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Collision selection rules are found for asymmetric-top molecules. These rules explain the anoma- 
lies in the concentration dependence of the rotational-relaxation times in a D20-Ar mixture. 

The point symmetry of a molecule imposes certain re- 
strictions on the form of the generalized multipole expan- 
sions of the interaction potential and the scattering matrix of 
nonspherical molecules, giving rise to collision selection 
rules.' For symmetric-top molecules these rules were found 
in Ref. 2. Collision selection rules make it possible to de- 
scribe experiments on the inelastic scattering of polar mole- 
cules by resonant radioscopic  method^,^ experiments on ro- 
tational rela~at ion,~ and experiments involving the 
manifestations of the torque polarization which arises in a 
molecular gas with macroscopic gradients5 

In the present paper we work from the collision selec- 
tion rules to explain the anomalies observed in Ref. 6 in the 
concentration dependence of the rotational-relaxation times 
of level populations for the D,O-Ar molecular vapor mix- 
ture. The anomalous aspects of the behavior is that in the 
case of IR absorption at the 2,-2, and 2-,-2, transitions the 
corresponding relaxation time turns out to be independent of 
the Ar partial pressure. When the Ar partial pressure is sig- 
nificantly higher than that of the D,O vapor, this behavior 
can evidently be explained most naturally on the basis that 
the relaxation of the 2, level occurs by transitions which are 
allowed only by molecule-molecule collisions. 

Bakastov et ~ 1 . ~  attributed the anomaly which they ob- 
served to the presence of two subsystems of levels in the 
rotational spectrum of the water molecule (for its para- and 
ortho-modifications). The 2, level should belong to one of 
these subsystems, while the 2,, 2-,, and 1, levels should 
belong to the other. It was later suggested that an exchange 
of rotational quanta between the level subsystems is possible 
only for molecule-molecule collisions. 

In connection with Ref. 6 we might cite Ref. 7 where the 
existence of level subsystems in the D,O spectrum was con- 
cluded from an analysis of the quasiequilibrium distribution 
of the populations of rotational states of the D,O molecule in 
mixtures with Ar as these gas mixtures were cooled during 
flow through a Lava1 nozzle. 

Collision selection rules derived in Refs. 8 and 9 con- 
firm the existence of subsystems of levels in the rotational 
spectrum of the D,O molecule. These studies dealt with mol- 
ecule-atom collisions and took into account, along with the 
behavior of the interaction potential under transformations 
of the point symmetry group, the parity conservation law of 
a closed system. By analogy with the case of a diatomic mole- 
cule, the parity of the rotational level was taken to be ( - 
where J is the rotational quantum number. It is easy to see, 
however, that to introduce the parity in this phenomenologi- 

cal way runs into a contradiction with experimental data on 
absorption in the rotational spectrum of the D,O m~lecule .~  

In the present paper we explain the results of Refs. 6 and 
7 with the help of selection rules obtained through a direct 
calculation of the functional dependence on the angles in the 
matrix elements of the scattering matrix. By themselves, the 
symmetry of the interaction under transformations of the 
point group and the invariance under coordinate inversion 
do not explain why the exchange of rotational quanta 
between the subsystems in molecule-atom collisions is for- 
bidden. In this connection we find an additional symmetry 
property of the interaction, which is expressed in the exis- 
tence of this restriction. 

