Free-free transitions of electrons in the presence of an electric field
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We consider the interaction between a strong electromagnetic wave and electrons localized in the
space between a metal-vacuum interface and the electric retarding potential (the potential bar-
rier). An expression is derived for the probability of passage of the electrons through this barrier as
a result of multiphoton absorption. The possibility of experimentally observing this effect is

discussed.

INTRODUCTION

The passage of an electron through a potential barrier in
the presence of a strong electromagnetic field was consid-
ered by many workers in connection with various problems.
In particular, following the paper by L. V. Keldysh,' many
papers were devoted to multiphoton ionization of atoms (see,
e.g. Refs. 2 and 3). This problem was investigated also in
connection with the multiphoton photoeffect from crystals*
and with the Franz-Keldysh effect in semiconductors.®> In
the case of multiphoton ionization of atoms, the investiga-
tion deals with the transition from the bound state of an
electron to the continuous spectrum. One can, however, con-
sider also a transition from a continuous spectrum with ener-
gy E into a continuum state with energy £’ > E, i.e., the pas-
sage of an electron through a potential bounded in space, in
the presence of a strong magnetic field. This problem can
arise if the electrons move in a half-space bounded by a ““po-
tential wall” in the presence of a retarding electric field and a
laser wave.® Electrons with initial energy E<|eV,|/ (¥, is the
electric potential, e the electron charge, and / the barrier
width) cannot overcome this barrier in the absence of an
electromagnetic field. In the presence of such a field, how-
ever, multiphoton capture of electromagnetic-field quanta
by the electron becomes possible from a state with energy
E«|eV,|l to astate with energy E ' > |eV,|/. The present pa-
per is devoted to a solution of this problem.

FORMULATION OF PROBLEM, ELECTRON WAVE FUNCTION

Let electrons move in a plane-polarized electromagnet-
icfield along the x axis. An electromagnetic wave propagates
perpendicular to the electron motion (along the z axis) and its
vector potential 4 (x,t ) is directed along the x axis. The non-
stationary Schrodinger equation that describes the electron
motion in the electric field and in the laser wave is then

mﬂ.= A,
ot (1)
A e d et ,
H=H,tih— A (z,t)— + A*(z,t) —e& 'z,
me dx 2me?
# J . ).
where Hy= — — —, m is the electron mass, and &’ is
2m dx?

the electric field strength.
We seek also for Eq. (1) a solution that goes over into the
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known Volkov solution when the field is turned off, and into
a traveling electron wave in the absence of the electric field
and of the laser wave. We neglect here and elsewhere the
gradient terms of 4 (x,t).”

We carry out a phase transformation of the wave func-
tion in Eq. (1):

¥ (z, t)=exp(-£z—jl A(z, t)dz) §(z,t), (2)

where @ satisfies the equation

L 0p(zt) | B0 e P

’h_ét__[“—zﬁTﬁ+TjA(x’ t)dz—e& .1:] $(z,1).
(3)

We get

L 9(zt) [ A& 14

s T e =l DL g LCDE

4)

where & is the laser-wave field strength. We recall that the
gradient terms were left out of Eq. (1). The second term in the
square brackets in the right-hand side of (4) can be excluded
by using the Husimi transformation®:

o =esp [ fa@Odztio@n [o@n, )

wherex, = x — 7(x,t ). We choose the functions 7 and o such
that the function @ satisfies the equation

i———a(p(;;’ D __ —;————azq)a(::; H_ e&'z,9. (6)
The equations for 7 and o are then

n=e& (z, t), (7)

o='/m*+e& (z, t)nte&'n. (8)

The system (7), (8) has a simple solution, if & (x, ) is chosen in
the form

& (z, t) =& (z)cos wt 9)

(here w is the laser-wave frequency). Integrating the system
of differential equations (7) and (8) we obtain

e& (z)

0)2

cos wt+Ct+B, (10)
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_ 3 re8( 1 1e&()

o= 8(0[ o ] n 20t 4 [
+2—czt+68( ) g mt—Ceg(Ef) cosot+D. (1)
We turn now to Eq. (6). We express @(x,,t) as

¢ (zy, t)=exp(—iEt) ®(z,), (12)

where @ (x,) is a certain function of x, only. The result is an
equation for @ (x,) in the form

1 @0(z )
-é—d—x(fj)—+(e$ 2+E) © (z,) =0. (13)
The solution of (13) is
O (z,)=C,Ai(§(z))), E&(z,)=(z,+E[e&’) (2me&")", (14)

where Ai [ £ (x,)] is an Airy function and C, is a normaliza-
tion constant.

