Correlation rules for diabatic molecular orbitals in diatomic quasimolecules
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Rigorous correlation rules are obtained for molecular orbitals of diatomic multielectron quasimo-
lecules. It is shown that the previously known Barat-Lichten and Eichler-Wille rules are adiabatic
and diabatic molecular-orbital correlation rules for states corresponding to identical shells in the

limit of separated atoms.

1. Correlation diagrams in diatomic quasimolecules es-
tablish a correspondence between the energy levels of the
system in the limit of separated atoms and a united one. The
use of correlation diagrams for analysis of various inelastic
processes that occur when slow atomic molecules collide
was initiated by Fano and others,"> who were the first to
explain the mechanism whereby free electrons are produced
in close atomic collision on account of the displacement of
the molecular orbital (MO) and formation of vacancies in the
inner shells of the colliding molecules.

The variables of the Schrodinger equations for one elec-
tron in the field of two immobile nuclei with charges Z, and
Z, can be separated in a prolate spheroidal coordinate sys-
tem. This makes it possible to obtain rigorous rules for the
correspondence of the system orbitals in the limits of the
separated atoms and the united one.>” At Z, = Z, these
relations are

noe=n,+2n,+|m|+1, lLy=2n,+|m| (1a)
for symmetric MO and
no=n,+2n,+|m|+2, l,=2n,+|m|+1 (1b)

for antisymmetric MO.

Here n, and n, are parabolic quantum numbers that
describe the MO in the limit of separated atoms, and n,, /,,
and m are the spherical quantum numbers of the united
atom.

The correlation rules (1) are not valid for multielectron
quasimolecules, for in this case the variables of the Schro-
dinger equations do not separate in a prolate spheroidal co-
ordinate frame.® Barat and Lichten proposed for this case
the following MO correlation rule:

PA = nEA: (2)

where n7* and n' are, respectively, the number of zeros of
the radial wave function of the electron in a united atom and
an isolated atom. It was shown, however, first in Ref. 10 and
later in Ref. 11, that the use of the rule (2) leads to diagrams
that do not contain many quasicrossings of the MO. Eichler,
Wille, et al.'>'? proposed, on the basis of numerical calcula-
tions of the energy terms of various quasimolecules, another
MO correlation rule, substantially different from (2):

oA = nit, )

n

n

where n}* is the number of zeros of the angular wave func-
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tion of the electron in an isolated atom.

Both the Barat-Lichten rule and the Eichler-Wille rule
are empirical, and their use to construct MO correlation dia-
grams calls for additional assumptions, since condition (2) or
(3) is satisfied by an infinite set of orbitals. We obtain in this
paper rigorous and unambiguous MO correlation rules for
multielectron quasimolecules, and determine those assump-
tions with which the foregoing rules are connected.

2. In a multielectron quasimolecule each electron
moves in an effective axisymmetric field produced by the
nuclei together with all the remaining electrons. These fields
are generally speaking different for different electrons of the
quasimolecule and depend on the distance R between the
quasimolecule nuclei.

The molecular orbitals of a multielectron quasimole-
cule can be made up of a generally speaking infinite number
of two-center Coulomb orbitals whose correlation rules are
known. If, however, the effective fields in the atoms of the
quasimolecule do not differ greatly from the Coulomb fields,
each orbital to which a definite principal number »n corre-
sponds can be represented in the form of a linear combina-
tion of Coulomb MO with the same value of #. The contribu-
tion of each of these Coulomb MO to the sought orbital is
determined by solving a finite system of homogeneous linear
equations.' This approximation is valid for electrons that
fill the inner shells of the atomic particles of the quasimole-
cule,’ for a highly excited electron located mainly far from
the quasimolecule nuclei,'* as well as for all electrons of light
quasimolecules.

We determine below the MO of multielectron quasimo-
lecules within the limits of the separated and united atoms.
From these results we shall deduce the general MO correla-
tion rules and obtain equations that connect the quantum
numbers of the correlating atomic orbitals (AO).

3. Consider a quasimolecule made up of two identical
atoms. The molecular orbitals of such a quasimolecule break
up into symmetric and antisymmetric.” We designate the
Coulomb MO by the parabolic quantum numbers 7n,, n,, and
m, where mis the projection of the orbital momentum of the
electron on the axis joining the quasimolecule nuclei. We can
then write for symmetric (or antisymmetric) MO

043 (1, R) =Y, dun. (B) @rim (1, R), )

i=1,2,3,...,n—|m|.
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Here ¢ ‘,,li,,im (r,R ) are two-center Coulomb wave functions,

and the summation is over parabolic quantum numbers that
meet the condition n, + n, + |m| + 1 = n, where n is the
principal quantum number of the determined orbital.