Following Ref. 2, we write the nonspherical D,O-Ar 
interaction potential as the generalized multipole expansion 

where DV1(w) is the Wigner D function, which depends on 
the three Euler angles w=p,O,$; Ylm (r) is a spherical har- 
monic, which depends on the orientation of the radius vector 
(r) connecting the centers of mass of the colliding particles; 
and the factors p,, are chosen in such a manner that the 
potential (1) would not change under transformations of the 
point symmetry group of the D 2 0  molecule. According to 
Ref. 1, for nonvanishing factors PIP we have 

The D,O-D,O interaction potential can be written in an 
analogous way as the expansion 

where the subscript 1 specifies the molecular partner in the 
collision, (Iml,m, 1 LM ) is a Clebsch-Gordan coefficient, 
and the quantities VIl,, (r) have the following properties: 

V I L  ( r )  0 for 1fliS-L odd 

We rewrite expansion (1) and (3) in a form which takes into 
account the symmetry of the interaction under coordinate 
inversion (I ). We find 
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where t ) + I  and t )&I are given by 

We note in connection with these expression that the combi- 
nation [PIP - ( - l)PB1 -, ] Dmp '(w) arises in the multipole 
expansion of the interaction potential only in the case of a 
molecule-molecule interaction. 

We construct the eigenfunctions of the rotational Ha- 
miltonian of the D,O molecule by means of combinations of 
the type1' 

where J=0,1,2 ,...; M =  - J , - J+l , . . . ,  J; K = O , f l ,  
+ 2, ..., J; andp = f 1. According to the behavior attri- 

buted in molecular spectroscopy '' to the Wigner D function 
under inversion, the parity S of the combination (w I qbJMKP ) 
is ( - l)J-Kp. The wave functions of the D,O molecule for 
J = 1,2 are listed in Table I for the case in which thez' axis of 
the coordinate system bound to the molecule coincides with 
the C, symmetry axis and is the axis of the intermediate 
moment of inertia. In this table we have used the functions 
(wlJK )-iJDMKJ(w). The classification of the rotational 
states by symmetry types corresponds to the irreducible re- 
presentations of the rotational subgroup of the point symme- 
try group of the molecule. The number of irreducible repre- 
sentations of the rotational symmetry subgroup is equal to 
the number of different molecular modifications, which, as 

TABLE I. 

we know, do not convert into each other in molecular colli- 
sions and which have a different resultant nuclear spin. The 
index r = - J ,  - J + 1, ..., J specifies the particular level of 
the rotational multiplet. The parity of the rotational func- 
tions of the D 2 0  molecule listed in Table I was found in 
accordance with the dipole absorption at the 1,-2-,, 2, 
2-,, and 2,-2, transitions in Ref. 6. 

It was shown in Ref. 2 that in order to derive selection 
rules it is necessary to find the matrix elements of the expres- 
sions t I + )  and t I&), "renormalizing" the nonspherical in- 
dices, I-+f or NIL+fflF. In calculating the matrix elements 
it is sufficient to use the functions (w I qbJMKP ) . For the quan- 
tities g$* I, which determine the selection rules in molecule- 
atom and molecule-molecule collisions, we have 

It is easy to see that the first factors in both terms of this 
expression conserve the parity of the closed system. For the 
case of molecule-atom scattering, for example, according to 
the definition adopted for the parity of the rotational level 
we have 

( - 1 ) L i  J - K p =  ( - 1 ) L 1 + J ' - K '  
~ ' 7  (9) 

where L is the orbital parity (the index of the spherical har- 
monic which arises in the corresponding plane-wave expan- 
sion). The indices with primes correspond to the quantum 
numbers of the state of the molecule after the collision. Us- 
ing the well-known properties of an integral of a product of 
three spherical harmonics, we find the following selection 
rule for the orbital parity in molecule-atom scattering: 

L+L'+f - is even. ( 10) 
Using (9) and (19), we find the condition 

,I ( - 1 )  J + A J + A K = l  I (11) 
in complete accordance with the behavior of expression (8). 

