Broadening of spectral lines of ionized atoms in a constant magnetic field
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The dependence of the shape of the resonance absorption spectrum of ionized atoms on the angle
between the wave vector q and the field H is investigated. The conditions are found under which a
spectral line resolution smaller than the Doppler width |q|v(|q|v>£2, where v and {2 are respec-
tively the thermal velocity and the cyclotron frequency of the ion, can be obtained even when the

thermal motion is strong.

1. The Doppler broadening of a spectral line in a gas is
usually much larger than the radiative width I',,. This
means that in a transition of frequency w,; = (E, — E,)/4,
where E, and E, are the energy levels of the atom, we have

F21<<0321(U/C)=|qlvf (1)
where v = (2T /M )*/? is the thermal velocity of the atom at
the temperature T, and g is the wave vector. The resolution
of the natural width is possible in this case only by using
special research methods (nonlinear-spectroscopy methods,
cooling the gas, beam spectroscopy, and others'?).

The situation can change radically for ionized atoms in
the presence of a constant magnetic field H. Indeed, owing to
the periodicity of the charged-particle motion the absorp-
tion (emission) spectrum comprises in the vicinity of the
transition frequency w,, a sum over the harmonics of the
cyclotron frequency (2 = zeH /Mc<w,, (z and M are the
charge and mass of the ion). In a coordinate frame moving
along H together with the ion, the frequencies radiated in
this case are

=0 TQ. (2)

To each frequency corresponds a Lorentz profile with natu-
ral width I',,. In the laboratory frame these frequencies are
shifted by one and the same amount ¢ v, (v, and g, are the
longitudinal components of the ion velocity and of the wave
vector). Since the partial contribution of the sth harmonic is
determined by the factor® J2(q,v,/2) (v, and g, are the
transverse components of the ion velocity and the wave vec-
tor, and J,(x) is a Bessel function), the spectrum in a gas with
equilibrium distribution of the ions is obviously of the form

= F v to,’ qv,
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X

(3)

Here v = (2T /M )'/? is the thermal velocity of the ion. It is
easy to verify that Eq. (3) depends strongly on the angle
between q and H. Indeed, in strictly transverse wave propa-
gation we have g, = 0 and the spectrum (3) is (just as in the
case of one ion) a sum of Lorentz profiles. At I,,<{2 these
profiles do not overlap, i.e., (3) differs from zero only in the
vicinity of the frequencies (2) [the maximum resolvable num-
ber of harmonics is |§| ., S¢,0/02 =|q|v/£2)]. In the other
limiting case (g, = O) the spectrum (3) is obviously indepen-
dent of the presence of the field H and is determined under
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the condition (1) by the usual Doppler profile (with charac-
teristic width |q|v).

2. We shall investigate the resonant-absorption spec-
trum in greater detail on the basis of quantum-mechanical
perturbation theory (in which case the recoil effect can be
accounted for most simply). We express the Hamiltonian of
an ionized atom in a magnetic field in the form

H=H,+ —;ﬂ [(p —ze—f y) +p, Dy’ ] 4
The Hamiltonian H. ., is connected here with the internal de-
grees of freedom and determines the atom’s energy levels E,
and its eigenfunctions |v > . The remainder of the Hamilton-
ian (4) describes the mass-center motion. Its wave functions
|n,p..p) anditseigenvalues E,, =72 (n + 1/2) + pi/2M
areknownin this case* (2 = zeH /Mc,n =0, 1,2,..,py is the
ion momentum along H). We do not need the actual values of
E, and |v), and assume only that the atom levels £, and E,
correspond to an allowed transition of frequency
Wy = (E; — E,)/fix(2.

Let a wave

E (rt) =E exp (igr—iot)+ c.c. {5)
whose frequency is close to the transition frequency w,,
(jo — w,,] €w,,) and having a wave vector q be incident on
the atom.

The probability of resonant absorption in a transition of
the atom from the state |/) = [1)|n, p,,p;) to all states
If) = |2)|n’, pL.p}) is equal to

2n )
_— d E 2 ( /7 xl7 ! e 1 Uxy ) z
w h|u|'2'|nl’ Pl lnPPn|
n,Px P
(6)

X6 [ B P 0 (' )+ (0n—0) ]
Here d,; = (2|d|1) is the matrix element of the dipole mo-
ment of the atom over all the states |v).

Using the results of Ref. 5, we can represent {6) in the
form

W (0, Evp,) =Wo Z Ann(g.?) 8 (g + 281 —n—A),

n'=0

where

— hq " = Py _
@MaQ)" " " (2MhQ)" Q

g
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W= |22
0

Avn(82%)= [ dre~Lo (@) Lo (2) 10 (28,27

Here L, (x) are Laguerre polynomials and J(y) is a Bessel
function.

