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We construct doubly periodic solutions in a one-dimensional exactly integrable discrete model of
the Peierls transition. We consider solitons on the background of the periodic structure which
carry localized spin states. We find their electric charge as a function of the total number density
of the particles in the system. We obtain a connection between the electric charge of the soliton
and the change in the phase of the deformation of the periodic structure at the soliton.

I. INTRODUCTION

Recently an exactly integrable discrete model of the
Peierls transition has been constructed and solved.! In the
present paper we consider the spin states in this model. We
shall assume that the number of electrons per cell with spin
below p/2 differs from the number of electrons with spin
abovep/2 + c(cis the spin angular momentum). Such a situ-
ation can be realized in an external magnetic field. In what
follows we shall find the ground state of such a system, the
electron spectrum, the lattice deformation and we shall ob-
tain in the limit as c—0 a formula for the deformation of a
spin excitation (soliton) on the background of the periodic
structure. We shall evaluate the electric charge of the soli-
ton, find a connection between the phase shift of the defor-
mation at the soliton and the magnitude of the electric
charge. In particular, we consider the important weak-cou-
pling limit corresponding to the linearized discrete model
studied in Refs. 2.

The interest in the solitons considered is not exhausted
by the spin excitation problem. As mentioned in Ref. 3 equi-
valent structures to the spin solitons occur in any systems
where there is a weak splitting of the electron bands.

In this case the magnitude of the splitting plays the role
of a magnetic field and the quantity ¢ = n, — n,, where
n,, n, are the electron densities in the split bands is equiva-
lent to a spin angular momentum. Such a statement of the
problem is particularly timely for MX, type systems
(M =Nb, Ta; X = Se, S). In that case the splitting of the
electron bands occurs either due to the fact that the two
kinds of conducting chains are not equivalent or because of
electron transitions between the chains.

There can thus occur a number of physical situations
where the existence of either a rarefield gas or of a periodic
structure of objects equivalent to spin solitons in the one-
dimensional Peierls model will play an important role.
Clearly, the physical properties of such systems will strongly
depend on the presence or absence of electric charges ¢ on
the solitons and also on the magnitude of the phase change of
the charge density wave (CDW) on one soliton.

The spin solitons have been considered before in a con-
tinuum model. It was shown in Ref. 4 that in the Peierls-
Frohlich model, valid for systems with a number p far from
the integers 0,1,2, the charge of the spin soliton equals zero.
However, it was shown in Ref. 3 that the appearance of
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charge is possible due to the effect of almost twofold com-
mensurability. For instance, for p = 1, ¢ = 1 was obtained
and when the quantity p got away from unity the charge
decreased as

qme—zlh/ (p_1) 2.

Here A is the dimensionless electron-phonon interaction
constant. In the framework of the Peierls-Frohlich model
the effect of phonon dispersion on the nature of the spin
excitations was taken into account in Ref. 5. The magnitude
of the soliton charge which is caused by the phonon disper-
sion was found:

gooe~ ),

the phase changes of the CDW with the passage of the soli-
ton then differs from 7 by an amount a = g

The discrete model considered in the present paper con-
tains as limiting cases all Peierls models studied before and
also, clearly, takes into account the dispersion of the phonon
spectrum. We shall use the mathematical formalism and
many results from Ref. 1.

Il. GROUND STATE

We consider a one-dimensional chain of atoms situated
at the points x,,. At each atom there are p + ¢<2 electrons.
The energy of the system consists of the energy 3 E; of the
electrons in the self-consistent field of the ions and the poten-
tial energy U (x, ) of the atoms:

W= Z EA+U. (1)
The spectrum of the electrons is determined by the equation

cn‘pn+i+cn—lwn—l=E¢m

and we choose the potential energy as a sum of so-called
Langmuir chain integrals:

U(z,)=—Pl+xl,,

I, = —;2 Incp=—a, I,= 7\1/-2 ¢l

wherea is the average distance between the atoms, and P the
pressure. The extremals of the functional are found in a simi-

