergoes
diffraction in a crystal. The angle-integrated cross section for inelastic scattering due to emission
of a bulk plasmon by the diffracted particle is subject to a pronounced orientational effect such
that for appropriate directions of motion of the fast particle conditions arise that are favorable for
the emission of plasmons that have very small wave vectors and that could not be emitted as a
result of the usual “Cerenkov” generation of plasmons. This kind of phenomenon can be called
bremsstrahlung of bulk plasmons induced by the diffraction of fast charged particles. The theore-
tically predicted resonances in the orientation dependence of the inelastic cross section for fast
particles being diffracted in a single crystal may be the basis of a method for the direct experimen-
tal observation of bremsstrahlung of longitudinal electromagnetic waves.

§1. INTRODUCTION

For many years after the work of Bethe," in which the
basis of the quantum mechanical theory of diffraction of
light charged particles in a crystal was worked out, the main
attention in the physics of diffraction has been focused on
developing and refining the concepts concerning the forma-
tion of the wave field of the charged particles in crystals,
finding those specific mechanisms for the interaction of the
fast particles with crystals which determine the damping of
this field, studying diffraction in non-ideal crystals, and de-
veloping special theoretical formulations and approxima-
tion methods suitable for carrying out computer calcula-
tions. > !

There exists also a wide literature on the diffraction of
slow particles at single crystal surfaces and diffraction phe-
nomena at high electron and positron energies such that it
becomes more appropriate to use specific methods of de-
scribing the interaction of electrons and holes with matter,
even to the point of using classical mechanics.'*""” In this
investigation we take diffraction to mean the interaction of
fast charged particles (henceforth for brevity we shall call
them electrons) with single crystals, where an adequate de-
scription of the physical processes in the bulk of the material
can be obtained in the few-wave approximation. Interest in
this topic has not abated even now.'®-!

Diffraction, however, is interesting not only in its own
right, but also in that it can serve as a rather fine tool for the
study of those physical processes that can exist also without
diffraction, but in which diffraction of electrons helps to re-
veal new aspects and to obtain information that is hard to
obtain by other means. In recent years it has been established
that by using electron diffraction it is possible, for example,
to study incoherent electron-atom scattering of electron
beams in which there are electrons with preferred impact
parameters.?? In the usual experiments on electron-atom
scattering, an electron plane wave is incident on the atom,
and the incident electron can, with equal probability, be in
any angular momentum state. Crystals, however, allow the
formation of wave packets which select out certain values of
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the orbital quantum number and thus make it possible to
carry out a phase shift analysis of the electron-atom scatter-
ing. By using diffraction one can reveal spatial regions in the
crystal where secondary electrons are produced most in-
tensely.?

Finally, electron diffraction causes a fine structure to
appear in, apparently, all of the forms of electron emission
from the crystal taking place under the influence of fast elec-
trons penetrating the crystal. The first experimental obser-
vation of this sort was made in Ref. 24. The role of diffrac-
tion in these effects was established in Ref. 25, as well as in
subsequent papers.?*~28 It is now known that the diffraction
of intermediate-energy electrons has an effect even on the
emission of Auger electrons, which are emitted from almost
the very surface of the crystal.?-!

In this investigation we show that diffraction of elec-
trons makes it possible to reveal new aspects of the interac-
tion of fast electrons with plasmons. Generally speaking, the
interaction of diffracted electrons with bulk plasmons has
been investigated previously,>!! in the first place to deter-
mine the relative contribution of this process (in comparison
to the contributions of phonons and one-electron excita-
tions) to the imaginary part of the crystal lattice potential
that determines the damping of the coherent field. Here it
was taken as obvious that, because the wavelength of a bulk
plasmon is ordinarily much greater than the crystal lattice
constant, for the interaction of an electron with a plasmon it
is not very important exactly in what state the fast electron
is, whether it is in a diffraction state or whether it can be
described by an ordinary plane wave. This means that in,
e.g., two-wave diffraction, the contributions of plasmons to
the damping of type I waves and type II waves are practically
the same.

The generation of plasmons is actually not very sensi-
tive to the state of the diffracting electron if the process of
generation is considered to be a Cerenkov process. But be-
sides the Cerenkov mechanism for the generation of bulk
plasmons, they can be emitted as bremsstrahlung, and the
corresponding density effect can take place.? We shall show
that the two last effects are very sensitive to the character of
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the diffraction. The specific details of the diffraction, as it
turns out, allow us, in the description of the emission of plas-
mons during diffraction, to separate directly the elementary
processes, the bremsstrahlung of bulk plasmons and the den-
sity effect. These two processes also take place, of course, in
an isotropic medium. In Ref. 32 it was shown that they can
have a marked effect on the halfwidth of the peak of the
probability of plasma excitation by a fast electron in an iso-
tropic medium. However, under these conditions the line
shape of the plasmon peak is also determined by other fac-
tors, such as the decay of a plasmon with the excitation of
interband transitions or its decay that results when the elec-
trons that participate in the plasma oscillations collide with
impurities or crystal-lattice imperfections. All of these
mechanisms that enter into the expression for the halfwidth
of the plasmon peak are additive, so that under experimental
conditions it is not possible to separate their relative contri-
butions. The diffraction of electrons in single crystals
changes this situation.

