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The basis for fermion and boson twist-3 operators in quantum chromodynamics is constructed for
deep inelastic scattering of electrons by a polarized target. In the calculations of the matrix
elements for the operators, the quarks and gluons can be considered to lie on the mass shell, so that
the helicity-amplitude technique can be used. A theoretical description of the process within the
framework of the parton model calls for introducing a correlation density matrix expressed in
terms of the product of wave functions with different numbers of partons. Evolution equations for
the correlation density matrix are derived in the nonsinglet and singlet cases. The anomalous-
dimensionalities matrix is found and its rank is shown to increase with the angular-momentum

number.

1. INTRODUCTION

The study of deep inelastic processes involving polar-
ized particles is of considerable interest as one of the meth-
ods of verifying quantum chromodynamics, especially in
connection with the possibility of separating the contribu-
tions of the higher-twist operators in the expansion of the
product of currents on the light cone.'? The total probabili-
ties of the processes, connected with the lowest twist-2 oper-
ator, can be described in the leading logarithmic approxima-
tion (LLA) in terms of the usual parton model [3,4]. It
suffices here to introduce the inclusive probabilities D/, (x) of
observing partons in a hadron and D j’-'(x) of observing ha-
drons in a parton (x is the fraction of the energy of the parti-
cle in question relative to the initial energy); these probabili-
ties have also a dependence on In( — ¢?) (g is the momentum
transfer) and this dependence is given by the evolution equa-
tions.>* On the other hand, when considering quantities
connected with higher-twist operators, such a description
becomes impossible, since interference exists here between
states with different numbers of partons. In particular, the
structure functions of the deep inelastic scattering of a polar-
ized electron by a polarized proton can be expressed in terms
the matrix elements of twist-3 operators between the hadron
states whose numbers of partons differ by unity. It becomes
necessary then to introduce certain three-particle operators
which are generalizations of the usual inclusive probabili-
ties.>”” The present paper is devoted to consideration of this
process in chromodynamics. In our earlier note’ are given
results for the nonsinglet (in flavor in the ¢ channel) part of
the amplitude. Here we take into account also the singlet
contribution connected with the possible pure gluon states in
the ¢ channel. In the derivation of the evolution equations
that determine the dependence of the quantities considered
on In( — ¢°) we use a helicity-amplitude technique that is
simpler and more effective than the one previously em-
ployed. The use of this technique is made possible by a felici-
tous choice of an independent set of operators that become
intermixed in the course of the evolution. For the operators
we need, the partons can be regarded as being on the mass
shell. A similar criterion for the choice of an independent
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system of operators was proposed in Ref. 8 for the problem
of finding the power-law corrections to deep inelastic scat-
tering of electrons by an unpolarized target. For our calcula-
tion method, however, another system of operators, which
differs also from that used in Ref. 9, is found to be more
convenient.

The differential cross section for deep inelastic scatter-
ing of an electron by a nucleon with momentum p is deter-
mined by the imaginary part 7W,, of the amplitude T,,, of
scattering a virtual ¥ quantum with momentum ¢ through a
zero angle. If the target is polarized, the tensor W,, has an
antisymmetric increment’:

1 1
Wt = T(WW—W"') = Im T4

2m
= —p—qhiﬁpv}.uql[aagi (.‘E, QZ) +aJ_og2(x’ Qz) ]7 (1)

a,=a—aqp/py,

where @ is the four-dimensional nucleon-polarization vec-
tor and coincides in the rest system with the spin direction.
The structure functions g, (x,Q %) and g,(x,Q ?) depend on the
Bjorkenvariablex = Q ?/2pq, whereQ? = — g* Fortheten-
sor T4, in the leading logarithmic approximation, the use of
the Wilson operator expansion for the 7-product of electro-
magnetic currents j, (x) and j, (0) leads to the equation?

. 1 S 2 "
T,”A=—ze,,mq°—§£ ;O[H‘(—D"] (“52) Quee - qu,

on (1a)
X [(th,m,._,‘ 1B+ <2 (| Raonr. |h>].
n n+1 n

The operators R, and R, have respectively twist 2 and 3
Rmm...pﬂ=in S EY-”YGDM e Dun'lp,
Optt
(1b)
Roop i, = i"A S VY6V Du, - « « Dy, .

oKy Hyeeibbpy

The system of intermixing twist-3 operators includes also
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the following operators for the nonsinglet channel®’ (we
have here a full analogy with the Abelian theory,® the differ-
ence being that color matrices are taken into account):

Rygy,..p, =i"'m e S”’n ﬁh BV VoV Duss - - - Du, ¥,
Riiop,.. b= =i"" 8 PYsYuDs ungW l+iD"l+2' . D"n‘lp’ (Lc)
Heeept
Rsiap,.. ’y =i"* S P\uDy.. u, ngu,H Bipot s Du,,"ps
Hiel
where

D,=d,+igt*d,?, Fn—=t*(0,4,°—0,4,°—gf* A Ac),  (1d)

Fm=‘/28uvpaFW,

m and g are respectively the bare quark mass and the cou-
pling constant. The symbols S and A denote symmetrization
or antisymmetrization with respect to the indices under
them, followed by subtraction of the traces over the symme-
trized indices.

