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The damping and equilibrium state due to random fluctuations of the external forces are ex-
pressed in terms of the quantum quasiprobability (the P-distribution). A system of N coupled
oscillators in a heat bath comprising a system of various heat baths with different temperatures,
each of which interacts with its own oscillator, is considered. The correlation-function matrix is

calculated exactly for the coupled oscillators.

INTRODUCTION

The origin of irreversibility in the behavior of a quan-
tum oscillator interacting with a heat bath modeled by a set
of an infinite number of oscillators was considered previous-
ly.! The relaxation time of an oscillator located in such a
bath was calculated in terms of the parameters of the Hamil-
tonian of the oscillator. It was shown that the equilibrium
state which the oscillator achieves is a thermal equilibrium
state set by the temperature of the heat bath. The use of the
Weisskopf-Wigner approximation in the solution of the Hei-
senberg equations of motion for the creation and annihila-
tion operators of the oscillators was an essential element of
the analysis in Ref. 1. In this analysis account was taken of
the properties of the coherent states of the oscillators, using
the function or quantum quasi-probability (the P-distribu-
tion) introduced in Ref. 3. We note that different approaches
to the consideration of damping of a quantum one-dimen-
sional oscillator have also been developed in Refs. 4-6.

The purpose of the present work is the establishment of
the properties of the equilibrium state reached by a set of N
coupled oscillators interacting with a heat bath. In this case,
the heat bath is modeled by an infinite set of oscillators pos-
sessing the feature that each of the systems of N coupled
oscillators interacts with its own bath characterized by its
own temperature. Thus, the prupose of the present research
is to generalize the results, obtained in Ref. 1 for a single
quantum oscillator, to the case of a set of V coupled oscilla-
tors. We also calculate the correlation functions for the ¥
coupled oscillators. The physical problems (in addition to
the consideration of the irreversibility of the behavior of a
system of coupled oscillators, which is of general theoretical
interest) in which the details of the behavior of a set of oscil-
lators with damping is important, are in particular the prob-
lems of the construction of various gravitational detectors,
analyzed, for example, in Refs. 7-9.

SET OF QUANTUM OSCILLATORS COUPLED WITH A FORCE

Following Ref. 1, we consider an N-dimensional quan-
tum oscillator, designated in what follows as the A oscilla-
tor, interacting in linear fashion with the infinite set of oscil-
lators of the heat bath, which are denoted below as the B
oscillators. The A oscillator can model individual modes of
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the electromagnetic field, for example, the modes in a reso-
nator with reflecting walls. It is known that the amplitudes
of these modes can be regarded as the coordinates of har-
monic oscillators. If the walls of the resonator are complete-
ly reflecting, these oscillators are not coupled with any other
dynamical system. Once begun, these oscillators last infi-
nitely long. In actuality, however, the walls of the resonator
are never completely reflecting. Usually, a rapid decrease in
the amplitude of the field of the considered modes (or damp-
ing) takes place, and at the same time, the walls of the resona-
tor heat up slightly, if, on the other hand, the modes of the
field are not excited at all, as would be the case if they corre-
sponded to the temperature of absolute zero, while the walls
were heated to a finite temperature, they would “heat up”
the field also. These are examples of processes that are irre-
versible in the thermodynamic sense. The appearance of ir-
reversibility can be traced in a mathematically explicit form.
We shall trace it through the example of a set of oscillators
interacting with the heat bath, while the bath itself is mo-
deled by an infinite set of oscillators.

Thus, we consider the A oscillator in a heat bath. The
heat bath is chosen in the form of a set of N independent heat
baths, each of which interacts with its own oscillator of the
set of V coupled oscillators. Physically, this means that each
oscillator has the temperature of its own bath at the initial
time, and that we neglect indirect interaction of the oscilla-
tors through the heat bath, which is of course much smaller
than the direct interaction of the oscillators. We write out
the Hamiltonian of the set of oscillators subjected to the ac-
tion of driving forces:

N N N
H= Z hm,da*'da-l-hz Aaplads™ +2 E Babar’Dan
=1

a,p=1 a=1 *k

N
+h Z 2 (AnGabant+An' G bar)

a=1 &

+ih2 (Fo(t) Ga*—Fo' () da). (1)

The Greek subscripts label oscillators of the set of N
coupled oscillators and run from 1 to N. The Latin subscripts
vary from 1 to « and they label oscillators in the ath heat
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bath corresponding to the ath oscillator of the set of N inter-
acting oscillators. The  operators b are the Hermitian ad-
joints of the operators bak ,and the numbers A ¥ are the com-
plex conjugates of the numbers A, . Naturally, it is assumed
that the interaction of each oscillator @, with the heat bath is
symmetric and that the parameters o, and A, are one and
the same for each ath oscillator. The term in (1) with the
complex external force F, (¢ ) describes an effect on the oscil-
lator proportional both to its coordinate and to its momen-
tum. This term can correspond, within the framework of the
single-mode model of a gravitation array, to the effect of a
gravitational wave on the array. The fact that the A4 oscilla-
tor is coupled only with oscillators may seem to be an unreal-
istic element of the model. However, large systems, made up
not only of oscillators, frequently possess modes of collective
excitations whose amplitudes behave dynamically like the
amplitudes of harmonic oscillators. The Hamiltonian (1) can
describe a broad class of damping mechanisms with partici-
pation of collective excitations. The operators @, , a %, b«
5ak in (1) (@ = 1,2,. . ., N) are boson creation and annihila-
tion operators for the A and B oscillators, respectively.