The possibility of direct observation of bremsstrahlung
of bulk plasmons and of the density effect is also of general-
physics interest. Whereas these two processes in the emis-
sion of transverse electromagnetic waves can be considered
quite well studied, in the emission of plasmons—longitudi-
nal electromagnetic waves—they have never even been di-
rectly detected in spite of the important (and, according to
relatively recent estimates,? decisive) role of plasmons in the
transformation of the energy of a fast particle into energy of
excitation of the medium.

In this study we shall show that the bremsstrahlung of
plasmons and the density effect under conditions of diffrac-
tion of fast electrons have a quite unusual character and lead
to a characteristic orientational dependence of the cross sec-
tion for the excitation of a bulk plasmon. In particular, we
predict the existence of a new resonance in the angle-inte-
grated inelastic scattering cross section for a fast electron,
where, for certain directions of motion of the fast electron
relative to the crystallographic planes, the total cross section
for the emission of a bulk plasmon shows a resonance-like
increase (in thin crystals or in thick crystals where plasmons
make the decisive contribution to the average coherence
length).

§2. CROSS SECTION FOR PLASMON EMISSION BY A
DIFFRACTED ELECTRON

We shall designate by ¢(r,R) the wave function of an
electron undergoing diffraction in a crystal with a lattice
that produces a potential U, (r), and interacting with elec-
trons of the solid that produce a potential U, (r,R) and are
able to participate in plasma oscillations. Here R is the set of
position vectors of the particles in the crystal and r is the
position of the fast electron. The wave function #(r,R) is gov-
erned by the Schrédinger equation

A (e, )+ ST E—T, ()T, (5, R)~U. (R) T (s, R) =0,
1)

Here the Laplacian operator 4 contains the second deriva-
tives with respect to all components of the variables r and R.
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The quantity U, (R) is the energy of interaction of all the
particles of the crystal.

We shall assume that the energy of the fast electron is
such that the space-time sequence of events has the following
form: first the fast electron incident on the single crystal goes
into a diffracted-electron state, and then during diffraction it
emits a plasmon. The fast electron which is thus inelastically
scattered can then either pass through the crystal (if the crys-
tal is thin) and be detected as an electron that has lost a
characteristic amount of energy, or else (if the crystal is
thick) it can undergo incoherent scattering through a large
angle and leave the crystal through the same surface that it
entered. The fate of the electrons that have lost energy
greater than the plasmon energy fiw, is not tracked and in
the present case these electrons are not detected.

We assume that the fast electron incident on the crystal
has such an energy and direction of motion that it is in a state
close to an exact state of reflection with respect to a system of
planes perpendicular to the crystal surface so that Laue dif-
fraction takes place.

The fact that the plasmon is emitted by an electron for
which the diffraction field can be considered to have already
been formed means that the mean free path /,; of the fast
electron with respect to bulk plasmon emission is greater
than the extinction length of the wave field. Using in the
calculations the expression for /,,

I~ hv/etoy ln—l:- s
Up

(2)

which is valid for the motion of an electron in a homogen-
eous isotropic electron gas (here v is the velocity of the fast
electron, vy is the velocity of an electron at the Fermi sur-
face, and w,, is the plasma frequency), and keeping in mind
that the extinction length of the wave field of a fast electron
in an exact reflecting situation is

Eg:‘hU/Ug, (3)

(where U, is the Fourier transform of the potential U, and
corresponds to the reciprocal lattice vector g) we find that
the condition /,,; >, leads to the inequality

(E‘.)(E’)/lnl’_M, )
ho ? e Ur
which gives a lower bound to the energy of a fast electron for
which the theory developed below is valid. From (4) it fol-
lows that the energy of the fast electron must at least exceed
10 keV.

Condition (4) allows the wave function #(r,R) at a dis-
tance of the order 1, below the surface of the crystal to be
written in the form

P (r, R) =y, (r) ®;(R) +6y(r, R), (5)
with
8¢ (r, R) <y (r) @i (R). (6)

The quantity ¥, (r) in (5) and (6) is the wave function of the
diffracted electron without allowance for its interaction with
the electrons of the single crystal that are able to take part in
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the plasma oscillations, @;(R) is the wave function of the
initial state of the electrons in the crystal, and §¥(r,R) ac-
counts for the interaction of the fast electron with the elec-
tron subsystem in which the plasmons can be excited in the
crystal.