Ca=6XD (Tun—Tp41), ()

(3)
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lar way asin Ref. 1. The specturm of the system is symmetric
with respect to the substitution E— — E and contains four
forbidden bands (Fig. 1). Whenp,p + c<1theband ( — E,,,
— E_ ) is doubly occupied, and the band ( — E,, — E) sin-
gly; when p>1 the bands (— E,,, — E,), (— E,, —E)),
(—E_, + E_) are doubly occupied and the band (E,, E,)
singly. The ground state of the system contains two zero
modes. We use the symmmetry of the spectrum by virtue of
which the square of the wave function ¥ depends only on
E? = A.Weintroduce thenotationA, = E%, A, = E? , A,
=E*, A, =E2,A_=E}. The function ¥ is com-
pletely determined by the value of the points A, A,, A,,
A, A_, v, ¥, where A,>v,>A, A_>¥,>A,. The band
edges A; determine the hyperelliptical Riemann surface I'":

y'=AR(),
H(A) = (X*Aa) (A‘—Az) (7\"‘1\3) (}«"'A+) (K_A-—) .

The Riemann surface of function (4) is a surface of the second
kind in the two-dimensional complex ( y, A ) space. One can
represent it as being two sheets of the E-plane which are
joined with cuts along the allowed bands. There are four
independent cycles: a, and a, over the forbidden bands and
b, and b, shown in Fig. 2.

As usual the holomorphic differentials on I” are deter-
mined as follows:

(4)

AMB;
0i=————d\, i=1,2.
[AR(A)]™ (5)
We find their coefficients from the conditions
@ m{=6(k. (6)

The integrals of the @, along the b, cycles are determined by
the matrix of the Riemann coefficients B;:

Bu= cj)ml. (7)
b,
We bear in mind the definition of the gth order 6-function:

e(vl, Uz,. ey Vq)

2 Z exp { E niBymm,+2ni qzlvkmh},

mez  mgez h=1
where Z=0, +1, +2,....
We introduce the quasimomentum differential using
the relation
AN+rtr,
T2R(M)]*
The coefficients r; and r, are found from the condition

dh. (8)

v=2 | v=1 |
Ay l Ao .
| T
£, £, | £, £ | £_ 0 E. £ £, £, £,
FIG. 1.
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$ dp=0, k=1,2. 9)

The quasimomentum p > 0 and takes on values from O to 7.
The function #? has the form®

02 (4, (A) +nU,—V,)
0 (4, (M) V) ]

Vo2 (A) =r, exp{ 2inj dp } (10)

where

am=f o v=La,
A, br

Tt T2

V—Jm,ﬂ—_[mh—k ko

3 k=1,2.

A, A

We also write down an expression for x,, and ¢, in a
similar way as in Ref. 6:

0*((n—1) U,+@,) 6*(U,+®,)
0*((n+1) U, +0,)0*(—U,+0,) ’
— 0((n—1)U,+®,)08((n+2) U, +0,)

9((n+1)Uh+(Dk)6(nUh+(Dh) !

exp (4z,) =exp (—4nl,) (11)

Cnl=

(12)

where @, =V, + 1,¢ = exp(— a).

By analogy with Ref. 1 we write down the conditions for
self-consistency which determine the boundary points of the
spectrum A; :

[ TRy = (1)
2i Ad\

= 4
J[ﬁun% “ 1

21 Ai—sA/2
j[ﬁun% =P, (13

2 Az
o dp=p, (16)
= f ap=e, (17)
where
s=Art A+ A A, j = 5,+ % j

We now get expressions for the electron density distri-
bution in the system.

S. N. Matveenko 1027



Using the results of Ref. 1 we have

_y () o) "
(A—1:(n)) A—"2(n))> *

a2 [AR(A)]"

Similar to what was done in Ref. 7 we get from Egs. (3) and
(18), (19) the connection between the quantities y,(n), y,(n)
and thec,:

2
Cn—1,

'Yn='Y:+‘Yz=S/2—c,,2—
Ta=v,(n)Y2(n)

2 2 2 2
=Cp41Cn’ Tt Crei1Cn—yt (Cait+Cny)?

