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We use macroscopic equations to find the frequency spectrum of magnetic resonance in a binary
paramagnet in an external field. The exchange interaction between the components leads to a shift
in the resonance frequencies as compared to their values in the pure components or it leads to the
appearance of an extra resonance frequency in the case when the gyromagnetic ratios are the same
for the two components. We obtain in the pair interaction approximation for binary quantum
gases exact microscopic relations which connect the values of the resonance frequencies with the
amplitude of the two-particle scattering. For the kinematic part of the kinetic equation we give a
virial expansion which takes into account quantal collective corrections for the interaction of the
gas molecules. We construct a solution of the resonance problem through the kinetic-equation
method. We discuss in which class of objects the predicted effects can be observed experimentally.

1. INTRODUCTION

The interest in the study of a great variety of properties
of quantum gases has recently grown considerably. By quan-
tum gases we usually mean low-density systems in which
quantum-mechanical effects in the statistics or in the inter-
action between particles leads to appreciable quantitative or
even qualitatively new effects. To the extent that most real
gases condense before quantum effects start to play a consid-
erable role, the traditional objects in this class have always
been various isotopes of helium and hydrogen. At the pres-
ent time large theoretical and experimental efforts have been
concentrated on the study of gaseous spin-polarized *Het '
and atomic hydrogen H1.>* However, we shall show in what
follows that some quantum effects are inherent not only in
the systems just mentioned but have, in principle, macro-
scopic manifestations also in a mixture of any paramagnetic
gases, although the magnitude of the effect, as also shown by
the quantum mechanical corrections, decreases as a power
law with increasing temperature. We note also that the class
of objects which may be considered to be quantum gases and
where one may expect an appreciable magnitude of the pre-
dicted effects turns out to be rather large. For instance, in a
weakly ionized gas or a gas in which there are highly excited
atoms, quantum virial corrections caused by the scattering
of slow electrons by neutral molecules appreciably affect the
thermodynamics of the system right up to a loss of stability,
and lead to the existence of long-range correlations of a Fer-
mi liquid type even in the Boltzmann temperature range.>*
Methods applied for the study of quantum gases turn out to
be very useful also for describing a number of condensed
systems such as semi-magnetic semiconductors,® superfluid
3He-*He solutions,’ and others. In what follows we obtain
relations valid for any quantum gas with a short range of
interaction between the particles. In the concluding part of
the paper we consider concrete examples which are of ex-
perimental interest.

It is well known that the magnetic resonance frequency
of a Fermi liquid in an external magnetic field is independent
of the quantities which characterize the interaction between
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the particles in the liquid and is, as in the case of a perfect gas,
determined solely by the gyromagnetic ratio.® One shows
easily that this conclusion is valid also for an interacting
Boltzmann gas. However, the situation is completely
changed in the case of two-component (many-component)
systems which consist of different particles or of molecules
of the same substance but in different internal states. We
shall show below that in that case the values of the resonance
frequencies depend significantly both on the interaction
between particles of different components and on the partial
pressures of the two components of the system. If, however,
the gyromagnetic ratios for the molecules of the two compo-
nents are the same the exchange interaction of the subsys-
tems leads to the appearance of a new resonance frequency
which corresponds to an additional degree of freedom in a
two-component magnetic material all particles of which
have the same magnetic moment. The spectrum of the mag-
netic resonance frequencies can be expressed by means of
phenomenological equations in terms of the static suscepti-
bilities of the components and the cross-term “magnetic”
virial coefficient. Using the thermodynamic virial expansion
in the spirit of Beth and Uhlenbeck’s theory®'® one can ob-
tain exact relations which connect the value of the resonance
frequencies with the amplitude of the two-particle scattering
for the case of pair interactions.