It can be seen from the expansion (4) thatif n = |m| + 1
we have n, = n, = 0 and the sought orbitals coincide with
the Coulomb MO in the approximation used. Taking into
account the explicit form of the Coulomb wave functions
and the connection between the parabolic and spherical co-
ordinates, these MO can be represented in the limit of the
separated atoms as a linear combination of the following AO
(the quasimolecule axis is assumed to be directed from the
nucleus a to the nucleus b ):

1

q)i(,tm) (l', °°) =(Pg:0t")l (l‘, °°) = T((P.O‘omj:q)q‘nbom)
¥2
L L (5)
ﬁ n,m),m=YPn,|m|,m) ,

a,

where @ &, and @ %7, are the Coulomb wave functions of an
electron located in an isolated atom a and b, in parabolic and
spherical coordinates, respectively.

The atomic orbitals into which the indicated MO go
over are determined in the limit of the united atom from the
correlation rules (1) for Coulomb orbitals:

+)
Poom (¥, 0) =Ppmi14,imp,m

@5 (1, 0) =Pymis2,imi+1,m

0 (r,0)= { (6)

Here ¢, ; ,, are the wave functions, in spherical coordinates,
of an electron in a united atom.

Molecular orbitals with n = |m| + 2 are made up of
two  Coulomb MO: ¢*'=¢()(r,R) and
@5t =@ {t)(r,R). For the energy terms of the quasimole-
cule and for the expansion coefficients in (4) we obtain in this
case

€12 (R) =’/z {H“+sz"_'[ (Hu_sz)z+4H122] Ih} H (7)
1 _ H,—H,, 2
ent®={5 [\ F el (82)
1 H,—H, &
w®={ [t b e

where H,;(R ) are real matrix elements of the one-electron
Hamiltonian of the system, taken over the wave functions
@ '*)and @ \*. These equations are valid for both symmet-
ric and antisymmetric MO.

Recognizing that H,, = H,, in the limit of separated
atoms and determining the coefficients from (8), we can write
for the sought MO as R—o0:
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(D:(,;:.L r, o) = __1:( (Pi:mf(Pio’:n + (Po‘:m:*_:(Po?m )
Y2 V2 ¥2
1 .
=_E-—(\pﬂ-lml,m:t‘p:,lml,m) )
9)

(*)

Oy (r,0)= :—5(

(Piomiq)tobm (Po::-:tq)o:l:n )
V2 V2
1

a b
'V2 (\pn,[m|+i,m:Flpn,|m]+i,m) .

The notation used here is the same as in Eq. (5).

In the limit of the united atom, each of the Coulomb
MO, ¢ &) (r,R ) and @ \{) (r,R ), goes over into a definite AO.
As follows from (1), these AO are then different. The effec-
tive fields have in the united atom spherical symmetry, so
that in this limit the off-diagonal matrix element in (8) is zero
(because of the orthogonality of the electron wave functions),
H,, — H,, <0, and the sought MO go over into the following
AO:

+)
Qiom (¥, 0) =Pimi42,imi,m

@) (1, 0) =Pimiss,imist,m

10m

0,% (r,0)= {

(10
(Dz(fn) (r,0) = { Qoim (¥,0) =Pimi43,imi+2,m .

@ (1,0) =Vimisi,pmis,m
Here ¢, ,,, are the wave functions of the electron in the
united atom and their spherical quantum numbers are deter-
mined from the correlation rules (1).

The molecular orbitals with n = |m| + 3 take the form
of linear combinations of the Coulomb MO, viz.,
@' =@iEinR), ¢t =@ 5 (LR) @5 =@ (LR).
The secular equation leads in this case to a cubic equation
whose discriminant for each value of the parameter R is larg-
er than zero (irreducible case). The cubic equation has there-
fore three real and different roots for each value of R.'* This
means that the energy terms of the sought orbitals do not
cross, so that their relative placement does not change when
the distance R between nuclei is changed.