There are no terms in the Hamiltonian of the form &, bak

and a; b . The dynamical effect of such antiresonance
terms is usually small in connection with their very rapid
oscillations, and they can be neglected. This corresponds to
the so-called rotating-wave approximation. We shall assume
that the subscript k can be continuous and shall understand
in this case, throughout the rest of the paper, that the sum-
mation over the subscript is actually integration over a con-
tinuous exponent k.

We know that there exists a set of normal vibrations for
the coupled harmonic oscillators, for which we assume that
the corresponding quadratic form is positive definite. Thus,
it is known that there exists a unitary matrix U and there
exist operators of the normal modes Aa [@=12,...,N)
such that there is a coupling of the operators A w1th the
operators @, of the following form:

N
A, = Z Use" . (2)

p=1

The asterisk denotes the complex conjugate. The Ha-
miltonian (1), expressed in terms of the new coordinates 4,
of the normal modes (without account of the heat bath)
would be diagonal.

It should be emphasized that we can introduce new co-
ordinates of the heat bath Bak for which the interaction of
the normal modes (the coordinates 4 ) with these coordi-
nates would appear to be the same as the interaction of the
initial coordinates of the oscillators &, with the initial co-
ordinates of the heat bath Bak without the interaction term
A.pd,a5 . Let us introduce such coordinates:

N
Bu= Y Usa'bm, 3)

=

using the same matrix U as in the transformation (2). We
obtain the following expression for the Hamiltonian (1) of
the initial system in the new variables 4, and B,
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~ kil N
H=VY 1Q.A,*4, B,
; t4, + ; ; hwyBa,tB "
N
+7 ; ; (MA o Bon*

wdatBa) +in Y (DA 10 (0A).  (4)

In the Hamiltonian (4) we have introduced the transformed
external force

fa(t)= Y UpFo 0). (5)
p=1

We now rewrite the formulas (2), (3) and (5), introducing
vector notation, namely, we let the operator 4 denote the
vector (column) with components d,,a = 1,2,. . ., N; the op-
erators b, denote the vectors (columns) with components
f,, ; we write the N-dimensional vector 4 and the N-dimen-
sional vectors B, , f(t) and F(¢) in corresponding fashion.
Then the relations (2), (3) and (5) have the following form

a=UA, b,=UB, F(@)=Ui@1). (6)

We shall now assume that after reduction to normal form, all
the frequencies £2,, of the normal oscillations of the A oscil-
lator are different (no degeneracy). Thus, after a canonical
transformation of (2), (3) and (5), and after reducing of the
Hamiltonian (1) to the form (4), we arrive at the problem of
the behavior of a system of independent A oscillators inter-
acting with their own independent heat baths (the Bak oscil-
lators). This allows us to use the method of Ref. 1 with ac-
count only of small complications connected with the
presence of the driving force. Our aim is to calculate the
correlation functions for the initial A4 oscillator. In order to
do this, we first find the Heisenberg creation and annihila-
tion operators 4(¢ ) and bk (). We shall always write out the
Heisenberg operators, noting their time dependencies, with
a(0)=4, bk (0)_bk The Heisenberg equations of motion for
the operators a(? ) and b (¢ ) have the form

%da(t)=—imada(t)—i2‘ Mbas () +Fa (D),

(7)
2 Bun(6) =—inben () =100 0.
For the solution of these equations, we make the change of
variables (2), (3) and (5), and then gbtain the equation of mo-
tion for the Heisenberg operators 4 «(t)and Bak (¢), which we

write directly in matrix form:

d‘zt(t) —=—iQA () —i§; DBy (1) +E(2),
dB, (1) ®)
dt

Here the N-dimensional matrices £2, A, and o, are diagonal
matrices, while the matrices 4, and w, are simply unit ma-
trices multiplied by a number, while the diagonal elements of
the matrix are the frequencies of the normal vibrations of the
A oscillators 2,, £2,,. . ..02y.

