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The frequency and angular dependences of the intensity of radiation emitted by an electron
moving in a planar channel in a crystal is calculated. The angle between the direction of motion
and the atomic chains of the channeling plane is only slightly larger than the critical angle for
axial channeling. In this case the inhomogeneity of the channeling plane is most pronounced. The
conditions for resonant transformation of the electron wave function on account of the inhomoge-
neity is determined. It is shown that the changes in the frequency and angular dependences of the
radiation from those in planar channeling in the one-dimensional interplanar-potential model are
due to electron diffraction from the atomic chains of the channeling plane.

1. INTRODUCTION

This article is devoted to an investigation of the radi-
ation of relativistic particles in a crystal in the case when the
angle of incidence of the particle on the crystal is smaller
than the planar-channeling angle relative to one transverse
coordinate and somewhat larger than the axial-channeling
critical angle relative to the other. This case can be regarded
either as transitional between axial and planar channeling,
or as planar channeling with account taken of the discrete
character of the channeling plane. A particle moving along
such directions feels strongly the inhomogeneity of the
atomic plane and is scattered by the system of atomic chains
of the channeling plane. Since the atomic chains are periodi-
cally arranged, the scattered waves produce diffraction
maxima. This behavior is most typical of a particle moving
near axes with large indices (, k, /). Indeed, the Bragg dif-
fraction angle is 8 ~ (k%2 + k2 + 1?)'/2. On the other hand,
the interatomic  distance in the chain is
d=ayh?+k?+1%"2, and the critical axial-channeling
angle is t,~d ~'2 Therefore the ratio 6,/¢,
~(h?+ k2 +1%P/4 i.e., itincreases with increasing recipro-
cal-lattice vector H,,,,. However, at low energies of electrons
with a relativistic factor ¥~ 1 to 10 the situation indicated
can be realized also in motion near the principal axes of the
crystal. Some features of the channeling of electrons under
such conditions are noted in Refs. 1-3. In Refs. 4 and 5 was
investigated the influence of the discrete character of the
atomic chain on the axial channeling.

This paper deals in detail with the resonant case, when
the condition

E(q)=E(q+g) (1)

is satisfied. Here E|(q) is the total energy of the electron in a
planar channel at a level i of transverse motion and with a
quasimomentum projection fiq on the channeling plane,
g=(2mn,/a,, 2mwn,/a,), a,, and a, are the periods of the
atomic lattice in the channeling plane, and #, and n, are non-
negative integers. The features of the electromagnetic radi-
ation of the channeled electrons are in this case the follow-
ing: the frequency-angle spectrum of the radiation changes;
the intensity of the coherent bremsstrahlung and Pendello-
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sung radiation increases compared with their values outside
the channeling region; Raman scattering sets in. By chang-
ing the angle of incidence of the beam on the crystal near the
condition (1) we can vary the radiation frequency. Investiga-
tion of electron channeling in the indicated situation extends
both the possibilities of controlling the radiation parameters
and the possibilities of investigating the properties of the
crystal.

2. RESONANT RETUNING OF THE ELECTRON WAVE
FUNCTION IN THE KINEMATIC APPROXIMATION

The motion of a relativistic electron in a crystal is de-

scribed by the equation®
2EU (r)

[8-F | ¥ @=F¥w), (2)
where E is the electron energy, U (r)is the electrostatic poten-
tial of the atom lattice, and k 2 = (E2 — m2c*)/#*c*. In the
planar-channeling regime it is possible to separate in the po-
tential U (r) the part due to the averaged potential Uy(x) of the
atomic plane; this part is the zeroth term of the expansion of
the potential in a two-dimensional Fourier series:

U @) =Us(@)+ Y, Us(z) exp (ige), @)
where ‘

Us(e) =5 [ U(x)exp (~ige) dp,

S = a,a, is the volume of the two-dimensional unit cell. In
the zeroth approximation, the motion of an electron in the
planar-channeling regime is described by the equation

[ _M] Wy (0) =— kW, (r). (4)
k¢
The solution of (4) is
Wo)= Y [dgc.(@)un(@)exp(ia.p), (5)

n

where g, = {q, (k2 + x2 — ¢*)"/?}, and u,,(x) and x> are the
eigenfunctions and eigenvalues of a Schrodinger equation
with potential Uy(x):
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d* 2EU,(x)
T R ]u

dz*

2 (Z) =%,"u.(z). (6)