2. MATRIX ELEMENTS OF TWIST 2 AND 3 OPERATORS

We begin with consideration of a nonsinglet channel.
Weintroduceby definition the functions E (8 ),4 (B),, . . . . ,a
linear combination of which can be used to express the ma-
trix elements of the operators R ,—R referred to above:

-~

_q ag’ aq’
<R Py —(id)™p|h>=—| dB B"'E(B)= E.,,
91, -0 o=~ = [ dppE@)=—

BIBL1ti0.) pl o=at [ dp A () =astAn,

<h|% %(w#) (0. )""p|h > =a.t j dp p"*B(p) =as*B.,

<h|i13m'ys'ya-‘-pq—q—(i6.)""xplh>=aq-'- [ apprcB)=aiCa,

<h|$’{5g——(i6.) "‘gAL'ya-L(iB.)""xplh>

j dﬁi dﬂz @1 ! D, (ﬁn Bz) =aq'L (D1),,',

<h|¢75q—(ia.) -ty g, (i9.) ™| h>

j dﬁl dﬂzp: n-l Dz(ﬁh 52) —aa-L (Dz)n .

Here |h ) is the state of a hadron with momentum p and 4-
vector polarization a, (a*>= — 1, pa = 0); ¢’ is a light-like
vector:

—g

2pq
the symbol 1 means projection of a vector on a plane perpen-
dicular to p and ¢', while a dot denotes convolution of the
corresponding tensor with the vector ¢;,/(pq’). The quark
fields ¥ and ¥ are transformed in accord with the fundamen-
tal representation of the color group; m is the current mass of
the quark (different in general for different flavors);

q¢’'=q+tzp, z= , q*=0; (2a)
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e t?, where 1 are color matrices. We use for the
gluon field the axial gauge

g./4,/=0. (3)

The cross section for deep inelastic ep scattering con-
tains, if the initial particles are polarized, besides W,(x) and
W,(x) also two additional structure functions g,(x) and g,(x),
which satisfy the following expressions in terms of the distri-
butions introduced in (1) (see Refs. 6 and 7):

e 2
6 (@) == Y 5~ (E(z)~Eu(—2)),
q
e (4)
£:(@) :(@) ==}, S(4s(2) ~Aq(—2)).
q

The subscript ¢, which was left out of Egs. (1) for simplicity,
labels the quark flavors (¢ = u,d,s . . .), and e, denotes the
charge of the corresponding quark (in units of electron
charge). The fact that Eqgs. (4) contain only combinations
that are even in x is due to the positive charge parity of the
two-photon state in the z-channel. For the same reason, the
evolution equations will contain only a charge-even combi-
nation of the functions D, and D,:

D(ﬁu ﬁz) =i/z[D1(Bn Bz)""Dz(Bz, 51)] (5)

We note that the matrix elements B, D,, and D, cannot be
written in a gauge-invariant form; only the differences

— (D)2, (Dy)} — (Dy),(D,), + (D,), — 2B, are invariant.
We shall find it convenient to define the quantity

Y (By, B2) = (B1—B2) D (B, B2);
(6)
= [dB.dp.B/ T B T Y (B ) =Da" =D,

whose moments y’, are connected with the matrix elements
of gauge-invariant operators (see Ref. 6).

The functions introduced in (2) are connected by two
relations®:

A@)=B@)+C(®)— [d8.D(5:,B), )
1D(B“ B) _D(Bv Bi) ) (8)

B =4 ()b B0 8 ap 2B

The first is the consequence of the equations of motion for
the fields ¢(x). The second follows from the relativistic invar-
iance: both sides of (8) are expressed in terms of matrix ele-
ments of different components of one and the same twist-2
operator. Eliminating B (8 ) from (7) and (8) and using (6) we
obtain the following connection between the gauge-invar-
iant quantities introduced above:

(18 dﬁ)m) —E(p)— B—@C(B)

e il [——Y(BA,BHB—BI—Y(B ]

(9

from which we see that the three functions E (8 ), C (8) and
Y (8,8 ) can be chosen to be independent. When solving the
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differential equation (9) for 4 (8), the integration constant
must be chosen such that 4 (8) =0at |B|>1.If4(8) and
C (B) are assumed to be continuous at the point 8 = 0 (this
assumption is confirmed by the explicit form the evolution
equations), we obtain from (9) the equality

AB)-E®) _
B

It is equivalent, when (4) is taken into account, to the Cot-
tingham sum rule'®

jo

-1

0. (10)

i
| dzg.(z)=o0,
L]

which reflects the fact that one of the operators in the expan-
sion (namely the one whose matrix element reduces to the
difference 4, — E, ) is absent at n = 0. (We note that in the
scalar theory’ the Cottingham sum rule was violated, for
there A (5 ) had adiscontinuity at 8 = 0; this was attributed to
the presence of a subtraction term in the dispersion relation
for g, + g, with respect to 2pq.)

If the mass m of the current quarks is negligibly small
(C«1)and the gluon-containing wave-function component is
not large (Y€1), we obtain from (9) and (4) an approximate
connection between the structure functions g, and g,:

1 dﬁ
@) tn@=] Sa®, (11)
which corresponds to allowance for only twist-2 operators in
the operator expansion.
In terms of Feynman diagrams, the quantities E (3),
A (B),B(B),and C (3 )arerepresented by vertex parts (Fig. 1a)

with the integration over the fraction 3 of the quark energy
removed:

EO=( b1, 4®=—ra,
B(®)=—( (:Zf) 'y

m ~,
C(f})=—< ’E“{sdﬂ]’) ’

where the brackets (0) denote convolution of the vertex O
with the block in Fig. 1a at a fixed value 8 = kq'/pq’. Corre-
sponding to exactly the same functions is the three-particle
diagram, Fig. 1b, with removed integration over 3, and §3,:

Du(p, b =—

(12)

£ ’ YSé‘IA‘LdJ.> ]
Pq /.