——iaBa () —iA"A (D).
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The crucial factor is that the system of unlinked equa-
tions (8) (without the term with the driving force) can be
solved in the Weisskopf-Wigner approximation, as was done
for the one-dimensional A oscillator in Ref. 1. We first write
down the solution of this system in the general case in the
following form, by virture of its linearity (we first assume no
force, i.e., F(z) = 0):

Ap=u@®A+ Y u@®B, B()=Y s(Br+u)A.
3 LY (9)

Here A = A(t = 0), B, = B, (= 0), and four N-dimen-
sional diagonal matrices are introduced: u(t), v, (), Xxx(¢)
and y, (¢ );onthe main diagonals of the matrices «(¢ )and v, (¢)
we have the numbers u, (t) and (@ = 1,2,. . ., N) while the
forms of the matrices y, (¢) and x, .. (¢ ) are not of interest to
us, since they do not enter into the final result. The initial
values for these matrices are the following:

u(0)=E, v,(0)=0, yx(0)=0, zx,(0)=0xx

(E is a unit matrix).

Correspondingly, the solution of the equation of motion
(7) for the operator (¢ ) in th case F(t ) = 0 can be rewritten in
the form

a(t) =S(t)§+2 V(£ by
h

(10)

(11)

Here we have introduced the matrices S (¢ ) and v, (¢ ), which
are connected with the matrices #(¢) and v, (¢) of (9) by the
unitary transformation matrix [see (2)]:

S()=Uu(t)U+; V,(t)=Uni(t)U".
We have the following solution for the quantity f)k (¢)
ORI OIS AGES
-

(12)

(13)

where the N-dimensional matrices x, .. (¢ ) and Y, (¢ ) are con-
nected with x, .. (t) and y, (¢) by formulas analogous to (2):

Xh’h(t)=ka’h(t) U+ Y1) =Uyk(t)U". (14)

The simplicity of the Hamiltonian (1) becomes especially evi-
dent when we express the state of the system in terms of
coherent states. This Hamiltonian belongs to the class of
Hamiltonians to which corresponds an evolution operator
that leaves the coherent states coherent.'® Thus, if we begin
the motion from the state of the system in which the A4 oscil-
lator and the B oscillator are in coherent states, these oscilla-
tors will remain in coherent states for all time. We shall as-
sume that the state of the system in the Heisenberg
representation is given as a product of coherent states:

la)l—[lpm)sla, B (15)
" 3

Here the conditions

a(0)|o, (Bip>=ale, (B>, Ba(0)|a, {B)>=Bile, (B>
(16)

are satisfied. It follows from the relations (11) and (13) that

this state is an eigenstate also for the operators &(¢ ) and by ()

over all time . We define the time-dependent functions a(t ),

Be(t):
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OENOLE WACLN (17)

NOED I SNOIRES AL (18)

which obey the equations

%au(t)=—im»au(t)—igx.ﬁn(t>, w=1,2...,N  (19)

2 ) =—iopa) —haa (1), (20)

which are completely analogous to the corresponding opera-
tor equations. Then the Heisenberg state of the system satis-
fies the equations for the eigenvalues

a() e, B =a(t)la, B,

b (1) o, (B} =Bu(0) |, (B}
for all times ¢.

We note that for a transition to the Schrodinger repre-

sentation it is necessary to use the unitary evolution operator
R (t), which connects the opeaor 4(t ) with its initial values

(21)
(22)

a()=R"'(1)a(0) R (2). (23)
We then have relations equivalent to (21) and (22):

a(0) R (t) |, (Bu}>=a(t)R(t)|a, (B}, (24)

b(0) R (1) |, {Bi}>=Br(t) R (2) |a, {Ba)>. (25)

The state R (¢ )|a,{ Bi }) is simply a time-dependent state of
the system in the Schrodinger representation, and we see
that if it is coherent at the initial instant of time (R (0) = 1),
then it remains coherent throughout all subsequent times.'®
A number of conclusions on the properties of this state can
be drawn without solving the Schrodinger equation expli-
city. The motion of the system is such that it is as close as
possible to classical. The system is described in this case by a
wave packet for which the product of the indeterminacies of
the coordinate and momentum is as small as possible, while
the mean values of the coordinate and momentum move in
the phase space of the system along a classical trajectory
given by the relations (16) and (17); no spreading of the pack-
et occurs. Since the Schrodinger state of the system is a co-
herent state, we can specify it by means of a time-dependent
eigenvalue, writing

Ia(t)1 {Bk(t)}>ER (t) ‘a’ {Bk}>'

It is clear from the relations (10), (17) and (18) that «(0) = a,
Bi(0) = By

We now take into account the effect of the external
force F(t ). We shall temporarily denote the solutions of Eqgs.
(7) in the absence of a force by 4,(t ) and by (¢). In order to
solve the equation of motion in the presence of the force, we
use the solution of the equation ay(t )and b ( (¢ ) in the absence
of the force, which coincide with the a(z ) and by (¢ ) given by
Egs. (11) and (13).

We shall solve Egs. (7) in such a way as to allow us to
make actual use of the solutions (11) and (13) for the case

(26)

R. Glauber and V. I. Man’ko 452



without the force. To this end we consider first a very parti-
cular case, namely, we let

F(t)=F,6 (t—t). (27)

We shall actually construct a Green’s function for the
linear system of equations (7). Such a character of the force
means that up to the instant of time ¢ ’, the force does not act
on the A oscillator; therefore, for earlier times ¢ < ¢/, the so-
lution of the set (7) is simply identical with the solution of the
set of equations (11) and (13) without the force.

