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A systemztic theory is derived for the nonresonant absorption of a low-frequency transverse field 
by paramagnetic systems. How the process is affected by the parameters of the low-frequency 
field and the nature of the broadening of the ESR line of these systems is analyzed. The fluctu- 
ation-dissipation theorem is used to calculate the imaginary part of the magnetic susceptibility of 
the spin system during linear low-frequency absorption. Depending on the frequency of the low- 
frequency field, R,, the absorption by inhomogeneous systems differs in nature from that by 
homogeneous systems. For inhomogeneously broadened systems, a study is also made of irrevers- 
ible processes associated with nonlinear low-frequency absorption. The behavior of the system in 
a low-frequency field is studied as a function of the rate of spectral diffusion. During a rapid 
diffusion, the energy of the low-frequency field goes into the local-field reservoir. If the spectral 
diffusion is instead limited, the direct absorption of low-frequency energy by the dipole-dipole 
reservoir may be accompanied by an absorption by Zeeman subsystems of the individual spin 
packets. If R, is smaller than the diffusion length 1/K,, the absorption is associated with an 
effective increase in l/Kl, but if 0,s l/K, the low-frequency field will, by inducing a thermal 
contact between the packet which is saturated by the microwave field and the packets which are 
separated from it by a frequency interval f R,, cause a heating of the latter packets. Comparison 
of this theory with experiment reveals a good agreement. The discrepancies found between the 
experimental results and the theoretical predictions in certain areas are shown to stem from the 
fact that all the mechanisms which have been offered to explain the low-frequency absorption lack 
definite terms representing the effective interaction of the spin system with the transverse low- 
frequency field. The calculations are carried out in second-order perturbation theory. 

Interest has recently revived in research on paramag- 
netic systems by nonresonant methods, particularly after the 
studies by,Atsarkin et ~ 1 . l . ~  Attempts to interpret the corre- 
sponding  experiment^,^-^ however, have run into certain dif- 
ficulties which stem from the lack of a systematic theory for 
the interaction of spin systems with a transverse low-fre- 
quency field. We offer such a theory in the present paper. 

1. We consider a paramagnetic material containing 
electron spins S with a gyromagnetic ratio y in a constant 
external magnetic field Ho and in a transverse low-frequency 
field. 

We write the Hamiltonian of the inhomogeneously 
broadened spin system as follows1': 

of the ith spin; P F  is the part of the dipole-dipole interac- 
tion which is secular with respect to 2??= ; V,, is the interac- 
tion of the spin system with the low-frequency field, which 
has a frequency 0, and an amplitude w,; V, is that part of 
the nonsecular dipole-dipole interaction which stems from 
the low-frequency absorption; and Cu and Do are the dipole- 
dipole interaction constants of spins i and j. 

The nonresonant absorption of the transverse low-fre- 
quency field stems from multispin transitions in the system, 
which are manifested in the higher orders of perturbation 
theory. To describe these transitions we use therefore the 
effective-Hamiltonian f~rmal i sm,~  in accordance with 
which we can write, with an accuracy to small terms of sec- 
ond order, 

z,, = m + i ~ Z ~ ( t ) ~ ( t ) ~ ,  
% ( t )  =U(t)%U+(t) ,  

where Zen is the effective Hamiltonian in the rotating coor- 
V= Vh+V*, V h = a 2  CoS Q2t (Si++Si-) dinate system, the transformation to which is via the unitary 

operators 

where the operator Z, represents the Zeeman energy of the the superior bar means an average, and the tilde means an 
spin system, which is split into a "sum part" 2??, and a integration.' In the course of the integration, cos R,t is taken 
"difference part" XA (Ref. 6); wo is the frequency of the outside the integral sign since it is a slowly varying function. 
"center of gravity" of the ESR spectrum; w,  is the frequency In the resulting effective Hamiltonian the perturbation 
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with which the absorption of the transverse low-frequency 
field is associated is 

VeE =2V102 cos Bzt, 

We wish to find the imaginary part x "(0,) of the mag- 
netic susceptibility of the spin system. If the low-frequency 
absorption is linear, i.e., if the spin transitions induced by the 
low-frequency field occur far more slowly than relaxation 
processes, we can use the fluctuation-dissipation theorem9: 