Using now relations (5), (10), (11), (12), (14), and (2) we
obtain an expression for ¥ (x, t)

¥ (z,t)=C, exp{—zEt + 5

2 2
[ i e
4 )

A similar relation was obtained by another method in Ref. 5.
The constants C, B, and D are chosen to satisfy the condition
that the wave function obtained become the Volkov func-
tion® when the field is turned off. The function (15) satisfies
this condition at C = B = D = 0. The quantity x, in (15) is
given by

[ e{s’m(a:) ] —;sm 20t

(15)

E e%’(x)
e&’ +

We emphasize that the solution obtained in this manner for
the Schrédinger equation is a particular solution and goes
over, when the fields are turned off, into a plane traveling
wave with momentum p and energy E =p,/2m. As
t— — o (the instant when the electromagnetic field is
turned off) the general solution of (1) should transform into
the wave function ¥ { (x,) of the motion of an electron of
energy E in a uniform electric field. For an arbitrary instant
of time, this solution should be represented by the superposi-
tion

¥ (z,8) =YY (z,1) +Z ass (8) Ve (2, 1),

(16)

cos wi.

= +

(17)

where a . is the amplitude of the transition of the electron
from the state E into the state E ’. Substituting (17) in Eq. (1)
we obtain (in the usual units)

ih [-—(—MMJF Zm (&) ¥ar (2, 1)
+Z . (t)a‘I’E (z,1) ]

—H¥ Y (z,t)+H, Zam ) ¥y (z,0) +VEY (1)

+ VEGEE' (t) 1I“IE’ (.1:, t)a (18)
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where
V—Lﬁ—A(x t)V-Hﬁ VA (z,t)
(z,t)—e&'x. (19)
Recognizing that
9 (0)
wZ¥2 @D _fyn (o —eg oW (20) (20)

at

and ¥g. (x,t ) satisfies Eq. (1), we get from (18) the following
equationforagy. (¢)[usingalsotheorthogonality of ¥y (x, )]

o (t)—j jtpE (z, t)“A(x VY (z,t)dzdt

- 0

(z,t) ¥L (z,t)dz dt.

(21)

- 0

The differential probability W ! of the multiphoton process
can then be written in the form

AW =| o () |*g (E’) dE’". (22)
Here g(E’') is the density of states:
' g(E'")=L'(2mE’)"/2nhE’, (23)

and L' is the normalization length.
We take explicit account of the dependence of 4 (x,z ) on

A(x, t)y=—&% exp[— (z—x,)*/2d"] sin 0f,
where d is the width of the laser beam and x, is the position of

the maximum of the laser-wave field. We express the wave
function ¥ Q(x,t) in (21) in the form

VO (2,1) =¥ <" () e,

where
. 1 2 [ E—e&'z\ "
R B s B
0
1 2 ‘z—E \ * (24)
v o= gen| - 5 (Sg) | e
0

Here x’' = E /e%’ is the turning point, L the normalization
length, and [, = (#/2me&")"/? the field length.

For the potential considered, Eq. (24) is valid down to x
values close to the point x = 0. We assume that the electron
motion at x<0 is bonded by a “potential wall.” In this case

¥, (0) =0. (25)

The wave function (24) satisfies the boundary condition (25)
if the following phase relation is satisfied

2/ (E/e&'L) " +n/d=n(nH1), ne=0, 1, 2, ... (26)
or
o= [*/s (E/e&"1,) "—3n/4].