We thus have
t<t’, a(t)=S(t)a(0)+ Z V,(£)by (0), (28)
bu()= Y Xen(0by (0)+, (02 (0). (29)

Since a force determined by a delta function acts at the in-
stant? ' on the A oscillator, it follows, in connection with the
fact that the first derivative with respect to the time di/dt is
proportional to a delta function, the operator (¢ ) at the time
t' undergoes a jump, such that

a(t'+0)—a(t’—0) =F,. (30)

After this, the time evolution of the solution of Egs. (7) pro-
ceeds again in the same fashion as the evolution of the solu-
tions of the equations without the force, (11) and (13), but
with initial conditions that are changed because of the jump
(30). We thus have

t>t',  a(t)=S(t—t')a(t’+0)+ Z Va(t—t)ba ('),  (31)
b, () = Z Xy (t—t') by (/) + Y, (t—t")a ('+0). (32)

The evolution of the operators a(¢) and l;(t ) from the time
t' + 0 takes place as a function of these same functions .S (¢ ),
Vi (t)Xy(t), Yy (¢ ), but with anargument shifted by a quanti-
ty since the equations of motion for the oscillator without the
force possess symmetry relative to time shifts. Thus, substi-
tuting the value of the jump (30) in (31) and (32), we have

a(t)=S(t—t')a(t'—0)+ ZVk(t—t’)l;h(t')+S(t—-t’)Fo, -
A (

Bu()= Y Xy (t=2)by () +Y,(t~1)a('~0)
: +Y,(t—t")Fo. (34)

The operators f)k (¢)atthetimet ', naturally, donot undergo a
jump, as is obvious from (34), since ¥, (t —t')|,—,- = 0. The
terms on the right sides of Egs. (33) and (34), which do not
contain the quantity F,, are simply rewritten with account
taken of the shift of the time origin by # ' in the solution of the
Heisenberg equation for the oscillator without the force. If,
however, the force is a smeared out function of time, F'(t),
then it is necessary, as usual, to take the superposition of the
effects on the solution of each instant of time ¢, writing the
solution in the following form:

a(t)=a,(t)+ J‘ S(t—t')F(¢')dt’, (35)
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ba (£) =Dy (2) + j Y, (t—t")F(t')dt'. (36)

Thus, the presence of the external 1driving force F(¢ ) shifts the
annihilation operators d,(¢ ) and bk o (t )|—the solutions of the
Heisenberg equations of motion for the 4 oscillator without
the force—by c-number vectors. We write down the final
solution (¢ ) of the initial equations of motion for the A oscil-
lator with the force, expressing them in terms of the matrices
S(t)and V,(t). We have

5(t)=S(t)£+Z V. (t) by + j S(t—t"F@dr.  (37)
R []

We take into account the presence of the force by the addi-
tional term in (17), introducing the complex vector

a(t)=S(t)a+ Z Va(t) By + j S@—t)F(')dt'.  (38)

THE DENSITY MATRIX OF A SET OF OSCILLATORS

We now consider the initial state of the A oscillator and
the oscillators of the heat bath. We assume that the initial
state |a) of the A oscillator is coherent while the oscillators
of the heat bath are in completely random states. This means
that the initial density matrix of the entire system p(0) has
the factorized form

JORIIICTY | (39)

Herea = (a,,a,,. . .,ay)is acomplex vector, the density ma-
trix P, describes the random state of the k th oscillator in
the ath heat bath. The product in (39) is over all the indices of
the heat baths from 1to &V, and over all possible indices of the
oscillators k in the specified pth heat bath. In accord with
Ref. 1, the matrix p,, in the P-representation? is described

by the formula
2
xp {22 L g Gul . (40

Here (n,, ) is the mean number of quanta and is described,
at the temperature of the uth bath 7,,, by the Planck distri-
bution

(ng)=(er¥/Tu—1) "1, (41)

Then, as can be proved, the solution for the quantum me-

chanical Liouville equation for the density operator 5(t)
dp(t
RLUBTRI0) (42)

is the followmg operator:

RN | IEIGEENOIRCIO
" @) en]-

P = ing

[Busl® Y d°Bun
g }n<n,,.>‘ (43)

Here the numerical vector a(t ) is given by Eq. (38), the vector
By () by the equation

B = Y X (B +YaOa+ [H—t)F(e)ar,  (44)
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and the product over the indices of the components of the
complex vector Br = (B 1x» Baks---» Bni ) and over all possi-
ble values of the index k. Our purposes is the calculation of
the abbreviated density matrix p,(¢) for the A4 oscillator,
obtained by averaging over all the coordinates of the B oscil-
lators of the heat bath:

04(t)=Trsp(t). (45)

We shall seek here the density operator j(t) in the P-repre-
sentation:

6a(t)= [ P(e 0l1,2) | <yl Y. (46)

The integration in (45) is carried out over the N-dimensional
complex density, and the quantity P(a, 0|y, ¢), called the
quasi-probability, can be found from the following consider-
ations. If we know that the function P is Gaussian, thenit is
determined by the following set of parameters: the mean val-
ues (4(¢)) and the matrix of second moments o, i.e.,

exp{—(Y—<a(t)>)*o~* (y—<a(t)>)}. (47)

n® deto

Therefore, in order to calculate the function P, if we are sure
that it is Gaussian, it suffices to calculate the averages and
the variances, and it is not necessary to carry out the integra-
tion over the coordinates of the B oscillators explicitly, using
formulas (38) and (44). We calculate the matrix of second
moments o by using its connection with the correlation func-
tions, computing first the correlation functions themselves.

The solutions of the Heisenberg equations of motion for
theoperatorsi(z ), bk (¢)or A(t )s Bk (¢)havesofarbeenregard-
ed as exact, expressed in terms of the matrices S'(z), V. (¢) or
u(t), v (¢). If we now substiute the linear form of the solutions
of Eq. (8) (f = 0) in these equations, then a set of equations is
obtained for the quantities u(z ) and v (¢ ). As noted in Ref. 1,
the obtained set is formally identical with the set of equa-
tions solved by Wigner and Weisskopf” for another physical
problem. In the theory of radiation of atoms, in Ref. 2, these
same equations were considered as approximate equations,
describing the radiation damping and coupling the ampli-
tude of the atom, which it has in the excited state, with the
amplitudes of the atom in the ground state in the presence of
a radiation field of photons in various mode states. Using
this analogy, we can show that A(z) plays in Egs. (8) with
f =0 and in Eq. (5) the role of the amplitude of the excited
atom, B, (¢) plays there the role of the amplitudes of the sin-
gle-photon states, and the 4, play the role of matrix ele-
ments of the transition. If the assumption that the spectrum
of frequencies w,, of the oscillators of the heat bath is contin-
uous near the frequencies {2,, then the mathematical prob-
lem of solving Egs. (8) is identical with that solved by Weiss-
kopf and Wigner in Ref. 2 by the radiation-damping theory.
Using the Weisskopf-Wigner approximation, we can write
down the solutions for the function u, (¢) and v, (¢) in the
form

Ua (t) =exp{—[x.+i(Qa+6Q.) 1¢}, (48)
—id
e () = Rati(Qa+8Qe—ws)
X{exp (—iwxt) —exp[— (%a+i (Qa+6Q:) ) t1}, (49)
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where the constants x, and 02, are determined by the rela-
tion
. Ihal®

80 —tx=lim Zn (Qu—awrtie) 30l
It is clear from (48) and (49) that the x, play the role of
damping constants and 62, are the frequency shifts. The
Weisskopf-Wigner approximation is valid if these constants
are small in comparison with the frequencies £2,, and in
comparison with the frequency intervals over which the cou-
pling parameters A, and the parameters describing the state
of the heat bath change significantly. The irreversible char-
acter of the behavior of the A oscillator appears in our equa-
tions in terms of the Weisskopf-Wigner approximation. In
fact, however, it is inferred in one of the assumptions on
which this approximation is based, namely, the continuity of
the frequency spectrum of the oscillators is assumed impli-
citly, which means that there is an infinite number of them.
In any real example, of course, there exists only a finite num-
ber of oscillators of the heat bath, and their spectrum is not
continuous but discrete, although very dense. Thus, the
Weisskopf-Wigner approximation deals with the asymptoti-
cally limiting behavior of a system in which the number of
oscillators of the heat bath becomes infinite. In this and only
in this limit is an irreversible behavior of the system actually
expected. The irreversible solutions (48) and (49) are ideali-
zations, but they model solutions for systems with very large
but finite numbers of degrees of freedom with great accuracy
over large intermediate times. We shall assume that we can
represent the frequency spectrum {w, } of the oscillators of
the heat bath by means of the functions g(w, )—the spectral
density. We then get from (50)

=5 [ M (0) 8 (Qu—an) don=riAa, |7 (Ra),  (51)

where A, is the value of the coupling constant at v, = £2,.
The functions v, (¢ ) describe the contribution to the excita-
tion of the A oscillator by the individual B oscillators. It is
seen from (49) that the functions |v,, (¢ )| are proportional to
the expression [(£2, + 62, — )’ + x%]~". Thus, they
have a sharp peak at w, = {2, + 612, and fall off rapidly to
small values outside a frequency band of width Adw ~2x,
away from this peak. The correlation function of first order,
the N-dimensional matrix G "(¢,, 1,), is determined in the fol-
lowing fashion:

GY (b, ) = <@, (£) @u (1) > — <Gt (1) <av(ta)>.  (52)
The average in (52) is understood as averaging with the
whole initial density matrix of the system p(0) [(39)]. At
t, =t, =t we obtain the matrix of second moments, which
enters into the quasiprobability function (46):