The function ¥, (r)®; (R) satisfies the equation

A(wa]).)%—%[E——UL(r)—Uc(R)]1pD(Di=0. (7)

Substituting (5) into (1) and neglecting the terms containing
U, 6y (the latter is of second order in the interaction of the
fast electron with the plasmon) and U, 8% (it describes the
diffraction of an electron that has emitted a plasmon and is
therefore with high probability no longer coherent with the
system of planes considered), and taking into account (7), we
obtain an equation for 63(r,R):

U.(R) 169 (r, R) = %”i Uvo (1) O (R).

We now multiply both sides of this equation on the left by
® ¥(R), the complex conjugate of the wave function of the
final state of the electrons in the crystal, integrate with re-
spect to R and thus obtain

Ao (1, 1) + [ dRO, (R) Andp(r, R)
+ ;ij' dRO, (R) [E-U.(R) ]8%(r,R)

=240 () [ RO, (R) V. (1, R) 0, (R).
(8)

The symbols 4, and 4 z stand for the terms of the total
Laplacian operator that operate on the variables r and R,
respectively. The quantity

o (1, )= dR @, (R) 8 (r, R)

is the probability amplitude of finding the fast electron at the
point r and the electron subsystem of the crystal in the state f.
Subsequently, in the calculation of the cross section for in-
elastic scattering of a fast electron we shall sum over the
indices of all the final states f. For the present, however, we
shall take f to be fixed. When the fast electron leaves the
crystal and the interaction between the fast particle and the
crystal becomes negligibly small, the function ¢, (r, f) can be
considered the wave function of a fast scattered particle
which has excited the fth state of the crystal, i.e., it has excit-
ed a plasmon in the crystal.

Let us transform as follows the term in (8) involving 4 g :

de(D;(R)ARaq;(r R) =3, | dR O, (R) An®y (R) y: (r, )
- Z You(r,n) [dRO, (R) [e,—U.(R) 104 (R).
9)

Here we have used an expansion of the function §¢(r,R) in a
complete set of orthonormal functions @, (R) describing the
various states of the crystal
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op(r, R)= )" ¥ai(r,n) 0w (R),
and used the equation

—U.(R)]0.(R).

Ar®,(R)=

Here the quantity ¢, is the energy of the crystal in the nth
excited state. Substituting (9) into (8) we obtain an equation

fOI' ¢pl (ryf):
2
Dot (6, 1)+ o (Bt o (0, ) = 0o (T 1,1, (10

in which
T(r,if)= [dRO; (R)U,(r,R) 0:(R). (11)
The solution of Eq. (10) has the form
ot (1) = [ i, Go(ery EymE) T (ki) (1),
(12)

where the Green’s function is
Go(r—ry, E;)=—exp(ilk’| |r—r,|) f4n|r—r,|, (13)
and
2m 2
"hT(E—Sf)]

is the modulus of the wave vector of the scattered electron.
The asymptotic form of the solution (12) is

m
P (1, f)=_ﬁ—J drie= 5T (ry, i~f) 4o (ry),

so that the electron differential scattering cross section,
summed over all the final states of the crystal, can be written
in the form

d ———-"LZ | [are==T (r, i (1) Q. (14)
0= e - ’ ? )

In the subsequent discussion we shall be especially in-
terested in the total cross section for scattering with the
emission of a plasmon; this corresponds to double integra-
tion over the angles that determine by the direction of the
vector k'. This double integral is conveniently written in the
form of a fourfold integral. The reduction of a double to a
triple integral in the calculation of the total scattering cross
section and the advantage of this procedure have been dis-
cussed in Ref. 34. This procedure corresponds to the replace-
ment

Q- [6(hm &) /mn (¥ 2”;“’) ’]

E,—E,_
xa(—-’T’i—m) do d°Q. (15)

In this formula Q is the transferred momentum, E, is the
energy of the electron incident on the crystal, #iw = ¢ is the
energy transferred to the electrons of the medium, and
p = 7k is the momentum of the incident electron.

Keeping in mind (15), we note that the following sum-
mation over fenters into (14):
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2 I j dre="*"T (x,i—f)Pp (r) I 26 (ho—e,)

=J dr fdr'efk‘(r'~r>«pp(r) ¥ (r') 2 O,|U,(r,R) | ©
I

X$O;|Ue (', R) |06 (ho—ey). (16)

From a Lehmann expansion of the retarded and advanced
boson Green’s functions”

Ui (2" ) Uyi(r)
D ’ ,1 = { -
a(n 1, 0) Zl w—e;/h—is,
Uy (r) Uyi(r)
DA ’ ,1 =
(', 0) Zfl{ o—e;/htis,
it can be seen that the difference of these functions has the

form
Da(r,t’, @) —Da(r,r', @) =2m2 (KO,|U, (", R) |®,

Ui (r) Uy (x')
wte;/h—is, }
(17)
_Uif(r) Usi(r') }
o+e,/htis,

I
X<O;|U.(r,R) |06 (0—g;/h)—<D;| U, (x,R) |® >
X$D;| U, (x',R) |06 (0 +tes/h)}. (18)