The virial expansion of the kinematic part (not the colli-
sion integral) of the kinetic equation in a gas is also of funda-
mental interest. Indeed, to describe the properties of gases in
the classical temperature range one uses normally the tradi-
tional Boltzmann equation with a left-hand (kinematic) side
corresponding to the free motion of the gas particles and all
changes in the states of the particles are described by the
right-hand side (the collision integral) of the kinetic equa-
tion. However, taking into account the interaction of the
molecules of the gas requires not only the collision integral
but also additional specific terms which can be interpreted as
virial corrections to the kinematic part of the Boltzmann
equation describing the deviation of the particle distribution
function from the Maxwell distribution in a perfect gas,
caused by interactions. The necessity to take such correc-
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tions into account is clear already from the following quali-
tative considerations. Let us assume that we have used the
virial expansion for the pressure and, differentiating it,
found sound-velocity corrections caused by particle interac-
tions in the gas. We now wish to determine the same correc-
tion from the kinetic equation. Integrating this equation
over momenta we get the equation of continuity. The flux
equation is, as usually, obtained by multiplying the kinetic
equation by the momentum and then integrating it over
phase space. The above-mentioned integrals of the right-
hand side of the Boltzmann equation, i.e., of the collision
integral in its normal definition, vanish. It is therefore neces-
sary in order to determine the required corrections to the
sound velocity, to take into account in the kinetic equation
those virial corrections which contribute to the macroscopic
relations which express the conservation laws for the num-
ber of particles and for the total momentum, and which we
arbitrarily will relate to the kinematic part of the Boltzmann
equation. The introduction of such corrections and the pos-
sibility produced by them of the propagation in a paramag-
netic gas of high-frequency spin waves at sufficiently low
temperatures when the de Broglie wavelength of the parti-
cles appreciably exceeds the range of the interaction has been
considered before.*>¢

In the present paper we propose for the kinematic part
of the kinetic equation a virial expansion which is valid for
any temperatures. Based on the equations obtained, we
evaluate the spectrum of the spatially uniform magnetiza-
tion oscillations in a two-component paramagnetic gas in an
external field. The spectra of the paramagnetic resonance
frequencies found by the kinetic-equation method and those
found by means of the macroscopic equations and thermo-
dynamic relations are the same.

2. MACROSCOPIC EQUATIONS

To begin with we shall consider the case of not too
strong magnetic fields,?iy, , H<T, where y, , are the gyro-
magnetic ratios of the particles of the first and the second
components, H is the field strength (because the static mag-
netic permeability is small we shall not distinguish between
H and B), and T the temperature. Such a situation is in prac-
tice most often realized. In that case the magnetic moments
per unit volume for the two components M, and M, are also
small. In the exchange approximation the free energy den-
sity F of a uniformly magnetized two-component magnetic
substance is then given by the well known phenomenological

expansion:
Mz M2 MM H*
=L bR T (MM, H —
2)(,“ 2X22 %12 8n

(2.1)

The off-diagonal elements y,, = y», of the symmetric static
susceptibility matrix ||y, ||, i,k = 1,2 describe the exchange
interaction between the components of the system. Neglect-
ing dissipation, the macroscopic dynamics of the magnetiza-
tion is determined by the classical Landau-Lifshitz equa-
tions:

M, oM,

—— = Y:[H,XM,], TR T [H. XM, ],

— (2.2)
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where the effective fields H, and H, are found by varying the
free energy (2.1):

F M
' ( 4] ) — 1 TH- M, ’
oM, H M; %11 K12
oF M, M, 2.3)
e (20) Mg
oM, H M K22 K12

The magnetization distribution will be looked for in the form
of small deviations of the vectors M, and M, from its equilib-
rium direction along H:

M. (t) =M+ Mm;:(¢), i=1, 2, miLM;, memee

(2.4)
where M, are the equilibrium values of the vectors M, and
M, produced by the external magnetic field:

M= (Xzz_i_Xn_i) H/A, M,,= (X“_i—Xﬂ-‘) H/A1

A= (Xquz)_l“Xiz_z- (25)
Substituting (2.3) to (2.5) into the dynamic equations (2.2) we
find

—iom= (Qx_(ﬂm) mly—lezuv

—i(l)m1y= ((DH1_‘Q1) mlx_}—QimZn
i (2.6)
—i0Ma= (R—Om3) May— M4y,
—i0My= (©g;—:) Mozt QaM s,

We used here the following notation:

Qx=’Y1Mzo/X12, szzz'YzMio/Xu, O)Hi='{iH, i=1, 2. (27)
Introduction of the circular components
m\~) = m,, —im,, still further simplifies Egs. (2.6):

((1)1{1_91_(0) mi(_)+§2,m2(_)=0, (28)

szl(_)+ (0r—R:—w) mz(~)=0-
The compatibility condition for the system (2.8) leads to an
obvious quadratic dispersion equation, the roots of which
determine the spectrum of the uniform magnetic resonance
frequencies:
— ((l)Hi—Qi) + (ﬁ)Hz—Qz)
2

- { [ (0m—L) _4(@112—92) 1?