G (t, t)y=a(t). (53)
We define the correlation function of higher order by the
formula

(n)
Gh i3,000, i (th t21 .. tzn)

-<H(“”‘ _<a,,.+(t)>)H (@ (t.) — <an(t>>)>
(54

n=1 v=1

)
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In (54), the average is understood as taking the trace with the
initial density matrix of the entire system /(0). We shall
show that the higher correlation functions G (54) can be
expressed in terms of the functions (52). For this purpose, we
calculate the generating functional = for the correlation
functions G . The generating function = (£,t ), n(¢’) for the
correlation functions G can be found, as in the one-dimen-
sional case,'! by direct calculation with averaging by means
of the matrix 5(0) [Eq. (39)]:

E=<exp “;(t) (£+(t)—<£+(t)>)dt]

exp Un(t’) @) — <§<t')>)dt']> . (55)
In (55), the integral is Gaussian and we have the result
E(G(t),n(t"))=exp [j dtdt’ ()G (¢, t')'q(t')] . (56)

Here the matrix G has the form of the sum of products
with seven matrices:
G(”(tx,tz)= ZU‘vk. (t,) UTNj;U.Uh(tz) Ur. (57)
1.3
Thus, all the higher correlation funcgons G are expressed
only in terms of the matrix function G "(¢,, t,). The generat-
ing functional for the functions

(n) - a
G,-fs, ..... izn(tn Bayouos tzn) = <H a£u+ (tu) H ai“v (tn+v) >
p=1 v=1

is of the form
Z= <exp [j t(r)ar (t)dt]exp[j n(t')a(t')dt']> o (59)
and differs from the functional Z by a factor, i.e.,

Z=Eexp [j;(t) @) dt] exp [j n(t) A)> dt’] . (60)

Thus, all the higher correlation functions G are expressed
in terms of the average (a,, (¢ )) and the functions G ;,, (¢,, 2,)-
Inorder to find G " (57) explicitly, we calculate the following
sums. The sum rule for the diagonal matrices (¢ ) and v, (¢)
with the diagonal elements (48) and (48) follows from the
conservation of the commutation relations fo the creation
and annihilation operators under a shift of the time origin.
That is,

. _ u’ (ti—tz) —-u’ (ti) u(tz) 9
Yoo ene={ w(ti—t) — u* (8) u (L),

(58)

t1>1,;

- t,>t,.

With account of this sum rule, we calculate the matrix ele-
ments (U TG "U*),,, which are expressed in terms of the ma-
trix elements of the matrix

K(n,)=U"N,U",

It is easy to see that (the summation here is not carried out
over the indices u and p)

(62)

n,= ({nw, <nawd, ..., <nxw).

(TGO w= Y K)o v’ (1) v (1). (63)

We can calculate the sums over  in the matrix elements (63)
. either by substituting them in the integrals over the frequen-
cies and estimating the integrals, or by using the unitarity
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condition of the evolution operator of the entire system [the
sum rule (61)] and the slow change in the quantities n, [and,
thus, in K (n, )] near the frequencies that minimize the de-
nominators of (49). Then the basic contribution to the sum is
obtained from terms on the diagonal of the matrix U” G VU *
in (63); the nondiagonal terms have the next order of small-
ness. Recognizing that the diagonal matrix element of the

matrix K (62) is written in the form
K= |U | X0+ | Uy | nad+. . | U s>, (64)

where (n,, ) are given by Planck’s formula (41), we obtain
the following approximate equation for the matrix element
of the matrix G (}(t,, ,) in (63):

N
Gap (t1y 1) = Z | Uy |2 (e /%0 — 1) =1 f, (s, £3) Uay' Upy.  (65)

[Nt

Here, with account of (61),

U, .(ti—tz)_ uu' (tl)uu(tZ)y t1>tz

(b1, ts) = { " ’
fults,t2) uy (t—t,) — u,’ (8) u,(ta), 1>, (66)
Q/=Q,+6Q,, (67)

where 642, is the frequency shift of the normal oscillation
and is given by (50). Substituting the expression for u,, (¢)
given by Eq. (48) in explicit form in (65) and (66), we obtain
the following expression for the matrix element

(UG V(t,, t,)U *),, in the case of long times ¢, , >, "

N
(UG (b, t) U= Y [ U [/~ 1]
p=1

x{exp[—x.|ti—t: | HiQ) (t,—12) 1}.

Thus, the desired matrix G ")(¢,, t,) is obtained from a diag-
onal matrix with the matrix elements of (68) by using the
expression

G& (tnt) =Y (ViU Upn P[]

Bp=1

X expl—u, | ti—t2| +iQ,’ (8,—1.) 1}.