In the limit of separated atoms, the following relation
holds between the one-electron Hamiltonian elements taken
over the wave functionsg {*/, ¢ 4*)and ¢ {*’

(£) (£) (%) ()
H“ =H22 ) HiZ! =H23 .
The cubic equation breaks up therefore as R— oo into a lin-
ear and a quadratic equation, whose solutions are

2(|m|+2) \*
eEL g ( (Im|+2) ) B, & =g,
|m|+1

. 2(|m|+1) \" (11)
(L _pp (%)
s =Hau ( |m|+2 ) His -

By determining the expansion coefficients of (4) for each of
these energy values, we find that in the limit of separated
atoms the sought MO are linear combinations of the follow-
ing AO:
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o [m|+2 ) (%) (%)

m +

Oim (r (2(2|m|+3) (@zom + oz
(lm|+1) (£) _

“m
1 . b
=__‘( n, m!,mi n,m,m)v
7 P, P, mi

(£) (:t) (%) a b
O (r,0)= VE P20m —Pozm )= —(wn.lm[+1.m¥¢n,|m|+i.rn)7

¥2
mi+t \ .
(D(:’:n) ( m )’ () 4 o)
am 6 )= G Tay ) (P tom
_(|m|+2) ()
21m|+3 CPum

1 a
=ﬁ (‘Pn.lml+z,mi‘~pn,l|’m[+z,m) .

In the limit of a united atom, owing to the spherical
symmetry of the field and to the orthogonality of the angular
wave functions of the electrons, the off-diagonal matrix ele-
ments of the one-electron Hamiltonian are zero (in analogy
with the preceding case with n = |m| + 2). The cubic equa-
tion breaks up then into three linear equations with roots
eF) = H\F) elt) = H'$ and ei*) = HF). Therefore each
of the MO goes over as R—0 into a Coulomb orbital whose
connection with the AO is determined by the correlation
rules (1):

02 (r 0)={ (pé[f").(r 0) =Yjm(43,mim
o (p 20m (r O) lplm[-{-k |m|4+1,m ’
(13)
(p(:,:. (2, 0) =Vimi+s,imi+2,m
(“:"(l', 0) =Pm|+5,|m|+3,m !

Dgm (r ,0)={

) (Poz(;? (x, 0) =Pymi+5,imi+4,m

02 0,0 ={ ™ .
@', (2,0) =Pimi+6,imi+5m
The molecular orbitals with n = |m| + 4 are construct-

ed of four Coulomb MO: ¢\*'=¢E!rR),

P4 =@l (0R), o) = piE)rR) and
@*) =@ 2)(r,R). The secular equation leads in this case to
a fourth-degree equation with four real and different roots
for each value of R.' Using the symmetry of the Coulomb
parabolic functions, we can show that in the limit of the
separated atoms this equation breaks up into two quadratic
equations with solutions

£ +1 £
e,‘*’=Hff"+Hfz)+(3(,ml )) (Hf3)+H:Zt) i
|+3
eH_pgo_g® |m|+1 ) (£) ()
—H H‘z+(3(I mityy) EP-ED), »
el (%) (%) [m]|+3 () ()
—H +H —( ) HE+H®),
s G () e D
3(|m|+3)

o =HiP-Hi - )" ).

|m|+1

After determining for each of these energy values the expan-
sion coefficients in (4), we get for the sought MO as R—
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+ m|+3 \"% +
02 = [ () (ol el

3(|m|+1) \" | (£)
I lm+ um‘]
2|m|+3 ) Fum TF
1
:( n,|m m:b'lpn m m),
7 Yn,imi, mi,
‘*’=L (3(|m|+3)) (S
5 2Iml+5 Psom —Posm
|m|+1\"% .
+ () e e |
2[m|+5 ~ @iz )
1

— ('\pn,']‘m[-i.i,mq:“pﬂ:mul,m) )

3(|m|+1)

(:!:) (%) (%)
m 3m+

- [( 2|m|+3 ) Psom FPosm )

|m|+3_ (:) (£3)
(2|m|+3) P21m +(Pizm ]
1 e
= E(Wn.imuz,mill’n.'l’muz,m) )
1 |m|+1 \'"%
CO J L ke RN
Dum 2[( 2|m|+5) Piim —Guim )

_(3(|m|+3) )I/2 () _ () ]
_—"_‘2|m|+5 2tm — Qiom

= I (Prstmi5,mF Py ) -

In the limit of the united atom, the off-diagonal matrix
elements are zero, and the fourth-degree equation breaks up
into linear equations with roots £\*) = H'{, ei*' = HF),
eF)=H'F ) and el = HF). ThereforetheMO go over in
this limit into the following AO:

o2 (r, 0)={ fPs(o:;) (r, 0) =VPimi44,mi,m ,
@som (¥, 0) =Pimy45,1mi+1,m
058 (0= { S (01 b
‘Pzim (l' 0)= 1lel+6 |m|+3,m
(16)

(+2
(:t) ) (r, 0) __{ Q12m (¥, 0) =Pimis6,im|44,m
<) (r,0)= =P im|+7,m|+5,m

12m

0 (r,0)= { Goam (2, 0) =Vimisz,mi4o,m
@) (2, 0) =Vimi+8,imi+7,m

The molecular orbitals with n = |m| + i, where i =5,
6,... are made up respectively of five, six, etc., Coulomb MO.
We shall not present the equations for these orbitals, since
they are correlated in accord with the same rules as the orbi-
tals considered above.