LI v
2 (cn +cn-i) 2 2 8 -

i>j

(20)

Substitution expression (19) into Eq. (18) and using (20) we
get

A dA %)
j R Y

Aoy (TaT). (21)

5 [AR (x) I*
Ill. SINGLE-ELECTRON AND SPIN EXCITATIONS

1. We consider now the case of low spin density (c—0).
The (A, A_) band then contracts into a localized level A,
which is determined from the self-consistency condition

(13):
Ao_As )'/2 — ( 1\1_1\2 )'/2
AZ_AS ’ Al—AS
(22)
We have introduced here the Heuman lambda function

Ao (e|r) ="/, e=arcsin(

Al =—2[E@E(elr)— (K@ —E)F )],

where K, F, and E are elliptical integrals of the first and
second kind. Explicit expressions for A |, A,, and A, are for
this limit found in Ref. 1.

In order to find out what the general expressions for c,,
and x,, become in the limit of a single soliton we must evalu-
ate the quantities (5), (7), (10) up to terms of first order in the
density c. Performing the appropriate elementary calcula-
tions we have

1 -1
A—A- ) ’

K’ (k) _[AA—Ay)
K(k)’ “[(Ai—A,)Az !

1 —1
A+_A— ) ’

-1
) -I-i]i(lln

e=(KJ,—K.I) ( 2l1n (23)

Bu=iBo+0(C), Bo=

Biz=Bzx=Bu—i12n ( Iln

1 -1
Bzz=Bu“"iIz (1 In A+-—A_) ’

V,—Vi='/,+0(c),

1
A=A

U,=p/2, U,=p/2+c, (24)
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AdA

1 .
=S T 4o S e
= e RO)=(-A) (A (A
~ IRy T A ATA A

Substituting (23), (24)into (11) we can after a few calculations
get

2= (n—1—n,) 8 (n+2—n,) /6 (n+1—n,) B (n—n,).  (25)
Here

8(m—n,) =0, (7p(m—no)-—| )
o
X ™0, ( —g—(m—no) + 7) e,

where 65(v|q ) is Jacobi’s theta function. It is clear from (25)
that the change in the phase of the deformation ¢, at an
isolated polaron equals

a—i g_‘= Kglz_Kzll
B 21’

z, nK(k') ]’

K (k)

I FB|k [ Az(A—As)
p=2n 7= =2n I((?IL)) , ﬂ=arcsxn[m
(26)
Similarly, Eq. (11) becomes
e¥r=e=2" (n—no—1) 8 (—no+1) /8 (n+1—no) 8 (—n,+1). (27)

We now find the magnitude of the polaron electric
charge. Following Ref. 3 we write
Pn—pn>>
g=e hm—&,

c—>0 4

(28)

where p° is the asymptotic single-period solution when
there is a single soliton present (it is clear from (25), (27) that
pr < =p,; *). We have from (18), (19)

1 A,
_?J {[(x As) A—A-) 1%[AR(A) 1"

A=Ay 2
gfes

A+B.
[m(x) 1" ]' @

dp _ <A
dh o 20 (v—Ay) A—A-) 1" [AR(A) 1™

17 A=Ay 1% A+<BL
+7[A—x_] [AR(A)]™

An=As—7: (1)) A—2(n)), Ba=hi—Y.(n)—Y:(n).

i (29)

From (17) it follows that

<An>=2[}\«+R (;"+) ]II’C. (30)
Using (8) and (29) we find
(B —{Bp*>=—KADF|I, (31)
where
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Az dAr
j (A—No) [AR(A) 1™

F=

Substituting Egs. (30), (31) into (29) and (28) and evaluating
the integrals in (29) we finally have

__[2F(|K) 2F(n|k)
= "&k® 1] [ OB E
T Ai—As A=Ay 1 (32)
'r]=arcsm[ A,—-Ao Az—A, ] .

Comparing Eq. (26) with (32) we find that the soliton
charge is connected with the change in phase of the function
¢, as follows:

g=e(@—mn)/m. (33)

2. We consider the formulae obtained above with the
limit corresponding to the linearized model:

Cﬂz5[1_€(un+l—un) ]7 xﬂ:na+u"' (34)

It is shown in Ref. 1 that this limit corresponds to small
€ or, in dimensionless variables to the inequality

Px>c¢, we>h (A '=nxc).