We assume further that the final state of the electron corre-
sponds to above-barrier motion: E’>e&'l. Neglecting the
reflected wave and assuming that E'/e&'>(e€/
mw?) cos wt, we get from (15)
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1 D i p'[e&'z\*E
e (o) =pren [ia = 4 () ]
(27)
i e&(x) 12 . i re8(z) 7’
xew| gl o] sinzot - [ ]
e& (z)p’ E’
+'—’n-szCOSO)t—l’h—t}-

We calculate first in the expression for azy (o) the integral
with respect to :

e& (x) e%’ (z)p’ E—E’
1, = J‘(smmt)exp{ oh cos ot _h—t
(28)
. 2 2t®
__z_[_e%’(x) ] sin 2mt}dt—iM (sin* t) -
8mo ® 2mc* ?
xe\p{ %’m( ),I; cos wt—1i E—E t
®
—i ! [e%’(x) sin2mt} dt.
8mo ®

Theintegrals in (28) are calculated in Appendix 1. As a result
we get

11=

e&(x)x  ,(e&(x)p’

A ( 4
mc mo’h
where J, is a Bessel function. We have taken into account
here only absorption processes, since the initial energy
E<#iw. We now calculate the integral with respect to x in the
amplitude @ (). The calculation is given in Appendix 2.
As a result we have two cases: 1) e&p'/mw?#i<]1,

) 8 (E'—E—nho), (29)

Qpp () = (LL %L ——nhol, (g—ﬁ) 8(E'—E—nho),
(30)
where
& =& exp(—x/2d*),
and in case 2) e& , p'/maw*#iy> 1
ez (o )_[’p me(if')v: ,.'( fngujfh )6(E'——E—-nhm).
(30')

Using relation (23) and integrating with respect to E’, we

obtain the probability per unit time:

~ & ( e&wp ) (31)
p

)
Wa .
mw?h

for the case when &, p'/mw*#«]1, and

W(i)~i(e$o7()z [] ,( e&p’ )]z
mo?h

p  mcE’ (31

for the case when e% , p'/maw*#i> 1.

Equations (30) and (31’) are valid so long as the gradient
terms, which are estimated in the Appendix, can be neglect-
ed. In the derivation of (31) and (31’) we used a quasiclassical
normalization condition for the initial state of the electron,
viz., the wave function is localized between the potential
wall and the turning point in the electric field.
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CONCLUSION

The effect considered here is similar to the multiphoton
photoeffect from metals.'® In contrast to the photoeffect,
however, the probability of multiphoton absorption by elec-
trons emitted from a cathode is determined by the potential-
barrier parameters and by the electron momentum in the
final state. The experimental setup for the observation of this
effect can be similar to that described in Ref. 6, where a
vacuum-tube-like device was used and the beam of a pulsed
neodymium laser passed between the cathode and the re-
tarding grid.

Observation of the effect considered in the present pa-
per, requires rather high electromagnetic field strengths at
the metal-vacuum interface, comparable with those indicat-
ed in Ref. 10. It appears that the electromagnetic field
strengths at the cathode-vacuum interface in Ref. 6 were
lower.

The multiphoton absorption effect considered above
can be masked by inverse bremsstrahlung of electrons on
molecules of the residual gas. Let us estimate the upper limit
of the molecule density at which this inverse bremsstrahlung
is negligible.

The probability, per unit time, of inverse bremsstrah-
lung of an electron with absorption of  field quanta, is'!:!?

W xo, vNI,: (‘g“f ) (32)
mo*h
where v is the initial velocity, NV is the density of the residual-
gas molecules, and oy, is the cross section for elastic scatter-
ing of the electrons by the molecules.
We then obtain in accordance with (31) and (32)

W /W ~e&'/p'c , vN. (33)

Using o, ~107'%cm?, v~10"cm/sec, &€'~1 V/cm, and

p'~10® cm~! we obtain W)/ W?s 1 if N¢10' cm—>.

The effect considered above can thus predominate even
in the case of very deep vacuum. We note that the presence of
an electromagnetic-field gradient does not alter our conclu-
sions, since an estimate of the corresponding terms in the
Hamiltonian (1) leads to the inequality'

(e& %) *x/mctd<e& d. (34)

Even in the most unfavorable case when x ~d this inequality
is satisfied with large margin for the fields used in Ref. 6.