The expansion coefficients ¢, (g) in (5) are determined by the
continuity conditions on the interface (z = 0):

cn(q)= L 5 @ (z,y,0) u," (x) exp (—igy) dz dy,
27

where @ (r) is the wave function of the electron incident on
the crystal. The first- approximation correction to the wave
function in the perturbation-theory in terms of the potential
U,(r) = U(r) — Uy(x) satisfies the following iteration equa-
tion:

TN T I
h*c? heet

Using the solution of Eq. (7), the wave function takes in first
order the form

W (@) =W, ¥, ()= )" f dgea(q)
2E 2 Ugmntin (z) exp[i(ga1g)p] }

X{u,. (x)e'nr+ g gm’— (gatg)?
m g0 (8)

where
Ugnn= [ ' (2) Us(@) a (2) da.

It is known® that the correlation of the different electron
transverse-motion states vanishes at depths exceeding ap-
proximately one period of the transverse oscillations. We
shall therefore describe the state of an electron in the crystal
by the number n of the transverse-motion level and by the
two-dimensional quasimomentum #q. Taking into account
the finite width of the transverse-motion levels, we can then
represent the wave function of the electron in the crystal in
the form

W (r) =un.(z) e+ 2

m,g#0

Ugmntim () expli(q+g)p]
Enq—_Em‘l+!+iF

, (9)

where I' = I', + I,, is the total width of the levels n and m.
Thus, if the condition
| g tg|=n (10)

is satisfied, retuning of the electron wave function takes
place.

3. INTENSITY AND SPECTRUM OF THE RADIATION

We shall examine the feature of the electromagnetic ra-
diation from a channeled electron in the region of the reso-
nance (10). The Hamiltonian of the interaction of the particle
with the electromagnetic field is of the form

1 pa
Hin,=——fjA dr, (11)
C

wherej is the operator of the electron-current density, and A
is the vector-potential operator, which is expressed in the
following manner in terms of the operators for photon cre-
ation (a; ) and annihilation (a,, ):
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2 lI2
A= 2 (M) e {Gxpexpli(xr—ot) ] +H.c.};
"y Vo %A

here V is the quantization volume, x is the wave vector, o is

the frequency, and e/ is the photon-polarization vector.
Using nonstationary perturbation theory, we obtain the

following expression for the probability of the transition

from the state (n, q) into the state (k, q'):

Vdix
2n)®

Let the wave functions of the initial and final states be re-
spectively

dw =gg‘|wu(nq, kq') |*8 (Enq—Ena—ho) (12)

W g (1) =1, 9+ Ugnalin (2) exp [i(q+g)p], (13a)
W,q (r) =u, exp (iq'p). (13b)
The probability amplitude is then given by
UgnnM, +g, kq’
W, (nq, kq') =M (ng, hq') + 2t (mate k) g,

Ene—Emqrg il

The matrix elements of the interaction Hamiltonian can be
represented in the form

M, (nq, kq')=<kq’ |HS™ Ingd

; A\ V2 . ,
=__’f(2_n—) (napt1) "8 (a—q'—%)
m\ Vo

X[ MQusel” Tunth (ePq) (Repntidra) 15 (15)

heref2,, = — #i(k> — k%)/2m, n,, is the number of photons
with wave vector k and polarization e*’, K is the projection
of k on the (y, z) plane, and (y,2),x,, = fu¥xu,dx is the tran-
sition matrix element. The energy and momentum conserva-
tion laws lead to the following form of the frequency-angular
dependence of the radiation, determined by the first term of
(14)
Qﬂh . Qﬂk

1—(hqn/me) 1—Bn cos 6,

(16)

o;(n)=

and by the second

o= [oun(or£) 8]/ [1-29282], o

where

n=xc/®, cosB,=qn/qn, PB=Fhq/mec.