The equations presented confirm that in symmetric (or
homonuclear) multielectron quasimolecules the relations
between the quantum numbers of the correlating MO are

no =n!, ngA=2ny* for symmetric orbitals and
ny® = 2ni* + 1 for antisymmetric orbitals, where ny* is the
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number of zeros of the angular wave function of the electron
in the united atom. The first of these relations coincides with
the condition proposed in Ref. 9 for MO correlation. The
relations obtained determine uniquely the state of the united
atom into which each of the state of an isolated atom goes
over in the limit of joining of the quasimolecule nuclei:

no=n+l—|m|, L=2I—|m| (17)
for symmetric MO and
ny=n+Il—|m|+1, =2l—|m|+1 (18)

for antisymmetric MO.

It can be seen from (17) and (18) that the terms with like
n and m but with different / do not cross, so that the obtained
MO correlation rules are adiabatic for these states.

4. In the foregoing construction of the MO we did not
take into account the behavior of the Coulomb terms as func-
tions of the distance R between the nuclei. Atlarge R (notice-
ably exceeding the effective length of the AO) the positions
of these terms are determined mainly by the linear Stark
effect. For given n and m, the Coulomb terms with larger n,
lie below the terms with the smaller n, (Ref. 7). It follows
from Eqgs. (1) that in the limit of the unit atom the higher of
these terms are those corresponding to larger n,. Therefore
Coulomb terms with identical » and m but with different n,
cross at finite R.

In the region where the Coulomb levels cross, the one-
electron terms of a multielectron quasimolecule come very
close together (it is assumed that the effective fields in the
quasimolecule differ little from the field of two Coulomb
centers). If the quasicrossings of the terms are regarded as
crossings, each molecular orbital with given , /, and m con-
structed above in the limit of separated atoms will corre-
spond to an AO different than the one that follows from Eqs.
(17) and (18).

It is easily seen that in this case the MO (9) with
n = |m| + 2 go over in the limit of the united atom into the
following AO:

b

(+)
+ m (8, 0) =Vimi+3,imi+2,m
o w0 ={ %"
! ) (=) (l', 0) 'llJ|m1+L |m|+3,m

01m

(+). (19)
0. (r,0)= {(P:om (r, 0) =Vimis2,imim

P o (1, 0) =Pymi4s,imi+1,m

and the MO with n = |m| + 3 are transformed as R—0 into
the following orbital of the united atom:

x m (£, 0) =Yimi45,mi+4,m
0 (r,0 {‘P” - (r
' ) (Poznz (l', 0) =Pim|+6,/m|+5m »
(20)

(+)

+ 1im (8, 0) =Vimi 14, imj+2,m
02 (x 0)={‘P :
(2, 0) =Vmi 45, mi+3,m

H7r

)

+)

m (1, 0) =Pimi43,m|,m
(I)(:)(r’(): {(on | Y
: ) (pzo) (l‘ 0) ¢IMI+A |m|4+1,m «

We shall not present the equations for the AO into
which the MO with n = |m| + 4, |m| + 5,..., etc., go over as
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R—>0, since these orbitals are correlated in accordance with
the same rules as the considered MO. As for the molecular
orbitals with n = |m| + 1, their correlation is determined by
Egs. (5) and (6).

It can be seen from the equations above as well as from
(5) and (6) that if the quasicrossings of the terms are regarded
as crossings, the MO that correlate are those whose quantum
numbers satisfy the relations n* = ni*, ng* =2n'* for
symmetric orbitals and ng* = 2n'A + 1 for antisymmetric
orbitals. The first of these relations coincides with the MO
correlation condition proposed in Ref. 13.

The relations obtained determine uniquely the united-
atom state into which of the states of the isolated atom goes
over in the limit of unification of the quasimolecule nuclei:

=2n—I1—1, l,=2n—-2l+|m|-2 (21)
for symmetric MO and
no=2n—I, =2n—2I+|m|—1 (22)

for antisymmetric MO.

The rules (21) and (22) are the diabatic MO-correlation
rules.