The foregoing results are, strictly speaking, valid for
specular reflection from a potential wall. Of course, another
model of the potential energy of an electron incident on a
metal from vacuum can also be considered, that of a deep
potential well. This, however, will lead to an insignificant
renormalization of the momentum p’ in the multiplicand of
the exponential, since the decisive factor in the derivation
(31) and (31') is the abrupt potential discontinuity at the met-
al-vacuum interface.

In conclusion, the authors thank N. B. Delone, S. P.
Goreslavaskii, B. P. Krainov, V. V. Lomonosov, and M. V.
Fedorov for valuable remarks.
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APPENDIX 1
We calculate the following integrals:

I(r)—j‘ (sin” mt)exp{—z%

cos wt

e& (x)

(0]

i(E—E’)t i i
i ) : [ ] sin 2mt} dt.
Here r = 1 and 2. We calculate the integral at » = 1. The

procedure for the integral at » = 2 is similar. Before calculat-
ing the integral we use the expansion'?

€& (x)p’ N, (€8 ()P’
exp[ ' mw*h cos mt] _Z' J"( maeh \

n=—00

)/
X exp[ ——incot—inz—-] ,

irT ez 12 1 .
exp{-——s—[ mo® ] me s1n2(ot}
+ o0
N AACU AW . LT
=kz—l Jh (W) lk exp[ —ZLko)t—Lk 2— ]

Substituting these relations in the integral with respect
to ¢, we have

R o
X i* exp [—inmt—Zikmt;i —g—(k+n)] exp[i(E'—E)t]dt
~ar X ren[ 5] (ST55)

x J;.(%) 8(E'—E—nho—2kho—ho).
®

fof-

N J"(eé’(x)p’)lh(eé’(x)p’)

maoh mw*h

x

n=—oo

=00

Letn + 2k 4+ 1 = ny = const, then 2k = n, — n — 1 and the
sum over k can be removed
m—1—n

1 2 [ .n(n ne 1 ] (ec?(z)p’)
woal o Ty Tp—g) |

X J py—1—-n (i (88 (x)\z ! )G(E’——E——nh;)\
2

8 ® / mo

Let us determine the extremum of the expression

f=Jn (egni;);’;)JL< 5 (22 )

under the assumption that the arguments are smaller than
unity. Then

j~ (@

—1—n
'ﬂo_l— Neg—1—n

VE(E) ] =a T

mw?h

where
_ e& (z)p’ 1 (eé’(z) )z 1
T Tmen 0 VT3 ) meo

For the derivative /' we have
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H—1—n
ng—1—n —5—-t
—s Y

2 _,{_z* 5

Ne—1—n

f=nz}y =0.

Hence
n=(n,—1) (1—2y/x)-1.

Since y/x <1, we have n =n, — 1. The function f has thus an
extremum at n ~n, — 1 and is equal to

_ e& (z)p’
Ut ( ma®h )
Thus,

e& (z)p’

1) =0 =28 68— E-nho).

A similar calculation for 7 (2) yields

e& (xz)p’

12)~,-
(2) \——p

) §(E'—E—nho).

APPENDIX 2

We present the calculation of the integral with respect
to x in the amplitude agz. ():

O Y L e‘?) E e
Iz-—;‘.exp[ i x+4 5 (E prrd ]
0 " (z—z,)*
x 2w @ o[~ 2] a

We integrate I, by parts. Separating the most rapidly oscil-
lating exp [ — ip'x/#], we have

AT 8
12=—i—p,—°j fz) =" (x)dexp(—i?lp—x),

where
o= o[ L e Jep[- 7
p 4 hE ... |exp 57 ]
We ultimately obtain
h v TN
I=— i L{exp(—zfz)f(z)%% (z) I 0
[ p’
- exp[—; .7:]
Joo| -3
[relee * 2] as}

zn
P (_W)'

The omitted integral is smaller by e& /Ep’ than the retained
term.
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