The resonance condition (10) for the coupling of the
states (nq) and (mq + g) can be rewritten in the form

n g
i - =Qn'ﬂl1 8
m(q+ =) e (18)

so that at exact resonance Eq. (17) takes the form
©2(n) =R/ (1—PBn cos 6;), (19)

where cosf, = (q + g)n/|q + g|n. Substituting (14) and (15)
in (12) and integrating with respect to @ we obtain the follow-
ing expression for the probability of emission into a unit solid
angle in a transition between states with wave functions (13a)
and (13b):
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dw(nq, kq') Ugnn |*
PR — Pa )+ | | Patate 0, (20
do r
where
Pnk(qi K)
_ &lznl®Qu’ cos®@(cos6—p*) +sin*g(1—BeosO)” 5y
anhc (1—Bcos0)* ’

and the angles 6 and @ are respectively the azimuthal and
polar angles of the wave vector x in a coordinate frame with z
axis directed along the vector q. The matrix element U,,,,
takes on the maximum value when m = n and » is an even
number, since the maximum of U, (x)is reached at x = 0. For
example, if the potential of an individual atom is approxi-

mated by the Coulomb screened potential Uyr)
= — Ze’exp( — ur)/r, then U, (x) takes the form
Ze* 1 .
_— — (pn2+g®) *zl). 22
Us(z)=—— )" exp(— (p*+g*) "lzl) (22)

At(q + g/2)-g = 0 the intensity of the lines corresponding to
transitions from even levels will thus be higher in the direc-
tion of the diffracted beam than from odd levels. This cir-
cumstance is of interest for the identification of the radiation
spectra of channeled particles.

The frequencies @, and w, [see (16) and (18)] coincide if
the wave vector of the photon satisfies the condition

Qnm (1 _hq“"ﬂ ) — hg”“ll . (23)
Qun mo mo

The radiation intensity will increase by interference in the
direction. The right-hand side of (20) will then acquire a term
corresponding to the imaginary part of the matrix element
U,n; this part differs from zero only in noncentrosymme-
tric crystals. In fact, the wave functions %, (x) can always be
chosen real and U}, = U,,,,, if U(r) = U( —r). In centro-
symmetric crystals the increase of the intensity in the »x,
direction at resonance will be determined by the ratio of the
second term of (20) to the first at x = .

Let now k& = n. Then the first term of (20) vanishes and
the second yields, according to (17) and (18), the radiation

intensity at the frequency
©:(n) =Qna/ [1—7(q+g)n/mc].

A normal Doppler branch is excited if {2,,, > 0and an anom-
alous one at £2,,, <0. This radiation is due to collisions
between the electron and the atomic chains of the channeling
plane, and constitutes bremsstrahlung when channeled.
Since the maxima of the wave functions u,(x) are reached
near the atomic planes, the intensity of the channeled brems-
strahlung will exceed the unchanneled in an approximate
ratio

|Um|2/ ,%f Ug(x)dxl .

The second circumstance that leads to an increase of the
bremsstrahlung intensity on channeling is that I" in (20) is
determined by the width of the transverse-motion levels, and
not by the collision time I, as is the case outside the chan-
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nel. The condition "<, is always satisfied in the considered
energy region.

Allowance for the fact that the final state of the electron
can also be near a resonance of the type (18) does not alter
substantially the radiation picture described above. An ex-
ception is the onset of the interference maximum (23), when
n = m. In this case the final state will certainly be near a
resonance point. This case will be investigated in detail in the
last section.

4. TEMPERATURE DEPENDENCE OF THE RADIATION
INTENSITY

The square of the matrix element U,,,, in Eq. (20) for
the radiation intensity must be averaged over the thermal
vibrations of the atoms. Taking into account the deviations
of the radius vectors r; of the atoms from their equilibrium
position r,, the expression for the Fourier component of
U, (x) can be written in the form

Uu() =+ [ UGe)exp(~igo) do= Y O(e—z)exp(~igp).
s p=r (24)

where
1
Ou(z~a) =< [ Us (e~ p) exp (~ige) dp,
z
N is the number of unit cells in the channeling plane (we
assume for simplicity a primitive unit cell), and 2 =SN.
Taking (24) into account and assuming that the vibrations of

the individual atoms are independent, we can represent
(| Ugmn |*) o in the form™?