(68)

(69)

All the matrix elements of the matrix G {}(z,,%,) are linear
combinations of expressions that are exponentially damped
in the parameter |z, — t,| with expressions that oscillating in
this case. We consider two special cases: N=1and N = 2,
i.e., one-dimensional and two-dimensional A oscillators.
For N = 1, we have the following expression for the correla-
tion function:

GV (b, t,) =<a* (t,)a(t,)>—<a* (t,) ><a(t.)?, (70)

which, with account taken in (65) of the fact that there is only
a single term from the sum and U,z = 1, gives the following
for not too long times,

GO (8, t,) =[e9/T—1]~t[e~ti—tl_g=x(1+t)] et -ty (71)

(We have omitted the indices, assuming that the tempera-
tures of the baths are the same and equal to 7, the frequen-
cies of the normal vibrations are the same and equal to {2, the
frequency shift 502 and the relaxation time are equal to %~ '.)
For long times 7, ,>x ' only the dependence on the time
difference ¢, — ¢, = 7 remains:
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G (t,—t,) =[e"/T—1]" exp[—n|t:—t.| +iQ' (¢, —t.) 1. (72)

With account taken of the action of the external force, we
have the following expression for the correlation function of
a one-dimensional A oscillator:

GO (ty, 1) =GN (s, t,)
ta {j lexp[— (x—iQ") (ti—t') 1 1F* (t')dt'}
xexp[— (x+iQ")t,]

+a {j lexpl— (i) (=t) 11F (1) ar'},

xexp[— (x—iQ')t,]+ j jdt’ dt” F* (t')F (")

00

xexp[— (x+iQ") (t'—t2) — (x—iQ") (¢"—11) 1.
(73)
The higher correlation functions for the one-dimensional A4
oscillator G are expressed in terms of the function G in
the following fashion:

GM (b tm gt ban) = ZHGW (ttomsy).  (74)

P j=1
Here the summation over Pis carried out over all n! permu-
tations of the numbers j. For example, for the function of
2nd order we have

G® (i, b5, by 1)

=G (b, £5) @D (ta, L) FE (b1, £) GO (8, 15). (75)

For an N-dimensional A oscillator, the formula connecting
G with G " is analogous.

We now give as an example G "V(¢,, t,) for the problem of
a two-dimensinoial symmetric oscillator with the Hamilton-
ian

H=%[o (&t d,+aytd,) Fh (Gudy s *)
+i(a,*F, (t) +a,*F, (t)—a,F," (t) —a.F, (£)) ]. (76)
In this case, the matrix elements of the matrix U are the
following U,, =U,,=U,;= — Uy, =1/V2; 2, =w + 4,
2, = w — A, while the parameter A is sufficiently large, so
that x,, 642,, x,, 642, but also much smaller than 2, and
{2, — £2,. This assumption means that the mixing of the os-
cillations, because of the interactions of the two oscillators,
takes place rapidly in comparison with the relaxation pro-
cesses connected with the interaction with the heat baths. In
the other limiting case, in which the parameter A is very
smallin comparison with x,, x,, 6£2,, and 642,, this means in
practice that %, ~x,, 602, =642, and u,(t ) = u,(t ). In the lan-
guage of zeros in the denominators of the functions v, (¢ ) and
U, (¢ ), this means equality of the zeros of the denominators of
these functions and the equality of the functions themselves
Uyr () =y (2). Asisseen from (37), thedamping of each of the
two oscillators in this case takes place independently, as was
to have been expected. Since N = 2, we have the following
for the diagonal elements of the matrix of correlation func-
tions:
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Gi(iiL(th tz) = Gz(;) (th tz)
= (L[ ] e ]

X exp[—x%q| | +iQ:" (t,—t2) 1+ [[ e /T —1]~

+[er'/Ti—1]* Jexp[—x. | T| +iQ:’ (8:—1.) 1} (77)
and for the nondiagonal elements,
G (b 1) = Gar (b 12)
- %{[ [eﬁﬂl'/T,_i]—i + [enn.'/rz_1]_1]
xexpl—x:| t|+iQy (2,—1.) ]
- [ [enn,'/r.,_”-i +[enﬂz'/Tz_1]—i]
Xexp[—x.|t|+iQ," (¢—2) 1}, (78)

The expressions for the mean (@;(t,)), (@ (¢,)) are given by
the formulas

<&1 (tz)) = l/z{ (a1+a2) exp[—ultz‘i-iQ,'tz]

+ (o—a,) exp [ —n.t, i, 2, ]
+ J‘,[ [Fi(t")+ Fo(t') Jexp[—ni (£,—2t") + Q)" (£,—1") ]

FF (') —Fa(t) Jexpl—xa (fo—t') +iQs' (tr—t") ] 1dt'}
Gz (8,)> = % {(a,+tzz) exp[—xt,+iQ "¢, ] (79)

— (o—at,) exp[ —%.t,+iQ, t,]
+ J: [[F.(t")+F,(t") Jexp[—ni (t.—2") +iQ)' (£.—2") ]

—[Fy(#") = Fo(t") Jexpl—xa (to—t") + 1Q4' (t,—t") 1 1’ } (

Cag* (1) > =<8, (ty>t,) >,

80)