X" (Qz)  =2n th ('lZQzpL) @ (Q,), 

where 

z - 1  
@ (Qz) = J - ( t )  )+<viO (t) vl)} dt, 

2x 2 
- m  

ViO (t)  = exp ( iZ0t)  V1 exp (-i%,t), 

andflL is the reciprocal of the lattice temperature. 
After some straightforward manipulations we find the 

following expression for the magnetic susceptibility in the 
high-temperature approximation: 

where the function g(w) is the shape of the inhomogeneously 
broadened ESR line, A *' is the second moment of this line, 
and 

Herex, is the static susceptibility of the spin system, and N is 
the number of paramagnetic centers in the sample. That part 
of susceptibility (3) which corresponds to the function g(R2) 
describes the low-frequency-field energy absorption due to 
the mutual flipping of different spins induced by the low- 
frequency field. The part which corresponds to the function 
p, (0,) describes the absorption due to the term SfS f in the 
effective Hamiltonian. In the derivation of p, (o) we made 
use of the circumstance that under inhomogeneous-broad- 
ening conditions the correlation function 

<Siz exp [ i  t] Siz exp [ - i (aAf  %Yc ) t ] ) 

reduces to 

for which an explicit expression is given in Ref. 10. 
Omitting the term Z,, from Hamiltonian (I), we can 

derive in an analogous way an expression for the case of 
homogeneous broadening of the ESR line: 

where 

'i r <siz~+lSiz,- (t) ) G2.f- (0 )  = eiat  

L3t (,yi'.'si"-> 
- m 

-1 dt,  

s . 9 -  (t) =exp (i%.ect) SZ*- exp (--i%'~" t) . 
In this case the energy of the low-frequency field goes 

into a dipole-dipole reservoir, into which the energy of the 
secular part of the spin-spin interactions of the paramagnetic 
system is discharged, as usual. ' ' 

The process by which the energy of a transverse low- 
frequency field is absorbed by homogeneously broadened 
spin systems was analyzed in Refs. 12 and 13, but without 
the interaction component S;Sf, i.e., without the function 
Gz(R2) [cf. (4) and Eq. (25) of Ref. 131. 

Let us examine the frequency dependence of the low- 
frequency absorption. Since the functions G' (a,) and 
G + -(0,) are of the same order of magnitude for all possible 
values of 0, in the case of homogeneous broadening of the 
ESR line (the widths of these functions are on the order of V; 
Ref. 14), the terms S 2 S and S :Sf of the effective Hamil- 
tonian make identical contributions to the absorption de- 
scribed by (4). The situation is different if the broadening is 
inhomogeneous. In this case, for sufficiently dilute paramag- 
netic systems, p, (0,) can be written'' 

where S is the homogeneous line width of thespin packet, Bg 
is the dipole-dipole interaction constant, and f is the dilu- 
tion. The prime on the summation symbol means that the 
sum runs over all the lattice sites. 

For g(R2) we can use the approximation 

g (a2)  = (2nAo2) -Ih exp (-Q,2/2A*Z). 

At low frequencies of the low-frequency field fl, < S,, 
we havep, (0,) - 1/SZ )g(R2) - l/A *, while in the frequency 
range& < 0, <A * we haveq, (R,) -6, /a:, so thatp, (R,)/ 
g(R2)-6,A */a2'. Consequently, if 0: <S,A * the absorp- 
tion is caused primarily by the term S:Sf, which has pre- 
viously been ignored altogether; only at R: >SzA * is the 
absorption governed by the "cross-relaxation" mechanism 
discussed in Ref. 13. 

Since it is difficult to measure the low-frequency ab- 
sorption directly, experiments on nonresonant absorption 
are usually carried out in a microwave field tuned some dis- 
tance from resonance in order to increase the effect by two or 
three orders of magnitude. ' Under these conditions, nonlin- 
ear phenomena become important. To analyze them we use 
the method of a nonequilibrium statistical operator,'' and 
we consider separately the cases in which there is a rapid and 
a limited spectral diffusion in the inhomogeneously broad- 
ened spin systems. 

2. We first consider the case of a rapid spectral diffu- 
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sion. We know that under these conditions we can single out 
from the unperturbed Hamiltonian the total Zeeman subsys- 
tem (i.e., the "sum" reservoir) and the local-field reservoir 
XR , which is introduced in place of the dipole-dipole reser- 
voir16.17. 

aee 

Z?,=Z?,+%n, %R=%A+%, 

where AV is the constant of the dipole-dipole interaction of 
spins i and j. 