We recognize now that the atom energy levels E, have
finite widths I, (v = 1,2) governed by the radiative damp-
ing. In accord with the results of Ref. 6 we obtain in lieu of (7)

W(m,E,.,")

1
(g*+2n8,+n’

. 1
=WzAZ—, An’n(g_Lz)? (9)

wherey = I,,/2 =(I", + I',)/212. Usingin (9) the represen-
tation

—n—A)*+y]

1 15 .
— =" \dtexp(—1yt+izt)t+c.c.
n 22y Znoj *p(—1 )

and formula 8.975(1) of Ref. 7 for the summation of La-
guerre polynomials, we obtain

W,
W(o,Enp )= S dt exp[—vyt+it(g,*+2%,8,—A) ]

' (10) |

xexp[—g.*(1—e") | L,[4g.* sin’ (¢/2) ]+ c.C.

Averaging (10) over the equilibrium distribution of the
ions with temperature T

f(n, wy) = (t/m)" exp (—x»°t) (1—€7")e™™,
where 7 = %2 /T, we have

Wa ¢ 1
W(m)=2—;-‘ J'dt exp [—"{t"‘it(g”z__A)___lk_anztz]
° (11)

, 6h(7/2) —cos (t—it/2)
xesp| 2. sh(v/2) | ree
Here §, = 2g, /! ’=gq,v/22 is the longitudinal component
of the Doppler frequency. Equation (11) is valid for arbitrary
values of 7; in the calculations that follow, however, we con-
fine ourselves to the case 7<1.

3. We show first and foremost that Eq. (11) goes over as
2—0 to the usual resonant-absorption profile® known from
the theory of broadening at H = 0. Indeed, as £2—0 the pa-
rameters ¥ and 6 greatly exceed unity, i.e., the main contri-
bution to the interval with respect to ¢ is made by the region
tSmin(y~',6 | ')<1. Confining ourselves at 7<1 to expan-
sion of the expression

ch(t/2) —cos(t—it/2) ——t+i
sh(t/2) T

we write

Wa ¢ s 1,
W(o)= o .!.dt exp [»—yt-i—zt(g —A)— Tat _1+ cc (12)
Here
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g'=g tg.'=hg*/2MQ
is the total recoil theory and
d=2g/t"=qv/Q
is the Doppler frequency. (Since 2 = zeH /Mc, the resultant

Eq. (12) is naturally valid also for neutral atoms (z = 0) even
if H#0.) The case (1) corresponds then to the Doppler pro-

file
W, Q —_ —hao? 2
- 21 exp[_((ﬂ M2y Q/ZM) ] (13)
a”|qlv lqlv

For arbitrary values of  and §; in the integral (11), the
entire integration region is important. Using the known ex-
pansion’

ey o V= Z eisyIs (y)a

g=—o00

Wy(e)=

we represent (11) in the form

W(0)=Wa ¥ 2.8 Ru(8?), (14)

g=—00

where

17 1
Z, (g = %j dt exp[ —yt+it (g2 +s—A)— Z“Snztz] tec.,
’ (15)

2 T
R, (g_,_ )-—e“/zl [m] exp (—‘{:,"J._2 cth ?) .
If 7«<1 and

8,=2g,/t"=q,v/Q>1
expression (16) becomes much simpler if we use the asympto-
tic equation

(16)

S

I,(z)~ @n 1).,,e p( 2;)

which is valid for all |s| <x.”® Assuming in addition that
6 }>»max(8,,6,,7) we obtain ultimately
s—g,° z]
6L ) )

N 1
W(w) szxs_Z_l Z, (guz)m exp[ — (
At 6, >max(,,y) the spectrum (17) contains generally
speaking at the frequencies
0=, +sQ+g, Q

resonant peaks whose envelope is characterized by a
Doppler profile of width £25, =q, v (i.e., the maximum resol-
vable number of harmonics is |s| $8,). The integral (15),
which determines the shapes of the resonances, has been tab-
ulated (see, e.g., Refs. 2 and 7); we confine ourselves, how-
ever, to its limiting values

(17)

(18)

1

S 19
n (A—s— gy (19)

, Z,(g’) = >9,
/

and

A—s—g,’

z.(g.f)z(T;—ZT,—,exp[—(—%-—)z], 86>1. (20)
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The representation (20) is known to be valid only near the
line center at
|A—s—g,*| <8, [In (25%8,/7) 1™

at larger detunings the distribution (20) is replaced by a Lor-
entz wing.? To investigate the conditions for the resolution
of the resonances (18) in the spectrum (17) it is not important
to specify the actual line shape, since it suffices only to con-
sider the behavior of (15) at

|A—s—g,*| <8< [In (21%8,/y)] ™.
From (17) and (10) we get thus

o= Bl - () T

wl (]

The harmonics (18), obviously, become distinguishable here
starting with 8, <7~ '/%. At 8, 1«6, =8 the modulation of
the spectrum becomes particularly noticeable; Eq. (21) can
now be represented in the form

ol (5]

(we have used here the notation (13)) i.e., substantial absorp-
tion takes place only near the frequencies (18), and within the
limits of the characteristic width we have 25, =¢q,v<{(2 (we
recall that £2 is the distance between neighboring reson-
ances). At » 1 (i.e., g v>{2) the spectrum (21) is character-
ized by a large number of terms. The summation over s can
then be replaced by an integral. Simple integration leads to
Eq. (13) which corresponds to absorption when the influence
of the magnetic field is negligible.