Comparing (16) and (18) we conclude that
Y| Jare e, i1 4o () 18 (ho—e1)
f

Dyp(r,r', 0) =D (r,r', ®)
2nih ’

= j er dr’ e™ @ =D, (r)Pp° (r”)

if the integration over w on the right hand side of (15) is
carried out only for positive values of the frequency. There-
fore formula (14) for the differential scattering cross section
takes the form
im
—_— d d / ik (2" =r)
R D (kz—-2mm/7‘z)"'j. r fare
X 1171) (l') "pD* (l'/) [DR(r1 l',, 0)) _DA (l', l',, (1))]
X 6 (Ey—Ep—q—ha)d*Qdo, (19)

where k' = k — Q/% and w > 0. Therefore, in order to find
the cross section for the emission of a plasmon by a diffracted
electron it is necessary to know the wave function of the
diffracted particle as well as the retarded and advanced
Green’s functions of the electric field of the electrons in the
crystal.

§3. INELASTIC SCATTERING CROSS SECTION UNDER
CONDITIONS OF TWO-WAVE DIFFRACTION

The wave function ¢, (r) of the diffracted particle can be
written in the two-wave approximation in the form'®

Vo (0, 2) =€ [ (2) +e~ ¢ (z) ]. (20)
Here p and z are the components of r tangential and normal
to the surface of the crystal. The vector g is a reciprocal
lattice vector parallel to the surface. The functions ¢,(z) and
¥,(z) have the form
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b1 (2) =cos® (B/2) e™*+sin® (B/2) ™,
P2 (2) =sin (B/2) cos (B/2) [e"—e™],

where, neglectmg damping of the wave field, we have

(21)

xx——— [w— (1+w?)*],

1 2\ 2
3, x2=?§?[w+(1+w) 1.

(22)

The quantity win (22) is a parameter that describes the devi-
ation from the exact reflecting configuration. It is related to
another parameter 3 encountered in the theory of diffrac-
tion, and to the parameter s which describes the deviation
from reflecting conditions, by the relations w = cot £ and
w=s/Ak =s&,. In the exact reflecting configurations
w =0 and B = 7/2. Neglect of damping of the wave field
means that we are dealing either with a thin crystal or a thick
crystal in which the finite coherence length is determined
mainly by the excitation of electronic states of the crystal. In
§4 we shall present additional arguments for the possibility
in a certain sense of neglecting the damping of the wave. At
present we note that from (22) it follows that x, <0 and
%, > 0 for all values of the parameter w.

Let us consider the integrals in (19) over the spatial var-
iables. It is convenient to integrate over the coordinates in
(19) separately with respect to p and p’ and z and z’. Intro-
ducing the notation p — p’ = p, and taking into account
(20), we rewrite (19) in the form

W= (lzzmmm)vz Jdafazfaz [ap  ap,

X exp [z-—Q—-(z 2 )+i ( Q —q) 91]

X[ (2) +e®0 1y (2) 1 [p1° (2") +ee =Py, (27) ]
X[DR(Z7 zl’ q, (1)) _DA(Z7 Zlv q, (D) ]
X8 (Ey—Ep—q—ho) d°Q do. (23)

The Fourier transforms D (z,z’,q,0) of the retarded and ad-
vanced Green’s functions in (23) are defined by the transfor-
mation

D(r,r,0)= dqe1=P"D(z,2' q, ®).
q

(2 )?
The integrals over p and p, in (23) are now easy to do, and
then one can do the integration over q. As a result we obtain
the integrated scattering cross section

imS

(2::)%5-[ (k=—2mm/n)'/=
x [ dq, [ dQ. 8 (ho—v.0.—viQ +

+jdzj‘dz’exp [»————Q (;—Z ) ]
x{ @0 ) [ Da(s 7o)

Q +Qu )

2m

~Du( 0 0) ]+ wtaw @)
)([Dn(zz -QL—g, ) DA(z,z -Q—"—g, )]}
(24)
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The quantity .S in (24) is the area of the surface of the crystal.
The cross terms in ¢, and ¥, do not contribute to the scatter-
ing cross section. The momentum Q is the momentum trans-
ferred to the entire crystal—to the lattice and to the plas-
mon. The wave vector g is parallel to the surface, so that the
component Q, of the momentum Q is imparted only to the
electron subsystem. Since the amount of momentum typical-
ly transferred to a plasmon during “Cerenkov” generation of
the plasmon is in order of magnitude equal to %, /v, while
under diffraction conditions, as we shall see below, it can be
still smaller, the quantity Q 2/2m in the argument of the §
function in (24) can be neglected. In general, the quantity
Qﬁ/2m cannot be neglected, since its value can be of the
order #°g%/2m, i.e., of the same order as the rest of the terms
in the argument of the § function. It can be seen that (24) can
be generalized to the case of many-wave diffraction.
Integrating over Q, in (24) we now obtain
imS
g=