Applying the method of a nonequilibrium statistical op- 
erator to the effective Hamiltonian in (2) and ( 5 ) ,  we find the 
following equation for the change of the spin temperature 
/3 ; of the local-field reservoir during low-frequency ab- 
sorption: 

where the probability W,, , which represents the interaction 
of the local-field reservoir with the transverse low-frequency 
field, is 

T ,, is the spin-lattice relaxation time of the local-field reser- 
voir, and wd is the average frequency of the dipole-dipole 
reservoir. 

We see that in the case of a rapid spectral diffusion the 
energy of the low-frequency field enters the local-field reser- 
voir as a result of multispin processes which are described by 
the terms S7S; and S 'SjT in the effective Hamiltonian. 
The absorption resulting from the term S7S; stems from 
only that part of the local-field reservoir which corresponds 
to the Hamiltonian e. As we have already noted, this 
process is dominant at 0 < 6, A *. In the absorption due to 
the mutual flipping of spins (the term S 'SJT), on the other 
hand, the energy of the low-frequency field goes primarily 
into the "difference" reservoir, i.e., into that part of the lo- 
cal-field reservoir (PA ) which is related to the spread in the 
local fields. This process is dominant at 0: > 6, A *. 

A mechanism for low-frequency absorption involving 
only the spread of the local fields was analyzed in Ref. 18. 

We now assume that a transverse microwave field of 
frequency a , ,  which saturates the resonance with a frequen- 
cy difference A = w, - a , ,  is applied to the spin system 
along with the low-frequency field. In this case there will be a 
contact between the Pz and PR subsystems,19 SO that the 
nonresonant low-frequency absorption will now also have an 
effect on the sum Zeeman reservoir. Supplementing Provo- 
torov's equations19 with the term (6), we can easily find the 
steady-state value /3 2 of the reciprocal temperature of the 
local-field reservoir. Using (6) and (7), we can then find the 
low-frequency field power absorbed by the spin system in the 
steady state. 

n o,ZV2Q22 
PL. (02, Q2) = x. 12002 " 

where a = T ,, / T  ,, , T ,, is the scale time of the Zeeman 
spin-lattice relaxation, =A *, + 02 and 
SLF = WLF TIR  

We see that the low-frequency power absorbed by the 
local field reservoir has a typical "dispersion" behavior: If 
A = 0, there is no absorption, and at w ,  < 0, the absorption 
is negative; i.e., there is emission instead of absorption. Fur- 
thermore, it follows from this expression that the microwave 
field intensifies the low-frequency absorption, as has been 
found e~perimentall~.~" The maximum increase occurs at 
A =o,[a( l  + ~ , , ) ] " ~ a n d i s ~ i v e n b y  

An optical detection method is frequently used in ex- 
periments on low-frequency absorption, because it is the 
most sensitive method a~ai lab le .~-~  Since the optical-detec- 
tion signal is proportional to the magnetization of the sys- 

we will calculate the relative change in the total mag- 
netization due to the low-frequency field: 

where M, is the static magnetization of the sample, M rW is 
the magnetization of the sample during microwave pumping 
alone, and MyW+,, is the magnetization of the sample 
when subjected to both the microwave and low-frequency 
fields. 

During a rapid spectral diffusion, the relative change in 
the total magnetization of the spin system will obviously be 
equal to the relative change in the reciprocal of the spin tem- 
perature of the Zeeman subsystem. Using the corresponding 
expression from Ref. 18, we can write 

We see that at A = & o, [a2(1 + s , , ) ] '~~ the quantity 
AEM reaches its maximum value 

We see that in the "double-humped" plot ofAEM versus the 
distance from the resonant frequency, A, the distance 
between the humps is (1 + S,, )'I4 times the width of the 
iinhomogeneous ESR line. 