D, (B, B:) =— (p%!,xsq“'dw)

588

FIG. 1.

(13)
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We proceed to consider the singlet channel. In this case
account must be taken also of operators made up of gluon
fields. There exists only one gluon twist-2 operator with the
quantum numbers we need (Fig. 1c):

Eonng= S Tr Gy (iD). . (iDy,) Goc (14)
OMy...Mn
where

Go=1G,°, Gp='/ 28ooanGian

are the gluon-field tensors; Tr stands for the trace over the
color indices, and S for symmetrization with respect to the
Lorentz indices under it (with the traces separated). In ana-
logy with (1) we can introduce a function & (8 ):

1 @ i\
&, | By = <RI Gy (10.)" Gy | )

n+1

=_a_¢£_ n-1 — & 1
oL\ apgme ) = 28, (15)

It follows from the identity of the gluons that &, = 0at odd
n, so that the physical results can include only an odd combi-
nation of &(B) — &( — B). We shall assume that

&(p)=—& (-p).

In analogy with (12), the function & () is represented by a
gluon vertex without integration over 3:

(16)

. ’ 1 ,
& (B) =L Ciear b, Car' == Carnd P (17)

aq

Turning now to twist-3 operators made up of gluon

fields, we note first that in the non-Abelian theory there are
three-gluon operators that have positive charge parity:

Ry =ifu G5 (10.)7 igGy. (i0.)" " (— i) Gpor
n
Rlo.. = if oGl (i0)* (— ig) G5 (1) G¢.,

n

(18)
2In—1

(we have written out only the tensor components that we
shall need hereafter). These operators are analogous to the
operators (1c) R, and R, for a nonsinglet channel. In addi-
tion there exist two-gluon twist-3 operators [of type (14)];
their matrix elements can be expressed with the aid of a for-
mula of the type (12) and (17) in terms of the vertex function
{0 ), where the current O is a linear combination of two
tensor structures:

iaa'L (Sua'LkB_.Bdi;-Lka) 3

it (eoutbpt—eopthat) =—igast (ktat).

(19)

We shall presently see, however, that two-gluon operators
cannot be considered. The point is that, in analogy with Egs.
(7) and (8) for a nonsinglet channel, there are two relations
that connect the matrix elements of two- and three-particle
vertices in a singlet channel. One of them is the consequence
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of the equation of motion for the gluon field (Maxwell’s
equation):

DGt =gPut™b, (20)
just as Eq. (7) follows from another (Dirac) equation of mo-
tion. The second relation is an analog of Eq. (8) and follows
from the connection, due to relativistic invariance, between
the matrix elements of the different components of the ten-
sor (14):

1 aqt (pQ)< |8 D)

Al (@) 21

|83 1hy =
n n+1

The left-hand side of (21) is expressed in terms of the afore-

mentioned two vertices (19). Thus, two-gluon vertices can be

eliminated with the aid of the relations indicated above and

can be reduced to the three-gluon contributions (18) and to

the matrix elements of a twist-2 operator.

We note that by virtue of the Bose statistics of the
gluons not all operators (18) are independent. Namely, accu-
rate to quantities that are total derivatives and make no con-
tributions to the matrix elements between hadron states with
equal momenta, the following relations hold:

Rogeee=(—1)""Rgpeis™,  Rigeo=(—1)"Rice’,
1
Rpw.= ¥ R (-1 1€ = (-1)"CI0),

r=2

(22)
rl

- sl(r—s)!’

The last equation of (22) can be obtained with the aid of the
identity

spolavtl=8puL616'L+806-L_691:L-
We introduce in analogy with (13) the function
H(Bh ﬂz) =_aa'L<fabc (EUI'LG(ZBJ-_soalab'rl'_suﬂlaml) >7 (23)

which corresponds to diagram d of Fig. 1. Since the gluons
are identical, this function has the symmetry properties

H(Byy B2)=—H (B2, Bs) =H (—Bs, —Ba) =—H (—B2, —B1). (24)

The matrix elements R, and R, (18) are expressed in terms of
this function as follows:

PRy Ly =-agt § 36 (S )

XBy (B85~ + B B2™) H (Br, B

0| wo

(k| Bl |5y = a1 asps (3p) (25)

2

X ﬁl (ﬁl—l n-l Bl—l n-l)H(ﬁu 53)

The evolution equations discussed below (Sec. 4) will con-
nect, in a singlet channel, the function H (3,,53,) (23) with the
previously introduced function D (3,,3,) (5). It is convenient
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here to introduce in lieu of H (5,,53,), in analogy with (6), a
function L (8,,3,) defined by

L(B1, B2) =BuBz(Bi—B:2) H (Bu, Ba)- (26)
3. PARTON REPRESENTATIONS OF STRUCTURE
FUNCTIONS

To derive the relations that express the structure func-
tions in terms of the quark-number densities we must trans-
form in the matrix elements of type (1) to the interaction
representation, expanding the fields ¥, ¥, and 4 in the free-
particle creation and annihilation operators.>'? Neglecting
the quark mass, we choose as the wave functions for the free
quark and antiquark spinors that correspond to states with a
definite helicity 1/24 = + 1/2:

Fu™ (k)=0, ysu®™ (k)=—Au® (k); 27

ko™ (=k)=0, 0™ (—k)=Av™ (—k), k=0

It is convenient, as will be seen later on, to use the following
normalization of the spinors # and v:

a ™ (k) yu (k) =o™ (—k) 1,0 (—k) =28k,81.000

B=kq'Ipq’. (28)
When calculating the matrix elements of the currents E, B,
and C (12), the quarks with momentum k (Fig. 1a) can be
regarded as being on the mass shell. Indeed, the numerator
of each of the quark propagators can be written in the form
oL,

-4 F=

29
59 (29)

k=F+
the term proportional to §’ can be discarded since ¢’ = 0,
whereas the remainder is a projector on physical states with

helicities 1/24 = 4 1/2:

= 5 Z [6(B)u™ (K)a™ (E)+0(—B)v™ (—E)o™ (—F)].

A=:1 (30)
For the E (B ) vertex, for example, we obtain then
(ag")
- E
(72 B B)=6()[¢*(B)—a=(p)]
TO(=p) [g* (—p)+7-(-B) ], (31)

where g * (8)and g * ( — f8) are the number densities of the
quarks and antiquarks respectively with helicities + 1/2 in
the hadron. From this, taking (4) into account, we obtain the
known parton representation for g,."

To obtain the corresponding representation for the
function g, it is necessary, according to (4), to consider in
similar fashion the vertex 4 (12). Here, however, a complica-
tion arises because the quarks of Fig. 1a can no longer be
regarded as located on the mass shell. Indeed, the second
term of the right-hand side of (29) does not vanish in this
case, so that the numerators of the quark propagators cannot
be written in the form of projectors on physical states. (This
circumstance was not taken into account in Ref. 5, and Eq.
(38) of that reference is not a parton representation.) This
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difficulty can be circumvented by using the following identi-
ty for ¥ matrices

“/k . ~r
Yt =1s qkqf + mxle—q,
(e—m) 1,34t 13 v (k—m) (32)
qu' qu’ !

which is equivalent to relation (7). The factor (I% — m)in the
last two terms cancels the denominator of one of the neigh-
boring quark propagators for the current O = y57: on Fig.
la, and the nearest quark-gluon vertex ““is drawn” into the
two-quark current vertex O, forming thereby a local three-
particle vertex. It is significant that in the right-hand sides of
(32) and (7) both the two-particle vertices B and C and the
three-particle ones D, , contain the factor §’, owing to which
the second term of (29) can be omitted and the quarks on
Figs. 1a and 1b can be regarded as real. It is easy to verify
that the last conclusion is valid also for the gluon on Fig. 1b.
Indeed, let us write the numerator of the gluon propagator in
the axial gauge (3) in the form

ka /+k al al 4
B (k) =—Bog + =L = Ay (B)+ T Y,
q (kq)
¥ (33)
k=g, ®=0,
k=k e q

Just as in the analogous expansion (29) for a quark, the last
term proportional to g;, gz in (33) drops out on convolution
with the vertices (13), and the remainder is a projector on the
physical states of the gluon:

1 A .
Aaa(E)=ﬂ—zZ es’ Bes” (R). (34

A=+t

Here ¢!} are the polarization vectors of a gluon in states with
definite helicity A = 4 1 and satisfy the equations
™ , M i ) )
Futo () =g.'ea (E)=0, TC-q_' Eaproqr Foes  (F)=hea (%)
(35)
and the normalization condition

e (8 el (B)=—B*6un. (36)

Thus, after using Eqgs. (32) we can assume the partons on
Figs. laand 1btobe on the mass shell; 4 (3 )is expressed with
the aid of (7) in terms the other functions (12) and (13). The
quantity B () has a parton representation similar to (31):

—B(B)=2 [ d*k. (ak.) {6(8) [q* (B, k1) —q~ (B, k) ]
+0(—p) [7* (—, k1) —7~(—B, k1) 1} (37)

except that the last expression contains the parton distribu-
tion densities not only over the longitudinal but also over the
transverse component of the momentum. (We note that the
following correlation is possible here

ql(By k..L) ~7" (akL)f(kJ.zr ﬁ) ’
so that B () does not vanish.) The remaining functions C and
D, ,, however, cannot be similarly expressed in terms of the
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density of the number of partons; it is necessary to introduce
more general quantities, viz., parton correlators that are not
diagonal in the parton states. Thus, if the two-quark correla-
tor (gg)**: (x) is defined by the relation

1T (0) s (0) [0 = [ dz ™ (—ap)us™ (zp) G9) (),
(38)

the quark or antiquark number density is given (apart from a
factor) by its value at 1, = — A,, whereas the function C (x)
can be expressed in terms of this correlator at 4, = A4,:

Ysa4q’
g’

C@==Y, @)* @)@ (ep)m u® (zp).  (39)

For the functions D, , it is necessary to introduce a three-
particle correlator N that connects the states of a hadron
with a different number of partons:

<R ]P0, (0) Aa,™(0) as (0) | B
= J. dx, dzx, dzs § ( ZZ{) ﬁ;.-k') (—xip)

X uar” (z2p)eas” (2p) Nawas (T4, %, Zs) (40)