X [DR(Z1 Z, ulh (D) '—DA (Z, Zl1 u|11 (D) ]

T2 (2) 92" (2) [Dr(z, 2, u—g, 0)
i((o—V"ll"‘l'ﬁzu“z/zm) (Z_Z')

o) ] O [ Gy ] A @9 )

""DA(zsz’uﬂ_g’ (D)]}GXP{ v

(25)

In this formula we have introduced the new quantity
u, = Q,/#in place of Q.

Theretarded Green’s function D (z,z'z,u,w), correspond-

ing to a bulk plasmon far from the boundary, can easily be

obtained from the last term of formula (3.9) of Ref. 35; this
term has the form

eh’c  dkie™ P(ky,z')
D ) ,1 ] = — — : ? 26
R(Z z,u (D) i I (ki’—'lu) €— (kn u, (1)) ( )
where )

dk, e** ¢, (ks u, )
(kotin) (ka—ky)

and the ratio ¢_(k,)/e (k,) = €(k,,u,w) is a factorization of
the dielectric function of an infinite medium in terms of the
variable k,. The function P (z') contains both a spatially oscil-
lating term proportional to exp( — ik,z’) and exponentially
damping terms coming from the pole k, = — J/u and the sin-
gularities of the function £ | (k,) in the lower half-plane of the
complex variable k,. The spatially oscillating bulk part of
the function P (k,,z’) comes from the pole at k; = k,. It has
the form

-+ oo
p(kh u, o, Z’) =I

27
ki+iu
Substituting (27) into (26), we find the retarded Green’s func-

tion Dy, (z,2',u,w) for bulk plasmons in an infinite medium:

Polc (kh Z,) = e_‘h‘z, €4 (kh u, (D) . (27)

eMlz=z")

(kitu)e(ky,u, 0)

+ 0o
Dx(z, 7', u, ©) =2¢* j dk, (28)

This Green’s function takes into account both time and
space dispersion.
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The retarded and advanced Green’s functions of the
electromagnetic wave have arguments of the same form as
the function (28) and can, of course, be written in the form of
a Lehmann expansion, as was done for the functions
Dy (r,r',0) and D, (r,r',»). From the Lehmann expansion it
can be seen that in this as well as in the other case these two
functions differ only in the sign in front of the infinitesimally
small imaginary correction to the frequency . Therefore,
taking the damping of the plasmons to be infinitesimally
small, we can write

Dx(z,2’,u,®)—Da(z,2',u, @)

iky(z—2")
=2ezhj dk, (e [ !

1

kitu?) Le(k,u,0) T e (kyu,0) ]
1 im 1

(k2+u?) ek, u,0)

Substituting (29) into (25) and introducing the new variable
u, = u — g, and designating the volume element d k,du, in
wave vector space by the symbol d K, we can write the inelas-
tic scattering cross section ¢ in the form

S , do dK
2n3axv,f dzf dz j T (B—2mae/h)* VK
—vK
0—V (z—z’)]

U,

X {«pi ()i (2") +a (2) 9" ()

(29)

= dieh | dk, e

Xexp[i

. (vg—hg/2m) , 1
) ]}Imm'
(30)

Xexp [—

In this formula, a; = #*/me*. Let us now take the integrals
over z and z'. Keeping in mind (21) we can see that in (30)
there appear integrals, over the variable z, of the form

J‘dzm(z)exp[i-(m—_lll—g)—z]

m—-vK)

=2n{cosz%6(m+

+sin2%6(xz+m_VK>} .

Uz

(31)

Therefore the double integral in (30) over the variables z and
Z', containing the functions ¢, and ¥} in the integrand can be
written as

I j dzxpi(z)exp[i(—m;vi)z] I2

—vK
=2nL[cos‘—§-6 (xri‘m A )

~ z

+sin‘%6( o+ VK )] (32)

Uz

Here L is the thickness of the crystal. Similarly, we can cal-
culate the double integral over z and z' of the part of the
integrand containing the function .. Substituting the value
obtained for the integrals into (30), we find that the scatter-
ing cross section can be written in the form
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deo dK
nfasd  (B*—2me/h)" K

0=
X {cos‘ 75 8 (o+x%w,—VvK) + sin* i 8 (0+x0,—vK)

+sin? 2[3 cos —[ (m+x2v,—v(K+g)+7)
1
e(K, o)’
(33)

+5 ( m+x1v,—v(K+g)+—i) ] }Im
2my

Here V = SL is the volume of the crystal.