The quantity A /sin(mp/2) = A, corresponds to the
usual definition of the dimensionless electron-phonon cou-
pling constant. The linearized model corresponds also to the
weak coupling limit 4., €1. The following relations were ob-
tained in Ref. 1:

lo—1|>e- {AZ/A,zAa/A,zsinzl(n_lpi|—1|/2), 2A1=4E’ ,
Av= =64z cos’ p2 eXp( " e )
(35)
lo—1] <et/* { 11\,‘:\?6;1 6 e?;?f;‘izj://]p_ iy ©6
In the limit [p — 1|<e ™ 72 we have from (22), (32), (36)
Ao=(As+Ay) /2,
(37)

g=e[1—21n (V2+1)6|p—1]], 4b=e"*.

Equations (37) are similar to those obtained in Ref. 3.
In the limit [p — 1|>e = /* we get from (22), (32)

A= A t+As " As—As [_4 exp (—2/Aep) e exp(—Z/?»ep)] ,
2 2 A
~ _if‘i exp (—2/Aep) +8_ exp (—2/Aep) ]
q~[ » 7 g |p—1]/2)
(38)
It follows from (38) that when A <|p — 1]*
g~ ﬁ exp (—2/Aep) ‘. (39)
n A
and when A<|p — 1]2
32 —2/Ae
~ _._(3_)2(__—")-_ (40)

R PTE
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Equation (40) is the same as the expression obtained in the
continuum model in Ref. 3 and Eq. (39) gives the same kind
of A-dependence as the charge obtained in Ref. 5 in the con-
tinuum model taking the phonon dispersion close to the Fer-
mi surface into account. It is clear form (33) that the change
in phase on the soliton varies within wide limits such that
@—2m as p—1 and ¢ = as p—0:

lp—1|<e™*  g=n(g/e+1)=2n[1—In(Y2+1)6]|p—1]|],
lp—1|>e~"™: (41)
(L
(p—:rc< - + 1)
=n[1+——§ exp (—2/Aep) _ 16 exp(—2/Aep) ]
n tg*(n|p—1]/2) n Aep

(42)

We obtain an expression for the deformation

A, =u,,, —u,. When |p — 1|<e~"* we have £ = {(2)6
and
_ (—1)"[ th| (n—n,) /8] _th n ]
V28 LY2=th[ (n—no)/8]th (n/V26) v2e l’

(43)

Formula (43) gives an expression for the deformation of a
polaron located at a distance n, from the closest domain
wall. As n— — oo we get from (43)

(=D» 1 n
- _ — —th—].
V26 [1’2—-th(n/1’26) ¢ vza] (44)

Equation (44) is the same as the one obtained in Ref. 8. As
lo — 1|>e~"* we get from (25)

1 4 exp(—2/Aep)
Pl A 45
§ tgnlp—1]/2) (43)

_ cos*(m|p—1]/2)
A.~16 exp(—2/Aep) sin(wlp—1]/2) {th sin [np(n

1 1
) +?)] sin%—cos[np(n—no +7)] coszi}.

(46)
In the limit as n;— + oo it follows from (44) that
A,ocos [7p (n—not+/,) £¢/2],

so that the phase change at the polaron equals ¢ = m(g/
e + 1), as should be the case.