Using (2) and (8) for molecule-atom collisions, we find 
the selection rules 
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Wave function 
Symmetry 

- type 

B 

A 

B 

A 

B 

A 2 ,  

+I 

- 1 

- 1 

+I 

-1 

- 1 

* +2 0.592120>+0.806{122>+12-2>) 

+I 

+I 

-1 

+1 

+I 

-1 

" 1 :: A 

-1 

-2 

- 1 

+ 1 

~ { 1 2 1 > - 1 2 - 1 >  I- 
0,806120>-0.592{122>+12-2>) 



pp'(-I)'+A3=I, AK=2?t, x=O, * I ,  *2. (12) 

No additional selection rules arise for molecule-molecule 
collisions in this case since g$- vanishes. Assuming that the 
multipole expansion of the scattering matrix converges ra- 
pidly, we retain in this expansion the first nonvanishing 
term, with f = 1. According to (12) we then find that the 
following collisional transitions are forbidden in the lower 
part of the rotational spectrum: 

10 - 20, 2-2 - 22; (13) 

the transitions 2,-2, and 2,-2-, are allowed. This result 
applies to both molecule-atom and molecule-molecule colli- 
sions. 

We believe that the reason for this discrepancy with 
experiment is as follows. The rotational Hamiltonian of an 
asymmetric top has off-diagonal matrix elements between 
states differing in the sign of K (for K = 1). For this reason, 
the wave functions of an asymmetric top contain a superpo- 
sition of states with positive and negative values of K, i.e., 
states with molecular rotation axes in different directions. If 
we use the semiclassical approximation to calculate the spec- 
trum," we can show that this mixing is a consequence of a 
tunneling between two classically allowed energy regions 
with K ,< 0. When multipole expansion (1) and (3) are used, 
we again find off-diagonal elements between states differing 
in the sign of K. At K ) 1, however, the matrix elements 
( K  It/'+)I - K )  and ( K  Itbfdl - K )  are small in magni- 
tude, while the expansions converge rapidly. For the general 
case we need a description of transitions involving a change 
in the sign of K which does not depend on the corresponding 
convergence rate of the multipole expansions. y e  corre- 
spondingly introduce the Hermitian operator R, which 
sends the state IK ) into the state I - K ), and in expansions 
(1) and (3) we replye the combinations PlpD Lp (a) by the 
combinations p,, (RDV1(w)), where (AB j = (AB + BA ). 
Instead of g$* we find 

g:+' = (p+p')  g:+' (144 

for molecule-atom scattering and 

d f )  = (ppi+prp,')g:*' (14b) 

for molecule-molecule scattering. It can be seen from (14) 
that in the case of molecule-atom collisions with K tt - K 
tunneling collisional transitions the following selection rule 
must hold: 

ppf=l .  (15) 

On the other hand, for molecule-molecule collisions there 
are, in addition to the transitions for which selection rule (1 5) 
holds, transitions which satisfy the following selection rules; 

ppl=-1, pIpi'=-l. (16) 

These selection rules are not linked to the point symmetry of 
the molecule. For molecule-atom collisions these rules for- 
bid transitions between levels for which the wave functions 
differ in the value of p. In particular, the following transi- 

tions are forbidden in the lower part of the spectrum: 

in complete agreement with experiment. For m~lecule-mol- 
ecule collisions, on the other hand, this restriction is not 
imposed and the selection rules are determined by the prop- 
erties of the quantities g$* ). We note in this connection that 
these selection rules rule out transitions beteween levels 
whose wave functions tranform in accordance with different 
irreducible representations of the rotational subgroup of the 
symmetry point group, i.e., for different molecule modifica- 
tions of the D,O molecule. 

We also note that the tunneling collisional t rans i t io~  
K tt - K could be interpreted as follows: The operator R 
introduced above is the same as the operator which performs 
a reflection in a plane passing through the axis of the top. 
This reflection changes the relative positions of the axes of 
the coordinate system bound to the molecule, since a trans- 
formation from a left-handed to a right-ha2ded coordinate 
system occurs. Incorporating the operator R in the interac- 
tion causes an "averaging" over the right-handed and left- 
handed coordinate systems; after this averaging the interac- 
tion acquires some new symmetry properties, which are 
expressed in selection rules (15) and (16). 
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