We now introduce the angle 4, defined by the relation
v-g = vg cos(w/2 — ). The expression v-g — #°g/2m that is
contained in the argument of the last two delta functions in
(33) can be expressed in terms of the angle ¢ defined above

2

vg — -;—i- =vg (sin L) —zimg;) = pg (sin ¥—sin ¥;),
where &5 = #ig/2muv is the Bragg angle. Since both ¢ and
the deviation 449 = ¢ — 5 from the Bragg angle are much
less than unity, we have sin ¢ — sin 5 =4+ and

vg—higt/2m=vgAb=vs=wU/h=vw/t,.
Therefore

vg—hig/2m=(%;+%,) V.. (34)

In the derivation of (34) it was taken into account that v and
v, differ by an amount the order of U, /4mv<v. Taking into
account (34) and integrating over the angle variables in K-
space we obtain

do dK

" as J‘ (k*—2me/h)*
x{m&e(,{_m)
2

v

+sint £ g (x- RALCZE )
‘ 2 v

+ sinz—[;—cosz%[ G(K—w)

v

D)} m oy

The 6-functions appear in (35) because the cosine of the angle
between the vectors v and K must lie in the range — 1 to
+ 1. We also took it into account that the conditions x, <0
and %, > 0 always hold.
Since we have already assumed infinitesimally small
damping of the plasmons, we can write
m WKiT) =2 0,8 (0—0) 8 (K—K).
Here K, is the limiting value of the plasmon wave vector at
which strong Landau damping begins (in statistically degen-
erate systems) and the plasmon ceases to exist as a well de-
fined quasiparticle. Substituting (36) into (35), integrating
over K, and changing over from the concept of an inelastic
scattering cross section ¢ to the probability W per unit time
of a transition we obtain from the usual relation W = ov/V

+e(K— (35)

(36)
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®p B Ko
W= - {cos —Iln———
ap(k*—2mowy/h)" | @p+x40,]
K,
+ sin® iln——v——
®pT RV,
+ sin? b cos® £ [ In Ko +In Ko ] } )
2 2 Dp— K1V, I(Dp_%zvzl

(37)

Going from o to W makes sense, since the generation of
plasmons occurs in the bulk of the single crystal, far from the
surface.

The transition probability (37) can be represented in the
form

W=W.F (B), (38)
where
W, = ®p vKc (39)

1
as(B*—2moy/h)" o ®p

is the probability of plasmon excitation in a homogeneous
electron gas and the function F (3 ) describes the orientation
effect. Deviation of the function F is different from unity
corresponds in fact to existence of an orientation effect.

The form of the function F (B )is clear from a comparison
of (39) and (37), but to exhibit the physical meaning of these
terms, it is helpful to write the function in a special form. To
do so we shall transform the expression in the curly brackets
in (37) in the following way:

K.v

®pTHoV,

p Ko ., B
¢ —Inp ——— +sin* —1
{cos 2 nI ] sin'o—1n

B B [ln +1n

Wp— AV,

Kcv KcU
-
lmp_MZUZI _Op

+ sin®* —

1

+ cos? +— | cost—In ————
cos? [COS Ii'}‘%ﬂ],/(ﬂpl

., B
+sin? 1 —————]
s 1 1—%50./ 0y |

-—sm’%[sm —1n(1+ Yl )+cosz—g—-1n(1—uiv')] .

®p ©p

This allows the quantity F (3 ) — 1, which describes the orien-
tation effect and vanishes in the case of an isotropic medium,
to be written in the form

B 1
—— L LA . S,
Fe—1= ln(vK Jop) {cos [°°s [+ nw/ o]
B 1
+sint S lpe—
sin® ln 1o /o] ]

——sin’%[sinz%ln(1+ ¥ab ')+cos —g—ln (1

o i
(40)
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§4. ANALYSIS OF THE EXPRESSION FOR THE PROBABILITY
OF INELASTIC SCATTERING OF FAST PARTICLES DURING
DIFFRACTION

The most important feature of the function F (8 ), which
describes the orientational dependence of the transition
probability per unit time, is the presence of logarithms
whose arguments and the coefficients depend on the param-
eter B that characterizes the deviation of the beam of inci-
dent particles from the exact reflecting configuration. The
function F (8 ) and, even better, the function F () — 1,canbe
conveniently be written so that this dependence becomes ex-
plicit. Since

KoD , Uy p
—_ - ,1+ 2) %] — tg —
op 27;,,[”’( == e, €5
and
2 U
%2 =_!ctg_ﬁ_,
®p 2hoy 2

the function F — 1 depends explicitly on S in the following
way:

1
B~ = oot " rag(/2)|
-+ sin* ————-——————1
S e (72) |
Boe by 1
ein’ - eost I fgctg(B/Z)][1+fgtg(B/2)]l}

(41)