- 2
U |2 y=N?e—5 l jum' (2) un () <Og(x~2,) >dx l

o [( | focomintio-sra]

_e—gzu’

Ium- () un () (Ug(x——xo)>dx|2] , (25)

where u is the amplitude of the thermal vibrations. The first
term in (25) reaches a maximum at zero temperature and
falls of with rising temperature. The second term of (25),
which is proportional to N, on the contrary, vanishes at zero
temperature and increases with rise of temperature. The re-
lation between the individual terms in (25) depends also on
the crystal-lattice symmetry. Thus, in centrosymmetric
crystals, where Ugy(r) = Uy — r), the first and last terms in
(25) vanish if the levels u,, (x) and u,, (x) have different parity.
On the other hand, the second term depends little on the
crystal symmetry if the amplitude » of the thermal vibra-
tions is close to the average distance (x2)'/2 between the
electron and the plane. Thus, in centrosymmetric crystals
the nonvanishing of the bremsstrahlung intensity is due to
the second term in (25). In noncentrosymmetric crystals the
terms in the square brackets cancel each other and the main
contribution to the intensity of the bremsstrahlung is made
by the first coherent term in (25).
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5. DYNAMIC SCATTERING

The intensity of the new radiation lines at resonance is
inversely proportional to the squared widths of the trans-
verse-motion levels. The level width is determined by several
factors: the radiative lifetime of the particle at the level, the
finite length of the crystal, and the band broadening. Assum-
ing that the main cause is the finite size of the crystal (this
assumption is natural for the energy range considered by us)
we find that the intensity of the indicated radiation is pro-
portional to the square of the crystal length. This depen-
dence is the consequence of the kinematic approximation
used by us. Allowance for dynamic effects in electron dif-
fraction leads to a splitting of the energy levels of the trans-
verse motion near the resonance. This eliminates the indicat-
ed dependence of the intensity on the crystal length L if
L > L,, where L, is the extinction length determined by the
dynamic interaction of the diffracted waves.

Let us determine the form of the wave functions of plan-
arly channeled electrons with allowance for their diffraction
by the atomic lattice of the channeling plane. We seek the
solution of Eq. (2) with potential (3) in the form

¥ ()= ) gu(a)expli(ate)el. (26)

Substituting (26) in (2) we obtain the following system of
equations:

d 2
#@—T Y Uee @ @
[

E

=[2—':2———(q+g)’] Pe(2). (27)

We confine ourselves for simplicity to the case of two-wave

diffraction and to a resonance of the form (n,q)—(n,q + g). In
this case the system (27) becomes

d2q>o/dxz+ Vo(pu+ Vi(Pg‘=%2(Po, dz(pg/dxz-i- VO(PZ+ Vi(Po=Mg2(pg,

(28)

where

Vo=—2mU,/#*, V,=—2mUy/h*=—-2mU_,/H?,

u2=q2—k2, %g2= (q+g) 22,

Rewriting the system (28 in the form

a2 w22 Kl

d:: T (Vot+Vy) g, = 2 ! Qs+ 2% ¢-,

dzw 2+ l2 2 2 (29)

- i Y ®P—x%
—-—I-Z—+(V°—V1)q>_= 5 ¢ o+ 3 e D4y

where @ + (x) = @o(x) + @, (%), @ — (X) = @olx) — @, (x), we
see readily that each level splits into two in the potential
U,(x). Thus, if Up(x) = ax® and U, (x) = Bx?, at exact satis-
faction of the Bragg conditions (q + g/2)g = O the frequen-
ciesw = (2a/m)'/? are replaced by o , = [2(a@ +B)/m]">.

Let u,,(x) be the orthonormalized eigenfunctions of the
system (28). The general solution of Eq. (2) with potential (3)
can then be written in the form

Y (@)=Y &} zu(@expli@te)el, (30)
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where the coefficients ¢, are obtained from the boundary
conditions and g2 = k2 4 x2. For example, if Uyx) and
U, (x) are of the form

U, lzl<a, -U,, lzl<a,
Uo(x)—{ 0, lzl>a; Ug(x)—{ 0, lzl>a,

the functions even in x can then be written, for zero deviation
from the Bragg angle [(q + g/2)-g = 0], in the form

W —[nd(atrnt) 17" cos paiz sin & exp igma),
2
(31)
W —[nd(a+nm)]~" cos puz cos -é;—y exp (ign:2),
where p,, = (Vo F ¥, — »%)"?, and the eigenvalues x,,,
are determined respectively from the conditions

tie tg (pye0) =%. (32)

The functions odd in x are similar in form. When the condi-
tion ¥V, — x,> ¥V, is satisfied, the approximate solutions of
(32) are

%:l,2=%n2; Vi/ ( 1+%na) ,

(33)

where x, are the solutions of (32) with ¥, = 0.