IV. CONCLUSION

We considered in the present paper spin states in an
exactly soluble discrete model of the Peierls transition. We
noted in the Introduction that such states can occur in var-
ious physical systems. We found the ground state of the sys-
tem, the electron spectrum, the wavefunctions, the deforma-
tion in the system [Egs. (8), (9), (13) to (17), (10) to (12)], and
the electron density distribution (21) for arbitrary spin angu-
lar momentum. The electron state spectrum has in the
ground state five allowed and four forbidden bands; depend-
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ing on the magnitudes of the densities p, ¢ two or four al-
lowed bands are occupied and the upper occupied allowed
band is always occupied singly.
In the limit as c—0 two of the allowed bands present,
- (E,, Ey)and ( — E,, — E,) (see Fig. 1) contract into localized
levels + E,, determined from condition (22). In the weak
coupling limit we wrote down explicit expressions, (37) and
(38), for the quantity E, for arbitrary electron density
p(0<p <2). We obtained the shape (25) of an isolated soliton
on the background of the periodic superstructure of the
ground state and the magnitude (26) of the change in the
phase @ of the CDW at a single soliton. In the general case
the magnitude of @ can take on any value. In the weak cou-
pling limit under the condition |p — 1| <exp( — 1/ )(limit of
rare domain walls) the quantity ¢ =27 and is given by Eq.
(41) while under the condition |p — 1|>exp( — 1/4) (Froh-
lich limit) we get @ ~, (42). We found the magnitude (32) of
the electric charge ¢ of the polaron. In the weak coupling
limit when |p — 1| <€exp( — 1/4 ) we get g= 1, see (37); when
lo — 1|>exp(— 1/A) we have ¢=0, see (38); when
lp — 1| s A /2 see Egs. (39) and (40). We showed in the gen-
eral case that there exists the exact relation (33)—
q = e(p — m)/m—between the electric charge of the polaron
and the amount by which the phase of the CDW changes
when it passes through a single polaron.
The charge of the polaron is, as is clear from Egs. (21),
(43), (46), localized in a finite region with characteristic size
&. The magnitude of the charge can in the general case have
any value 0<g<1. We recall that by the magnitude of the
charge we mean the quantity g = 2 ( p, — p;7) whichis com-
posed not only of the magnitude of the charge brought into
the system by the electron, but also of a contribution caused
by the redistribution of the electron density in the system.
The polaron charge therefore differs from the single-elec-
tron charge; it is partly screened by the redistributed charge
in the CDW. The interaction of an external electron, carry-
ing an uncompensated spin, reduces mathematically in the
CDW to a change in the phase of the CDW at the polaron. It
is clear from the theory that the casep = 1is a special one. In
that case the phase change ¢ = 27, i.e., the polaron, in fact,
does not interact with the CDW as at the polaron the phase
of the CDW is not changed (modulo 27). This leads to the
fact that there does not occur a redistribution of the electron
density and that the charge of the external electron is not
screened: ¢ =e in agreement with the general formula

1030 Sov. Phys. JETP 60 (5), November 1984

q =el@ — m)/m. Another limiting case occurs when
lp — 1|>exp( — 1/4). Now the interaction of the soliton
with the CDW is a maximum (the phase changes in the re-
gion of the polaron almost by half a period) and there occurs
almost complete screening of the charge: ¢ ~0.

The theory described here can in practice be applied to
linear polymers such as, for instance, alloyed trans-polyace-
tylene. One can produce a spin density by putting the system
in an external strong magnetic field. We indicated in the
Introduction that objects like spin solitons can appear also in
systems with a split electron spectrum.

The physical properties of actual systems will depend to
alarge extent on the presence or absence of electric charge at
the spin solitons. In the general case both the Frohlich con-
ducticity and the current of the charged spin solitons will
contribute to the magnitude of the electric conductivity. If
for some reason in the system the Frohlich conductivity is
pinned, only the charged spins polarons will contribute to
the current. One can judge the magnitude of the polaron
charge using the ratio of the magnitude of the transferred
spin current to the magnitude of the transferred electric
charge. The presence or absence of electric charge can be
established in experiments about the scattering of spin soli-
tons by charged and uncharged impurities.

The author expresses his deep gratitude to S. A. Bra-
zovskii and I. E. Dzyaloshinskii for posing the problem and
for many useful discussions.
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