(a; are the color indices). The arguments x; of the correlator
N, which are connected by the condition 2x; = 0, can be of
either sign, and accordingly Eq. (40) covers six different
kinematic regions. Depending on the sign of x;, the corre-
sponding particle is in an initial (x; > 0) or final (x; <0) state,
and in the latter case the correlator corresponds to creation
of an antiparticle with momentum — x;p and helicity-1/
2A;.In each of the six regions one can write for NV an integral
representation in terms of a product of parton wave func-
tions with unity difference between the number of the par-
tons. The relations for the functions D, and D, are

Di"(Bh Bz) =—(0q 2 gt:,:,,‘47we§‘)
A

—AAA

X( (5:—52)P)Na|aza,(—ﬁu ﬁz, Bi—ﬁz) y

D, (Bu, B)—=—as Y, gtoes-ihes™ 1)
A

X((B—B2) P) Nawn (—B1, Bas Bi—Bs).
Equations (41), (39) and (37) yield via (4) and (7) a parton-like
representation for g,(x) + g,(x).
An expression similar to (41) can be obtained also for
the three-gluon function H (23) by introducing the three-
gluon correlator

<k | Aa(0) Aa,(0) Aa,(0) [ RO

== de, dzx, dzs 6 (Z%) ea(lh) (z.p)

Mhads®

X e (zap)em” (2sp) Manan (21, T2, Ts). (42)

As for the two-gluon function & (17) that corresponds to
twist 2, it has the usual parton representation of type (31) in
terms of the number of gluons, which we shall not write out
here.
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4. EVOLUTION EQUATIONS

To find the dependence of the structure functions on
In( — ¢%) we must construct evolution equations. The general
method of obtaining these equations is known** and was
described in detail in the preceding papers.>-

We differentiate expressions of the type (13) and (17)
with respect to the logarithm of the ultraviolet cutoff param-
eter A which limits the integrals over the virtual transverse
momenta. The dependence on A systems from two sources.
First, the ultraviolet divergences are contained inside the
blocks of Fig. 1. If all the tails of the blocks correspond to
real particles, such divergences are singled out on account of
the renormalization invariance in the form of a factor
II, z}’?, where z; is the renormalization constant of the
Green’s function of the ith particle (the block includes the
two-particle Green’s functions of the quarks and gluons in-
teracting directly with the external current). The case of vir-
tual tails, in which the analysis of the renormalizations in the
axial gauge (3) becomes considerably more complicated,®
can be disregarded if (7) is used to exclude the two-particle
vertex A4 (3 ). A similar procedure can be applied to the two-
gluon vertex (19); the analog of identity (32) is here the rela-
tion

2

K,
koAas (k) = 'k_q-,' as - (43)

The second source of the dependence on A in the vertex
functions of Fig. 1 is connected with the logarithmic diver-
gence of the integrals over the transverse momenta of those
particles that interact directly with the external current. To
find this dependence, it is necessary to expand in part the
blocks of Fig. 1 after separating in explicit form the loop
diagram that leads to this dependence. Figure 2 shows such a
separation for the case when the vertex contains initially an
operator with a quark-antiquark pair. The shaded blocks
denote the total gauge-invariant sum of the Feynman dia-
grams for the corresponding processes in the Born approxi-
mation (see Fig. 3). We note that the diagram 2d is responsi-
ble for the mixing of the quark and strictly gluon operators.
A similar group of diagrams is shown in Fig. 4 for the case
when the initial operator is strictly gluon.

We emphasize once more that the partons correspond-
ing to the inner lines of Figs. 2 and 4 can be assumed, in the
operator basis chosen by us, to be on the mass shell. This
allows us to find, as an intermediate stage of the calculations,
all the two-particle scattering amplitudes, corresponding to
the processes in Fig. 3, for physical particles. However, the
equations of motion (7) and (20) [or their corrolaries (32) and
(43)], with the aid of which we succeeded in excluding the
“poor” operators, make it necessary to include in the calcu-

LALE

FIG. 2.
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lations the last terms of the numerators of the virtual-parti-
cle propagators (29) and (33). After the denominator is can-
celled out, these terms lead to the already mentioned effect of
“drawing” one chromodynamic vertex into another. In Fig.
3, slashes are drawn through the lies in which only the
“drawing” effect operates. We note that it is possible, with
equal accuracy, to set these lines in correspondence with a
total propagator, since the contribution of the first terms in
Egs. (29) and (33) can be shown to vanish in the indicated
diagrams after averaging over the directions in the k, plane.

The contribution of the diagrams of Fig. 3 can therefore
be constructed in full accord with the Feynman rules, thus
ensuring gauge invariance of the calculation results.

To find the four-point amplitudes shown in Fig. 3 it is
convenient to use the states of particles with definite helicity,
which were introduced in the preceding section. This meth-
od is similar to that used in Ref. 4 to study the evolution
equations for quantities connected with twist 2, but there it
sufficed to use amplitudes without transfer of momentum
and color to the -channel. Here, however, we must calculate
these amplitudes for the more general case. We note that the
results enable us to write, without great difficulty, the evolu-
tion equations for operators with higher twist (4 and more),
since it can be shown that in this case only pair interactions
are significant in the LLA, but the investigated current ver-
tices must contain a large number of external lines. We write
down explicit expressions for the spinors #*! and v'*! and for
the vectors e**) satisfying Egs. (27) and (35):

u® (k)= Z}q_, @&'u‘” (p), v (—k)=uP(k), "

e (K)=pe;” (p)— Zq (kie® (p)), " (k)= (k).