In the other limiting caes, 6“ <y <8, <6, it follows from
(17) and (19) that

W (o) ~Ws(0) Z

§=—rc0

(ndy )/’

Y
W(e)=W5r(o) ;@ % Yt (A—s—g) (23)
The sum
o 1 'Y B ,
Z(z)= Z?W’ r=A—g, (24)

is easily calculated (see Ref. 10), and then
Z (z)=sh 2ny/[ch 2ry—cos 2mz].
In particular, at y>1 (I",,>{2 ) we have

Z(x)=1+2e~* cos 2nz~1,
i.e., the absorption spectrum (23) is characterized in accord
with (13) by the usual Doppler profile.

By examining the ratio

Zmee _ Z(wy) __ch2ny+1

Zmin  Z(0,+/,Q)  ch2my—1"

we easily verify that the modulation of the spectrum (23)
becomes noticeable already at ¥ <7~ '. At y<1 the modula-
tion is of the order of (7y)~?> 1, i.e., the absorption is exclu-
sively resonant at the frequencies (18). The profile of each sth
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resonance is Lorentzian (with a characteristic width
Ry=r,,<N).

4. Thus, in a gas of ionized atoms located in a constant
magnetic field H the shape of the resonant-absorption spec-
trum (|@ — w,,|<€w,,) depends substantially on the param-
eter§ =|q|v/12 (i.e., giventhevalue =|q|v/2itdependson
the angle ¢ between the wave vector q and H). Therefore
even in the case of strong thermal motion of the ions,
|glv> 2> I, [see (1)] it is possible in principle to resolve the
natural width of the transition. The deviation of the angle
from the normal to H should satisfy in this case the condition

lq|v|8—n/2|<T.<Q. (25)

Since the radiative width increases rapidly with increasing
frequency w,, of the transition®

2

L., ( (oz,a)z e?\?
[OFY Soran e c (021(70)

(a is the characteristic dimension of the atom), the most im-
portant in (25) is the restriction imposed by the magnetic
field (H> 10"? (e*/#ic)® (m/M)~10° G). At v~ (e*/#) (m/
M)"? and H~10°-10° G the inequality (25) holds for all
transitions with I,, < 10°-10'° sec ™!, if

|0 —n/2| < (M[m)" (&*/fic)*~10>. (26)

(The contribution of the collisions to the broadening of the
resonance (18) can be neglected® if the particle density
ns10%«(e?/#ic)a—3~10"% cm—3.)

The modulation of the spectrum (17) is preserved, how-
ever, also under the less stringent condition of quasiperiodic
(relative to the direction of H) propagation of the wave:

My e®\2 2 H
() (5 <lo=31= (%) ()
m hc 10%
~10—2—10"2 (27)
Starting with angles |¢ — 7/2| > 1073-107?, the spectrum
(17) is transformed into the usual Doppler profile (13). So
strong a dependence of the shape of the spectrum (17) an the
angle ¢ can be used in principle to determine the direction of
the vector H (at least of its mean value over the path over the
ray).

We note in conclusion that Egs. (17) and (15), neglecting
the recoil effect [g} <8, ,gf <min(§,,7)] are in fu.ll agree-
ment with the qualitative analysis of the spectrum in Sec. 1.
A formal transition to the classical case can be obtained also
directly from Eq. (10). It suffices to put here

q 5 2
uz—"ﬂ—‘* gn2="q_‘_’0

2MQ ’ 2MQ
and use the limiting relation

L,(z)=~J,[2(nz)"],

which is valid at n> 1 and nx = const. Using in addition the
expansion’

1 (2wsint) = Z Ji(y)e, (28)

g=m=—00

we obtain
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§=—00

Here q,v, /02 =2g,\/n""?, and v, =(2%02n/M )"/ is the clas-
sical transverse velocity. Averaging of (29) over the Maxwel-
lian distribution of the ions leads to (3).

We note that the recoil effect can certainly be neglected
if the quasi-transverse propagation conditions (26) and (27)
are satisfied. A characteristic feature is that at v ~ (€*/#) (m/
M )"?and H ~ 10°-10° G the cyclotron frequency of the elec-
trons is £2, = eH /mcR q,v=|q|v. Therefore each of the
components of the Zeeman splitting of the frequency w,, can
be resolved in the spectra (22) and (23) at practically all
|s| < |s|max S q,v/02.
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