Here f, = U, /2#iw, . This parameter depends on the nature
of the single crystal. For some typical crystals f; < 1, but the
casefy % 1is apparently also realistic. In experimental inves-
tigations the quantity w is used more frequently instead of 8
as the parameter that takes into account the deviation from
the exact reflecting condition. In this case the function F — 1
takes on the form

1
F(U)) _1=4(1+w2)1n(ch/mp)
12 1
Lot (o) o e

1

Flo= () e e ot () ]

+1In ! }
[{1~felwt (1+u*) "1} {1—fulw— (1+w*) "]} |

(42)

In order to understand better the physics of the orienta-

tion dependence of the scattering cross section, let us consid-

er formula (35). The 8-functions in (35) determine the mini-

mal wave vector that the emitted plasmons can have. Since

%, <0, the first term in (35) corresponds to the generation of

plasmons with wave vector K,;, <@, /v. The same applies

to the last term in (35) (because of the condition », > 0). From

energy-momentum conservatlon in an isotropic medium it

follows that in the “Cerenkov” generation of plasmons, only

such plasmons for which the wave vector is greater than or
equal to w, /v can be emitted.
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The fact that formula (35) describes the generation of
long-wavelength plasmons cannot be explained simply by
the deviation of the magnitudes of the wave vectors k'"-? of
the plane waves that comprise the function ¢, from the
wave vector k of a fast particle of the same energy in an
isotropic medium. This latter circumstance could lead to a
situation where the minimal wave vector of a plasmon gener-
ated by a fast particle in a state described by each of the
above-mentioned plane waves would not be equal to @, /v.
In this case

Wy Wp
Kmin> —U(_i_vz)= h
v{1+ [w:!:(i-l—wz)”’]}
2mv§g
%
) [wx (1+w?)™].
v »Ee

The presence of the small factor #iw, /E, in front of the func-
tion [w + (1 4+ w?)"/?]/4£, in this formula means that K,;,
is essentially unchanged as a result of simply a renormaliza-
tion of the wave vector of the fast particle in the anisotropic
medium.

The substantial change of K;, compared to w,/v,
which follows from (35) and which leads to the emission of
long-wavelength plasmons with K < @, /v, is due to a pheno-
menon that might be called plasmon bremsstrahlung in an
anisotropic medium. This phenomenon is associated with
the exchange of momentum between the crystal lattice and
the fast particle that generates the plasmon. That part of the
function F (w) which is due to bremsstrahlung of a longitudi-
nal electromagnetic wave has the form

@p/v

1 8 " dK
—_— QLI — K__l
In (0K Jay) {°°s 2 d K 6( "

op/v
2—_ z— — — —
+ sin D) cos D) .(!. B(K l Ko

[+ (1+w) ]

Fbrem: (ll)) =

{ [w+(1+w?)"]?

- 4(1+wH)ln (vK/op) U &(1+u?) O[1—|1+fe(w
— AR 1 [w_(1_|.w2)'/:]z
(1+w*)") | ]In (o= (o] + o

- 1
X 0= H=flwrt () M n e

(43)
The concept we have introduced of bremsstrahlung of a lon-
gitudinal electromagnetic wave the term ‘“‘bremsstrahlung”
stands for generation of plasmons with wave vectors from
K .in tow, /v. The existence of a lattice also has an influence
on the emission of plasmons w1th K> w, /v, which in princi-
ple can be generated by the “Cerenkov mechanism also in
the absence of a lattice. The total difference between the cor-
responding part of the scattering cross section and that due
to the “Cerenkov’’ mechanism we shall call the density ef-
fect. In this definition, the density effect can, depending on
the nature of the interaction between the fast particle and the
lattice, lead not only to a decrease but also to an increase in
the probability of emitting a plasmon of a given wavelength.
We shall see below that the sign of the density effect actually
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depends on the value of the parameter of deviation from the
exact reflecting configuration.

The presence of the logarithms in (40) and (42) leads to a
logarithmic divergence in the inelastic scattering cross sec-
tionforx, = — w,/vand x, = w, /v. This divergence is due
precisely to the possibility of generation of very long wave-
length plasmons at the corresponding values of 8 (or w). This
resonance due to bremsstrahlung of plasmons, in the inte-
grated inelastic scattering cross section can be called plas-
mon-diffraction resonance. From (41), (42) or (43) it can be
seen that the condition %, = — w, /v is satisfied for

p=2arctg (1/f,).

Since w = cot B, the condition for the existence of a reso-
nance takes the form

1 f&—1 U, [0
= ct, 2 tg— | =—m—=—— .
w=¢ g( arctg 3 ) o, Tho, Us (44)

Similarly, we obtain x, = w, /v for B = 2 arctan (1/f,), or

1 _ fg 1 _ h(l)p_ Ug
w= ctg (2 arcctg—f;)— B (fgz 1)— AT

(45)

The function cos*(B/2) in front of the corresponding

logarithm is, in case (45), equal to
f¢ U

A+ (Ugtsire,n)?