Here u'*! (p) and " (p) are solutions of the following equa-
tions:

ysu™ (p) =—Au™ (p), pu™ (p)=0;
, (45)
iepel” (p)=hes (p), poes (p)=gv'es” (p)=0;
FIG. 4.
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with normalization conditions compatible with (38) and (36),
a® (p)vuu™*” (p) =2pubans

e™’(p)=—e"" (p).
These equations yield the following expressions for three-
particle vertices of interaction of particles with definite heli-
cities (the helicity is marked + or — on the diagrams):

=1"-2, (Ke™ (p)),

=t"-28,(Ke' (p)),

=_ifﬂlﬂzﬂa'2ﬁlz (KeH-) (P) ) 14

K=psk\,—B1ksy;

=_ifﬂlazﬂx'2ﬁz-z(Ke(_) (p) ) »

K=Psk», ~Boksy;

=—ifuans 285" (K& (p)),

K‘—’Biku"ﬁzkuj ky=k.tk,.
We supplement them with the following rules:

1) helicity is conserved along a fermion line;

2) the sign of the helicity for any gluon line can be re-
versed if the arrow is simultaneously reversed;

3) if the helicities of all three particles reverse sign, the
form of the vertex remains unchanged, but e'*(p) is replaced
by ¢'~'p and vice versa;

4) a three-gluon vertex is zero if the helicities of all parti-
cles remain the same when all three arrows are rotated in-
ward or outward,;

5) a factor 1/Bk 2 should correspond to each internal
quark line and a factor 1/ %k 2 to each gluon line.

By applying these rules it is easy to find the four-point
vertices (Fig. 3). A significant simplifying factor in their cal-
culation is the averaging over the directions of the vector k; .
Itis important here that the transverse momenta of the parti-
cles are of different order of magnitude in the logarithmic
kinematics considered by us: they are small for the two lower
particles of the four-point diagram and large and approxi-
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e™* (p)e™ (p) =—8ur,
(46)

mately equal for the two upper ones (|k;, | = |k, | >|ks, |
~ |kq, |). The averaging results in a convolution of the two
vectors e (p), which is eliminated with the aid of the ortho-
gonality relation (46).

We present explicit expressions for the four-point dia-
grams in the case when the color structure in the -channel is
a triplet and an octet:

—s[-2(c-0) s

k2
—
kikz

2_p27.2
+C, Biﬁukz [52 ky ]’

Buskis®
—pb[-2(cr- ‘;) ’;_L
+9C, + CV,B‘ﬁ“ki_!.z_saiﬁlBZ(BZ'{'ﬁA) ]
o ButBe Buskis®
= Bufs [ 9 (CF _ %V_) '([52'*‘[53) 7;::;:22306,[3132
“ogil
-9 (Cr _0_2") B (Bi'*'ﬁﬂétij?smﬁ,ﬁz ,

gy, B
[512

’

Saiﬁiﬂz + ku_z (ﬁl+66)/

ny
o -.2_p’Bll kuz (ki+k4)2

+9 P12 (BstB.) ]
pnz

_ n; 3061[3152 , ﬂ:aku_z
2 536‘[(k,+k‘)2 ki

-9 BuBa(Bstpa) ]i
Bia® .

(Bat-Ba) Frus*scusBiBe |

3 ok __
i 2 Cvﬁaﬁa [ Tt
J U4 _ (51+ﬁ4) ke ? _ Biﬁz(ﬁi"‘ﬂz) ]
i (et I &
- Bssks,® | Buskiy*+soufipa
CvBspe Tral? UESAE
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o BiBa(Bs +p2)
ﬂiz ’

Cv 2
S e d CRC NS

—51132[3:3)
+Saiﬁiﬁz(51+ﬁa) (Bz+ﬁa) ]
(BstBa) ks ? (BstB2) (BstBi)
+2W+’2B‘BZTHB‘521’
L [F,1? (2B,7But-2B2"Bo-B1BaBs)
- Bsﬁk[p S Ut QBB+ 28:B Babe
+sa4BiBa (BitBs)
(Bat+Ba) " 2ron 2 0
X(Bz+§‘)]+m (%112 (2B4°Bs2B"Bu—P1B2(Bithu))
—Saiﬁipzﬁuﬁzsl] ’
_Cy _ (BB
2 M‘[ (Fytks)?

[K0u?(2BsBuBac—BeB2 (BetBs))

(BetB2) (BstBa)
Bio®

In these expressions k;; =k, —k;, B;; =B: — B, ki =a;
g +Bp+ky, s =2p¢, Ce =(N*—1)/2N), Cy =N,
N = 3 is the number of colors, and 7, is the number of fla-
vors. To derive the evolution equations it is necessary also to
calculate the matrix elements of the three-particle vertices
(13) and (24) between the helicity states of the partons. With
the aid of (44)—(46) we get the following results:

+soc,B @ Bu,ﬁza] 2B132 u_ +2B ﬁ

=—2B.B2ps (ae ™ (p) ),

Pl N =285 (a6 (p));

‘DZ
AN == 2Bibas (e (2)),
+ - +

I
/ P =2ﬁiﬁzpa(de(+)(p));
— 4 7 -

H

=—2B:B2Bs(ae’” (p)),
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—3p,pz].

=2:B2Bs (22 (p)).