€Ay (t,) >=dy (8> 1,) D", (81)

At long times, much longer than the times of action of the
force F (t), and such that > %', and not too large |a, , | (the
initial amplitude of the vibrations is not too large and is al-
ready undergoing damping), we have

Ga (t)>=0, a=1,2 (82)
and, consequently,
Gay (b, 1) = Gy (b, 1), (83)

If we take the value of G }}(z,,2,) at equal times ¢, =1, =1,
the expression for G }}(z,2) is identical with the matrix of
second moments o(t). All the higher correlation functions
G are expressed in terms of the correlation function G
and the mean values (@;%(¢)) and (d,,(¢)). Substituting
t, =t, = tin(65), we obtain the following expression for the
diagonal matrices of the elements of the dispersion matrix:

011 (8) =022 (t) ="/ {[ <na, (T,) >+<nq, (T2) > ] (1—e2t)

+[<nay (T1)>+<na, (T5) Y] (1—e=2at)}, (84)
and for the nondiagonal elements, we have
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012 (2) =021 (t) ="/ { [<nay (T1) >+<na, (T2) Y] (1—e=2t)
—[&ng, (T)) < g,y (T,) > (1—e~24") }. (85)

Here (n,,(T,)), v = 1,2 are the Planck distributions at the
temperature 7', for oscillators with frequencies (2 ,,. The de-
terminant of the matrix o(¢ ), which determines the factor
before the exponential in the expression for the quasi-prob-
ability Pin Eq. (47) for the case N = 2, has the form

det o (t) ="/.[na, (T,)>+<ng, (T,)>]

X [<nQyr (T1) >+<nay (T2) Y] (1—e=2t) (1—e=2at).  (86)
The matrix elements of the reciprocal matrix o~ ' that enters
in the exponential in the expression for the quasi-probability

Pin Eq. (4) are easily found from (84), (85) and (86):
(U_l) n= (0—|) 22=0y/det g, (0_‘) 2= (0_1)21=—012/d9t a.
(87)
Thus, we have calculated explicitly the quasi-probability
function for a two-dimensional symmetric oscillator: the
mean values (4,(¢)) and (@,(¢)) that enter in the exponential
in Eq. (47) are given by Egs. (79) and (80). The center of the
Gaussian distribution (47) moves along the trajectories (79)
and (80), while the amplitudes of the first and second oscilla-
tor are damped out, the damping law being the superposition
of the two descending exponentials with the respective relax-
ation times »; ' and x, '. The width of the distribution does
not depend on the effect of the external force and for times
that are much greater than the relaxation time, we have the
following for the matrix elements of the matrices of second
moment:

041 (%) =022 () =/ {{na, (T1) >+<ng, (T,)>
+<ng, (T1) >+<nay (T2)},
012 () =054 () =/ {<na, (T1) >+<na, (T2) >

(88)

(89)
—Cngy (T4)>—<nays (T2) ).
Similar to the case of a two-dimensional A oscillator from
Eq. (69), we obtain a formula for the matrix elements of the
dispersion matrix at long times for an N-dimensional A os-
cillator:

N
0aa(2) = Y\ U Upa U] (€221 = 1) (90)

ou=1

Thus, we arrive at the state of equilibrium of the N-dimen-
sional A oscillator, and the obtained equilibrium state is a
non-Gibbsian equilibrium distribution; we define it as an in-
termediate equilibrium state, or temporal state of equilibri-
um. This state of equilibrium is stable. If the system of N
interacting oscillators is excited, it returns to the described
equilibrium state. Thus, we have demonstrated that non-
Gibbsian equilibrium states exist in a set of N oscillators;
upon the introduction of damping (interaction with the heat
bath), the system comes to the specificed intermediate equi-
librium state.
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The quasi-probability equilibrium function P for the
equilibrium state, to which the N-dimensional A oscillator
comes after interaction of the external force over long times,
is given by Eq. (47), where the mean values (@, (¢)) are equal
to zero, while the variance matrix is given by Eq. (90).

In conclusion, we note that the basic result of this re-
search is the clarification of the details of the approach to the
equilibrium state of a system of coupled oscillators. In the
case of a heat bath with several temperatures, the equilibri-
um state of the system of coupled oscillators turns out to be
non-Gibbsian (for a one-dimensional system it is Gibbsian).
The process of damping of the amplitude of vibrations of the
system of oscillators is determined by the superposition of
the exponentials, which are decaying with time. The inter-
mediate (non-Gibbsian) equilibrium state of the system of
oscillators is stable. We were able to derive the explicit ex-
pressions obtained in the work for the quasi-probability
function [Eqgs. (47), (79), (80), (88), (89)], and also for the cor-
relation functions of a system of coupled oscillators [Egs.
(65), (69), (73)] by use of the Weisskopf-Wigner approxima-
tion, which is one of the essential elements of the analysis.
We hope that the analysis we have developed will be useful in
different physical problems, modeled by a set of coupled os-
cillators.
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