The radiation intensity is determined by the value of the
matrix element (ni|exp( — ixr)j|mj) [see (11)] The matrix
element will depend on the parity of the initial and final wave
functions with respect to the transverse coordinates (x,y).

The energy of momentum conservation laws lead to the
following expression for the angular dependence of the fre-
quency

Qm’ ,mj

0= .
1—Bn cos 05 cos O

(34)

where x, = xcosf, sinfy = g/2q.

The matrix elements of interest to us have, for a transi-
tion ¥ {'— W ? between nearest states of like parity in x, the
form

{n2|exp (—iur)}x|n1>=<n2[exp (—iur)?,|n1>=0,
- hg ie (35)
(n2lexp (—inr)j >=_(___.)
n2|exp (—ixr)j,ln1 2 —~ j Unz (%) Uny (2) dz,
where u,, = (@ + %, ')~ ?cosp,;x.
The frequency-angular dependence of the radiation is
given according to (33) and (34) by the expression

2U /A (14 xma)
1—BncosBzcos 0

Thus, only the y projection of the transition current density
differs from zero, and consequently the radiation is due to
diffraction of the electron in the channeling plane and has
the same properties as Pendellosung radiation of a diffracted
electron.® )

The matrix element of the operator [exp( — ix-r)]j on
going from the state ¥ [Eq. (31)] into a state with wave func-
tion

W —[5d (a+%m ) 17" Sin pmsz sin -521 exp (igmz)

is of the form
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<{m1|exp (—iur);‘,|n1>=0,
{m1 | exp (_iur)jxer):ieQm, mi1Zni, mG(qm——qm'—xz),
(m|exp (—ixr)j.|nl>=—ievyKaTns, miO (Gni—Ggm'—%:).

Consequently, the transition between levels of like parity in y
and of unlike parity in x corresponds to interference of tran-
sitions of the type (23) between discrete levels of transverse
motion of channeled particles. The presence of diffraction
manifests itself only in an insignificant change of the radi-
ation frequency. In fact, according to (33) and (34) we have

U, 1 1
= | Qnm - — 0 0),
@ [Q * h (H—una 1+%ma)]/ (1=Bn cos 8 cos 6)
where 2,,, = — #(»3% — x%)/2m.

The last type of possible transitions corresponds to ra-
diative coupling of levels with unlike parity both in x and in
. Consider, for example, the transition ¥ ?—¥ {!). The cor-
responding matrix elements are

(m1|exp (—inr)}',|n2>=<m1 | exp (—inr)], |n2>=0,

~ €N h ,
<milexp (—ixnr)j,|n2>= —’:—xnz,mi Egﬁ (gno—gmi' —22).

From the very form of the matrix elements it follows that
Raman emission will be observed in this case. In fact, the
only projection of the transition current at x-g = 0 is a pro-
duct of matrix elements of the transition with respect to the x
and y coordinates. The expression for the frequency £2,, ,,,, is

an,m:—

A (%n —%m?) __U_,( 1 n 1 )
2m A\ 1tn.a A+umal’

The change of frequency compared with the kinematic ap-
proximation is thus determined by the diffractive splitting.

6. CONCLUSION

Our calculations of the angular and frequency depen-
dences of the radiation intensity under the conditions indi-
cated in the Introduction have shown that the differences
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from the case of planar channeling in the model of a one-
dimensional interplanar potential are due to diffraction of
the electron from the atomic chains of the channeling plane,
which results in a Doppler branch of radiation with a fre-
quency maximum along the propagation direction of the dif-
fracted electron wave. In the directions defined by the condi-
tion (23), this branch interferes with the primary one.
Localization of the electron wave function near the atomic
planes increases the intensity of the coherent bremsstrah-
lung and Pendellosung radiation. The increase of the
bremmstrahlung intensity is due also to the fact that the
number of coherently scattering atoms is now determined
not by the collision time (i.e., by the longitudinal momentum
transfer), but by the reciprocal width of the transverse-mo-
tion levels. The distinguishing feature of the Pendellosung
radiation produced as a result of dynamic diffraction of the
electrons is that dynamic splitting takes place now of each of
the levels in the channel. Therefore, in electron transitions
between dynamic sublevels of one level there can occur in the
channel, besides the purely Pendellosung radiation, also Ra-
man radiation in transitions of electrons between dynamic
sublevels of unlike parity and belonging to different levels in
the channel.
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