%Nm
le

-+

The formulas presented enable us to write the equations
for the three-particle functions D (3,,3,) and H (3,,3,). In the
calculation of the logarithmic integrals it is convenient to use
relations of the form

d'kk,*
I K (h—ka)* (k—F2)®

m’ln——-fdﬁfm(ﬁﬁ Bhﬁ B)

etc., where k 2, = max(k 3,k 2); some relations for the func-
tions J7 . (B;,...,Bx) are contained in Refs. 5 and 6. The

gty
resultant equations are quite cumbersome; they can be sim-
plified somewhat by changing from the functions D and H to
the functions Y and L in accord with Egs. (6) and (26), and
are given here in the latter form:

ayfaﬂé’ B 40, (B) (Bi—pe) s (B Bipi)

+ CrY (B, B2) [3— 21(5 )—20(B2) 1—2C+Y (By, B2) I(B1—P2)
-2 (Cp -———‘) [ j'dx Y (z, ﬂz)Jzu (@1, B1—P2, B1— Bz+x)

+ j dz Y (81, 2) 712 (B2 2—PutB2)

+ j dz Y (s—z, Pa—z) —i— ((z—BstB2)

X 11t (B B ) 2011 (b, ) |

—Cv [ da ¥ (2,8:) [ 31 (Bipo)

X Tiis (Bi— B B B1—2)

+5—‘:; ((Bur+Ba—a) s By BB, Bi—2)
+ 28" (B Bie)) |

[Bi-’iour(ﬁz, Bz'—ﬂx, [32—33)

+Cy [da Y (B, 2) .x_iﬁz

+22J1° (B2, B2—2)

2nibbs 7 (B, Ba)

+(x_ﬁz)-’u (52"51, ﬂz—z)] + (B —B, )2

x [ dal ¥ (z,2+B.—B2)

+Y (z+B1—B2, z) ] — zin!j dz L(z, B.—B4)

X [ﬁtﬁz-’zzi (Bh B2, B2—z) _]z;1 (51, B2, Buitz) 1; (47)
AL (B, B2 1
_{l.g%)_ = L(B" ﬂz) [-——23—71,, +'1§'CV"‘2CV (l(ﬂi)

+1(B2) +1(Bi—B2)) ]

+ Cv.’. dz L(Br—x, ﬂz—x) %J:zo(ﬁz, x)
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+Cy j dz L(By, ) [z21 (B2 Ba—B1, Po—Putz)

”'ﬁzz]zzzi(ﬁz, B2—By, Bz_-l')
+ 23-'2]2:1 (ﬁz, ﬁz_Bn Bz—x)'i' B 1_

. (ﬁzlizo(ﬁzy ﬁz‘—x)
+ (z—ﬁi) Ty’ (BZ—B“ ﬁz—x) ) ]
~Cv [ dol¥ (z,2-B2) +Y (=2, —2+2) ]

X [ (ﬁz_‘x)-’uo (Bn Bx—ﬁz'l'z) - Eltx‘ ( (ﬁt—x) 2 (Bi, ﬁr‘ft)
- (51—52) 2J,,° (Bn Bl’_BZ) ) —2[52_2 (ﬁi_ﬁz) %

X (2BrtB 1 (B Bi—pe) |

+Co | dx—iiJﬂ"(ph 2)-L(Bi—2,B2) + (BirBs).  (48)

In these relations

1 ¢ . A 1, 2
§=—bln(1+b o zln—z), b=—Cr——my
(49)
18]
dx
LB)=)—
[]
n dy y
"ihl ((Z, b7 C) =5 vy

2n—i_~£ (ay—1+ie)’ (by—1-+ie)*(cy—1+ie)!

(the permutation [3,«<>f3, in (48) applies to the entire right-
hand side). The infrared divergence at the lower limit of the
integral / () is actually cancelled by a similar divergence in
other terms of the equations. Equations (47) and (48) were
written for a singlet channel; in the case of a nonsinglet chan-
nel only the first of the equations remains, and furthermore
its last term containing L drops out.

The right-hand side of (47) includes a term that contains
C (3,) and takes into account the nonzero mass of the quark.
To find this term it is necessary to calculate in the diagrams
of Fig. 5 the contribution linear in mass. It suffices for this
purpose to replace the numerator of the quark propagator in
the loop by the quark mass. It is likewise easy to obtain an
equation for the function C (8,) itself, which has a “ladder”
form similar to the case of twist 2

ac(p) [SC(x)
| C(B>l(ﬁ)+e(ﬁ>5d -
ﬁC(B)
- 5
6(—p) j el (50)
FIG. 5.
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We present also equations for the functions E and &
which are connected with the twist 2 (see Ref. 4):

IE() ( *+a?,
- _2CF[-E(p)ojdx T
1 Bz+xz
+j dz E (x) ————_xz(:l:—[i) ]
—n [ de & () ";‘?B ,
I& (B) B ' d +(p—2) ey
z xz? —x)t
s
1 1
+2Cyx(p— x)( T 2" )]
+4cvjdxg(x)ﬂzf::)—w—zc,,jdw(x)zx—;i.
B

(Equations (51) pertain to the case 8> 0; at 8 <0 f; dx must
be replaced in them, as well as in (50), by /# | dx.) Together
with (9) and (4), Egs. (47)—(51) determine in principle the de-
pendence of the structure functions g, and g, on In (4 %/
m?) = In (Q*/m?).