1t.follows from (1 1) that under the condition S,, 4 1 the 
maximum relative change in the total magnetization of the 
system is proportional to the squared amplitude of the low- 
frequency field, while at s,, ) 1 it approaches unity. As for 
the frequency dependence of AE, we note that, as can be 
seen from (7) and (lo), it is quadratic if 0,(6, : AEM - 0 i. 
With increasing frequency a,,  however, the functional de- 
pendence becomes progressively weaker, and in the interval 
6, 2x022(Sz A * the quantity AE, becomes essentially inde- 
pendent of 0,. 

3. We now consider the case of a limited spectral diffu- 
sion. We know that the spin system under these conditions is 
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a set of individual homogeneously broadened spin packets, 
with frequencies w, and Zeeman temperatures /3; ', and a 
common dipole-dipole 

For simplicity we ignore the effects of the dipole-dipole 
reservoir. In this case the part of the effective Hamiltonian 
which is responsible for the low-frequency absorption is 

v,; = - - ma cos Qzt (Cij+D*j) (SnitSmj-+Sni-S,ft) , 
2 0 0  

mn Z+J  

( 12) 
where m and n are the indices of the packets, and i and j are 
the indices of the spins in the packets. 

Using the method of a nonequilibrium statistical opera- 
tor, we can easily derive the following kinetic equations: 

where 

is the probability of spin transitions induced by the low-fre- 
quency field; g, = N,,, /N,  where N,,, is the number of para- 
magnetic centers in packet m; and ~ ( w )  is the Fourier trans- 
form of the correlation function 

q ( t ) ,= (Snf  ( t )  Sm,- ( t )  sni-S,+)I(SnitSni-) (Smj+S,,->, 

s* ( t )  =exp (&'*t) S* exp (-%*t). 

The functionp(t )does not depend on m or n, since theA term 
makes the predominant contribution to the correlation func- 
tion. [sic!] 

We thus see that the multispin absorption of energy of 
the transverse low-frequency field is due in this case exclu- 
sively to a change in the Zeeman energies of the individual 
spin packets. The absorption of a photon of the low-frequen- 
cy field in accompanied by mutual flips of the spins belong- 
ing to different packets. 

If spectral diffusion occurs in an inhomogeneous broad- 
ened ESR line, and the system is subjected to low-frequency 
and microwave fields simultaneously, we should supplement 
Eq. (13) with some corresponding terms.23 In the limit of a 
continuous packet frequency distribution we would then 
have2' 

(14) 

Here 

Wy(o) is the probability for cross-relaxation transitions, 
and Wl(o) is the probability for transitions induced by the 
microwave field. 

Two limiting cases 

A. Dz~usion limit (02 < I/K,, where I/K, is the spectral 
drffusion length). Expanding /3 (w + 0,) in (14) in a series 
about the point w,  and using the standard procedure for 
transforming from an integral equation to a differential 
one,23 we find the following diffusion equation in the ap- 
proximation W(w - w, + 0,) = W(w - o,): 

whereK -' = ( D T , , ) l l 2 , ~  = Dl + D,,S, = w:Tl,/S,wlis 
the amplitude of the microwave field, Dl is the coefficient of 
the spectral diffusion caused by the cross-relaxation terms 
S 2 S 4, and D, = O W,(w - 0,) is the coefficient of the 
diffusion induced by the low-frequency field. 

A solution of Eq. (15) is [the solution is valid for small 
values ofA, such that K (A */2 - / A  1) )  1); Ref. 231 

where S' = (1/2)S1?TKS. 

Comparison of this result with the corresponding 
expression for the case without a low-frequency field 
[expression (32) in Ref. 231 shows that the effect of the low- 
frequency field is to cause an effective increase in the spectral 
diffusion length. This increase leads to an intensification of 
the microwave absorption, since the microwave energy ab- 
sorbed by a resonant spin packet propagates into a broader 
spectral region. 

Expanding S ' and K in ( 16) in the small parameter D, / 
Dl-w;f2 ;/w;My(l (My  is the second moment of the 
cross-relaxational line shape), and using the solution of the 
diffusion equation derived without consideration of low-fre- 
quency absorption, we find the following expression for the 
relative change in the reciprocal of the Zeeman temperature: 

where 

BMW (a) is the reciprocal of the Zeeman temperature of the 
packet of frequency w during microwave pumping alone, 
and BMW + LF (w) is the corresponding reciprocal tempera- 
ture for the case in which microwave and low-frequency 
fields are applied simultaneously. 