5. We consider now a quasimolecule made up of two
different atoms and assume that the effective fields in which
the electrons are located in each of the atoms differ little
from one another and from the Coulomb field. The molecu-
lar orbitals of such a quasimolecule do not break up into
symmetric and antisymmetric. Since the atoms are different,
the quasimolecule levels that are doubly degenerate at given
n, I, and m split in the limit of separated atoms.

We represent the sought MO in the form

®ym(r, R)=a!" (R) D& (v, R) +a” (R) @i (v, R),

where @ ! )(r,R ) and @} )(r,R ) are the symmetric and anti-
symmetric MO defined in (4). Assume that the one-electron
levels of the atom a are below the corresponding levels of the
atom b. To determine the expansion coefficients in (23) we
can use the equations of the two-center approximation (8),
where H; (R ) are matrix elements of the one-electron Hamil-
tonian of the quasimolecule, taken over the wave functions
=@} )r,R)and @, =P )(r,R).

In the limit of separated atoms we have H,, = H,, and
the MO go over into the following AO:

(+)

(Dtm(r °°)=—((D£m +(Dzm) 'lpnlm7
(24)

(+) (

‘DZm(ry 00)———-(®‘m -

=)
)—IP,.zm

where ¢¢ ,,, and ¢%,,, are the wave functions of the electron
in the isolated atoms a and b.

In the united-atom limit, owing to the spherical symme-
try of the field and to the orthogonality of the angular wave
functions of the electron, the off-diagonal matrix element in
(8) is zero, H,, — H,, <0, and we can write for the MO
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O ym (v, 0) =0 (r,0) = s, t0,m;
= (25)

(Dz_m (1‘, O) =(Df,m (l’, 0) ='¢M',zo',m,
where the spherical quantum numbers n, and /, are connect-
ed with the quantum numbers #, /, and m by relation (18) or
(22).

It follows from the obtained equations that the correla-
tion rules of MO of an asymmetric molecule coincide with
rules (17) and (18). If the quasicrossings of the terms are re-
garded as crossings these rules coincide with the (21) and
(22). Relation (17) or (21) should be used for the orbitals of an
atom whose energy levels lie lower, and (17) or (21) for higher
levels.

The authors thank O. B. Firsov, Yu. N. Demkov, and
M. L. Chibisov for a discussion of the results derived in the

paper.

'U. Fano and W. Lichten, Phys. Rev. Lett. 14, 627 (1965).
2W. Lichten, Phys. Rev. 164, 131 (1967).
>M. Morse and E. C. G. Stueckelberg, Phys. Rev. 33, 932 (1929).

427 Sov. Phys. JETP 60 (3), September 1984

“H. A. Bethe, Quantum Mechanics of Simplest Systems, (Russ. Transl.),
ONTI, 1934.

SAdvances in Atomic and Molecular Physics, D. R. Bates, ed., Aca-
demic, 1968.

%S. S. Gershtein and V. D. Krivchenkov, Zh. Eksp. Teor. Fiz. 40, 1491
(1961) [Sov. Phys. JETP 13, 1044 (1961)].

I. V. Komarov, L. I. Ponomarev, and S. Yu. Slavyanov, Sferoidal’nye i
kulonovskie sferoidal’nye functsii (Spheroidal gnd Coulomb Spheroidal
Functions), Nauka, 1976.

8E. E. Nikitin and S. Ya Umanskii, Neadiabaticheskie perekhody pri
medlennykh atomnykh stolknoveniyakh (Nonadiabatic Transitions in
Slow Atomic Collisions), Atomizdat, 1979.

°M. Barat and W. Lichten, Phys. Rev. A6, 211 (1972).

'9F. P. Larkins, J. Phys. BS, 571 (1972).

'1J. Eichler, U. Wille, B. Fastrup, and K. Taulbjerg, Abstracts 5th Inter-
nat. Conf. on Atom. Phys., Berkeley, 1976, p. 62.

'2J, Eichler and U. Wille, Phys. Rev. Lett. 33, 56 (1974); Phys. Rev. A11,

1973 (1975).

13]. Eichler, U. Wille, B. Fatrup, and K. Tualbjerg, Phys. Rev. A14, 707
(1976).

L. D. Landau and E. M. Lifshitz, Quantum Mechanics, Nonrelativistic
Theory, Pergamon, 1965.

15A. G. Kuros, Course of Higher Algebra (Russ. transl.), Gostekhizdat,

1952.

Translated by J. G. Adashko

T. M. Kereselidze and B. I. Kikiani 427