The quantity sin*(3 /2)cos?(B /2) at resonance (44) is equal to

(46)

4U¢ (hayp) [ (Udt4h%0,?)>. (47)

The ratio of (46) to (47) is (U, /2#w,, ). Therefore the value of
the quantity /7 is determined by which of the two scattering
cross section resonances is more pronounced. This same
quantity also determines the position of the resonance on the
w axis. The positions of the two resonances are symmetric
relative to the exact reflecting configuration. However, an
asymmetry in the line shapes of these two resonances is due

Flw)-1

to the fact that, as can be seen from the formulas that have
been derived, plasmons can be emitted in these two cases by
an electron that is predominantly either in a wave of type I or
in a wave of type II. Usually a wave of type II interacts with
the lattice more strongly than a wave of type I on account of
the known localization of these waves; this enhances both
the bremsstrahlung of plasmons and the density effect in the
emission of plasmons.

From a comparison of (42) and (43) it can be seen that
the function F (w) — 1 has resonances at the same values of w
as the function Fy ., (w). The form of these functions is given
in Fig. 1 for various values of the parameter f, . It can be seen
that the sharpness of the resonance depends on the value of
f, - Thereis also a tendency towards an increase in the nonre-
sonant part of the plasmon bremsstrahlung with increasing
deviation parameter w. For negative w the density effect is
dominant everywhere except at the resonance point and su-
presses the generation of plasmons. Therefore, the peak of
the plasmon-diffraction resonance for w <0 is very narrow
and sharp, almost like a § function. For positive values of w
the density effect can give an additional contribution to W,
i.e., the density effect and bremsstrahlung in this case in-
crease the probability of plasmon generation in comparison
with the generation that would occur in the case of a homo-
geneous electron gas.

Let us discuss finally the possibility of experimental ob-
servation of the plasmon-diffraction resonance. Since the re-
sonances are rather peaked, their observation requires a defi-
nite accuracy in the determination of the mutual orientation
of the crystal and the beam of fast particles. We assume that
the accuracy of the orientation of the beam relative to the
exact resonance configuration is + Aw. We introduce the
quantity

S1 wotAw wot+Aw
Jawtrw)-1/ | awrw),

wo—Aw

M=»——-—.=

wy—Aw

(48)

which gives the ratio of the area under the part of the curve

FIG. 1. The quantity F — 1, as a function of w,
the parameter of deviation from exact reflecting
configuration, for £, = 20 keV and for various
values of the parameter f; , is shown by the solid
line. The solid curve without additional symbols
on it corresponds to f; = 0.5. The resonances at
w= £ 0.75 correspond to this value of f; . The
resonance at w = + 0.75 is broad and the reso-
nanceatw = — 0.75is very peaked. The dashed
lines show the function F,,.,, for various f;. It
NS can be seen that for f, =0.5 in the region
w~ — 0.75 the density effect, which inhibits the
emission of plasmons, is large. The solid and
dashed curves with open points were plotted for
fy = 0.25; the solid curve with the black points
was plotted for f, = 1.0.
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F (w) defined by formula (42), for F> 1, to the area under the
entire curve, i.e., for all values of F. The quantity w, in (48)
characterizes the exact resonant value of the parameter w.
From the definition (48) it follows, in particular, that
S, = 24w. Itisalso clear that if the resonance had an exact §-
function form, then M—1 as Aw—0. Evaluation of (48) with
the use of (42) gives

M~ {1 + In (vK./0p) } -t (49)

f&[2+ In (1/fAw) |

To estimate this expression we use the fact that In (vK,/
w,)~=4. We take the parameter f, equal to 0.25. By choosing
J, =0.25 we have chosen the case of sharp resonances,
which in some sense are the most complicated for experi-
mental observation. In this case we have M = 0.111, i.e., the
effect is quite observable for Aw=0.1. In other words, to
observe the effect at the chosen values of v and f7 it is suffi-
cient that w be determined with such accuracy that dw is
between 0.01 and 0.1. As far as we know this accuracy in the
determination of Aw, in any case, is within the possibilities of
present day experiments.

In conclusion we note that the actual resonances in the
scattering cross section obviously will not be infinitely high.
In thin crystals their height will be determined by the thick-
ness of the crystal. In thick crystals it will be dependent on
the damping of the wave field of the fast particles as they
penetrate into the crystal and possibly dependent also on the
effect of the orientational dependence of the surface reaction
channels on the bulk channel considered in this investiga-
tion. This question should be the topic of a separate investi-
gation. We can suppose, however, that since the resonances
have a logarithmic, i.e., an integrable, character, and
allowance for the finite height of the resonances in the calcu-
lation of the integrated scattering cross section will lead to
comparatively small corrections.

YIn this paper the Fourier transform is defined.in the following way:
+ o0

D(0)= S D(t)e—iot dt.
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