Taking in the evolution equations (47) and (48) the La-
place transforms with respect to the variables £ and trans-
forming from the functions 4, Y, L, and C to their moments:

BB T LBy, An= [dBERAB),
(52)

= jdp, dB. B

= [dB.dB: BB T Y (BuB), Ca= [dBBC(B)

[see also Egs. (1), (6), and (15)], the equations become alge-
braic:

(n+1) Ap=E,+nC, + Z‘ (n—k) Y,», (53)
L 8Cr Cv
v = T gy T { Crt2 (C 2 )
x[ 2(—1)"
1(+1) (1+2)
( 1)1! l 2
n—i+1 +7 81 = Sa-s ]+CV[ 1(1+2)
n+2
T (=1 1) = 2(SutSacy) ]}
+ ;Y—_‘_' Y h{z(cp—ﬁ) (—1)*
h=141 ! 2
(—1)" ) :_1 n+k—1
X[ n—I+1 Comiit (=) _ nk— z)]
(n—k) (n—k+1) O Cv h
FCv (n—1) (n—1+1) (k—1) +; Y"{Z(C"__z) -0
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2C,* , Cali nti—k
x[z<z+1)(z+2) D ]
(k+1) (k+2) 1+( 1)n S
Y1) (1+2) (1=k) }— ZY
X (1) ""z- anLn— Z (=n=
2(m—k)C, ! . (m k) ——1
[m(m-H)( +2) ) G ] (54)

1 1
an'=L,,‘[——n,+Cv( 1 Sl 1 Sl+l Sl+3)]

3
( 1), —k clh ii
k
e {EL n—k+1 Cr-i*

R(__4\~ 60:‘::
J:;ll’" 1) 1(I+1) (1+2) (1+3)

1—1

. (k+2) (k+3)
+,§' " (142) (I+3) (I-k)

n—1
—1
X {Z yr, Y
k=1
20557

- Z‘ You (0 o oy 1(1+1) (1+2)

R=I1+2

k X 2C;_: n 6
+k2=,‘y"+’(_1) 10+2) LG+ (n—k+1) l+3]}

}+_CV(1—(—1)n)

+(l+~n-1); (55)

1
VCam—bCaCoSars;  Si = Z%

k=1

(56)

For the sake of completeness we present also the equations
for the matrix elements of the twist-2 operators 4:

—1
E,.=CE,.(3+———————4Sn e &.;
v " n(n+1) ) n, n(n+1) &ns (57)
1 4
oz [-Ln+ 2sn)]
v& 2&’[ ny Cv( (+1) |
n+2
—2Cr——E, 8
Fn(n+1) E (58)
The notation in (54)—(57) is
Oy 1 N—1
S"=Z?’ Cr=N, Cr=rgy—

where /V is the rank of the gauge group (N = 3 for quantum
chromodynamics). In the case of a nonsinglet channel the
evolution equations coincide with (54) and (57) with » = 0.

The number of equations in the system (53), (54) in-
creases with increasing n, and with it also the degree of the
secular equation that determines the anomalous dimension-
alities v;. At n = 2 Eq. (53) takes the form
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VY st b/, CoCat Yt (v,c,-3cv —‘-?Zn,), (59)

from which we have an anomalous dimensionality
v = —137/12, n, = 4, which coincides with that obtained
in Ref. 2. At n = 4 we have

1 17
vV 'l=—— nf (Y -2Y2+Y.%) — 120 nyLs'+ (vYi') ns,

2 7
‘V:Y‘2 = T5- nﬁ(Y‘l_2Y‘2+Y‘3) bt EO" n,L3’+ (’VY‘Z)Ns,

1 1
VIS = = (V- 2Y YO+ oo n s+ (0 s,

‘ 2
VLg=Ly! (——n, —%]Olcv) 3Ty

3 30
7 23
TR I g T

where NS denotes the contribution of the nonsinglet chan-
nel”:

2
(vY‘a)Ns——(—?)—?-CF—I-ECv)Y‘a (3(,; 7CV)Y‘2

60 6 10 4
+i%‘CFY61 "—1_15_05'041
1 5 41
('VYAZ)NS=' - (_G‘CF_ECV) Yz.a— (3CF+ECV) Y42
7 13 1
- (FC" —ﬁcv) Yi——CiC (60)
5 7 9
(VY ) ys= (CF_ "1_2_CV) Yi— (7011 — TCV ) Y2
7 37 2
—(—4-CF+.ECV)Y“—?CFC5.

The dependence of the structure functions g,(x) and
g,(x) on £ is given in the case of a singlet channel by the
equations

g"(8)= i Ce™,

i=1

2ng2

Zcew%+ Y ces,

=3

g:"(8) +g." (§)= (61)

where v; are the anomalous dimensionalities of the twist-2
(i = 1,2) and of the twist-3 (3<i<2n + 2) operators; we have
neglected the contribution of the operator C, whose matrix
element is proportional to the current-quark mass. To deter-
mine the coefficients C; from experiment one must measure
the moments g7, at 2n + 2 values of the momentum trans-
fers. It would be of interest to obtain these coefficients by
rigorous theory using the quantum chromodynamics sum
rules or from nonrelativistic quark models (cf. Ref. 2).

If experimental data are available for the 2»n + 2 mo-
ments at different values of 0 %:02,...,0%, m>2n + 2, Eq.
(61) can serve as a self-consistency check.

We note that the formalism developed above can be
used to obtain equations similar to (47) and (48) above for
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twist-4 matrix operators.
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UThe importance of taking them into account was emphasized also in
Ref. 11.
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