We thus see that in the case of a weak microwave satura- 
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tion (S ; (1) the quantity AEs(w) is positive if Iw - all > 1/ 
Kl and changes sign at 0, - l/Kl < o  < a ,  + l/Kl; i.e., the 
low-frequency field promotes a cooling of the packets from 
the interval [ a l  - l/Kl; 0, + l/Kl], by transferring heat 
from these packets to packets with frequencies 0, - 1/ 
K < o  < a 1  - l/K1; 0, + l/K1 <w<0 ,  + 1/K. 

We easily find the relative change in the total magneti- 
zation of the sample to be 

B. If the frequency 0, exceeds the diffusion length (I /  
K1(0,(A *), the terms in (14) which correspond to the tran- 
sitions induced by the low-frequency field cannot be written 
in diffusion form. In this case, combining (13) and (14), we 
find a system of equations for fl (w) and fl (w + 0,). Ignoring 
the small terms in the equation forfl (w) (under the condition 
W2( Wl, l/Tl,), we find 

where S,(o) = 2 W,(w - wo)TIs. 
We thus see that the result of the low-frequency field, 

which induces a thermal contact between the packets from 
the interval [ a l  - l/Kl; 0, + l/Kl] and the packets sepa- 
rated from them by a frequency interval + 0,,  is to heat the 
latter packets. 

For A EM we have 

S,' 1 
AEx=S,(Qi)-- g ( ~ o - Q t ) .  

I+S, K ,  

We thus see that the functional dependence ofAEM on 
the frequency and amplitude in the case of a limited spectral 
diffusion is of the same nature as in the case of a rapid spec- 
tral diffusion (for frequencies 0; <S,A *): For relatively 
small values of these parameters we have EM -0: , 0 :, 
while the frequency dependence fades away with increasing 
0,. As for the functional dependence on the deviation of the 
microwave frequency from the resonant frequency, we note 
that there is an important difference: There is no dip at the 
center of the line in the case of a limited spectral diffusion. If, 
however, we take the dipole-dipole reservoir into account 
under these  condition^,'^ we find that such a dip appears, 
although it does not extend all the way to zero. 

It is interesting to compare these theoretical conclu- 
sions with experimental results. As an example we consider 
the results of Refs. 4 and 5, where a study was made of the 
ESR signal as a function of the amplitude and frequency of a 
low-frequency field with optical detection and also as a func- 
tion of the deviation of the microwave pump from the reso- 
nant frequency. We recall that in the qualitative analysis of 
Ref. 5 several experimental results went unexplained. It can 
be suggested that the "anomalies" which were observed 
stemmed primarily from the terms S;Sf in effective Hamil- 
tonian (2), i.e., from an additional source of "forbidden" low- 

frequency transitions which was ignored in the previous 
studies. The frequency dependence of the effect was appar- 
ently studied in the range 0 2 < 6,A * in Refs. 4 and 5 (since 
we have 

in order of magnitude,14 we have an expression for 6,: 
6, -S '/A *). As mentioned earlier, in this case it is the terms 
S fS f  which are responsible for the low-frequency absorp- 
tion; at S < 0 : < 6, A * , the frequency dependence 
AEM(O,) becomes much weaker. This is the behavior which 
was observed in experimentsS with CaF,:Tm2+. If 
0 > S,A *, on the other hand, the frequency dependence 
becomes quadratic again, apparently in accordance with the 
results found for ruby (Fig. 5 in Ref. 5). 

In the case of a rapid spectral diffusion we also find an 
explanation for the double-humped plot of AE, versus the 
difference between the microwave frequency and the reso- 
nant frequency, A [expression (lo)]. The discrepancy 
between the peaks on the theoretical and experimental 
curves (Fig. 1 in Ref. 5) can also be attributed to the effect of 
terms S ;S f (the experiments were carried out under the con- 
dition 0 : 5 S,A *). As for the nonzero magnitude of the ef- 
fect at A = 0, we note that this result is evidently due to the 
finite rate of spectral diffusion, i.e., the contribution of the 
mechanism of limited spectral diffusion [see (18)l. 

We wish to thank V. A. Atsarkin for useful advice and 
discussions. 

"We are using a system of units with fi = 1 and k,  = 1. 
"In the coefficients of/3 (o + a,) we are ignoring a, in comparison with o. 
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