Wq2

o
+ QQ} . (29)
If ¥, = y,=v the expressions for the resonance frequencies
take on an extremely simple form:

0)1="{H, mz:’YH_(Qi_*_Qz):'YLH_(Mio'*'Mzo)/Xiz]. (210)

We see from Egs. (2.8) that in the first type of oscillations
m, = m, i.e., this solution is the normal precession of the
total magnetic moment of the system M =M, +M,,
M = M,, + M,,around the applied magnetic field with Lar-
mor frequency yH. On the other hand, in the second type of
oscillations m, = — (2,/2,)m, = — (M,,/M,;)m,, i.e., the
total magnetization M is conserved and does not oscillate,
although the magnetic moments of each of its components
M, and M, perform periodic motions with frequency w, as
follows from (2.10). The relative motion of the vectors M,
and M, proceeds in such a way that
M=M, +M,=M,, + M,, = const.
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If ¥, # ¥, and the corrections due to the exchange inter-
action between the components is not too large, i.e.,
|2, — 2,|€|wy, —wy,|, we can also write down simple
formulae for the resonance frequencies

0)1=(031—Qz="{1 (H-Mzo/XM) )
(Dz=(1)Hz_Qx='Yz (IJ_Mm/Xiz) , (21 1)

which determine the difference of the precession frequencies
of the vectors M, and M, in a constant magnetic field from
the corresponding Larmor frequencies y,H and y,H.

We shall in what follows be interested in resonance ef-
fects in paramagnetic dilute mixtures such that all virial cor-
rections describing the interaction of the particles will con-
tain additional powers in the small density as compared to
the analogous terms in a perfect gas. Taking only the pair
interaction into account we can therefore use in the second
virial coefficient approximation the values of M, and M,,
neglecting interactions, i.e., those in a perfect gas, rather
than the exact expressions (2.5). For the frequency spectrum
we finally have

o= H (= /)y o=t H (1= ), (2.12)
ify,#y, or
(1)1="{H ®= “{ [1_()(1(:])‘}')(;2))/)(,12], (213)

when y, = y,=y. Here ¥\ and y}) are the static paramag-
netic susceptibilities of the two components in the perfect
gas approximation.

3. THERMODYNAMIC VIRIAL EXPANSION

We now try to perform a microscopic calculation of
those phenomenological characteristics on which the shift in
the magnetic resonance frequencies (2.12), (2.13) depend.
The value of the susceptibilities ¥ and y%) is calculated
from the usual Curie-Weiss formula:

* Su(Sit1)

Xh(:).:ﬁ— Nkv

k=1,2,
T 3

(3.1)
where N, and S, are the number of molecules per unit vol-
ume and the spin of a molecule of the k£ th component. To fix
the ideas we shall in what follows consider such gases for
which the particles possess only spin (electronic or nuclear)
but no orbital angular momentum. To obtain the quantity

Y12 it is necessary to evaluate the cross-term virial coefficient
~ which describes the exchange interaction between two spin-
polarized components. The thermodynamic expansion in
powers of the small density (or activity) corresponds to a
functional expansion in a series in powers of the distribution
function of a perfect gas (single-particle density matrix for
spin-polarized gases). In accordance with this, the correc-
tion to the free energy (per unit volume) caused by the pair
interaction of particles from different components can be
written in the form

AF,, = Sps.,s,Z D5,s,(Ps, P2) nisi (pi)n(;;z (p),

Py,P2

(3.2)

where n‘,?}k (p) is the polarization density matrix in the perfect
gas of the particles of the k th component. For the sake of
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simplicity we shall study the region of not too high tempera-
tures when, in the particle collision process, no changes oc-
cur in their internal states, so that, for instance, no rotational
degrees of freedom of the molecules are excited. In that case
the interaction function &g g (p,,p,) from (2.2) can be ex-
pressed in terms of the amplitude of the elastic two-particle
scattering and, taking into account the internal states, re-
duces simply to introducing the corresponding statistical
weights as factors and they drop out of the final results.

In the non-relativistic approximation the potential for
the interaction of two particles does not depend explicitly on
the spins and is thus not affected by the external magnetic
field. The spin dependence of the function Pg g (py,p,) is
caused solely by exchange effects. Moreover, in the pair in-
teraction approximation used @ s (p;,p,)is not a functional
of n%% (p), i.e., is independent of the magnetic moments of the
components and thus of the external magnetic field. The in-
teraction function in (3.2) can thus be evaluated neglecting
the external field. As far as the spin matrix n{}, is concerned,

in weak fields it can be expressed in terms of H using the
obvious relations:

0 S.H S, M
nu(s,) n,io) (1 —{—YL"__) = n,fO) [ 1 +———————3 i ]
r "{hNhSk (S, +1)
k=1,2, (3.3)
where n{ is the Maxwellian distribution function:
) P«m P’
© ()= exp (A —
n, (p)=exp ( T 2ka)
N, 2nh% \ " .
s xp (— T). 3.4
285,41 (th) exp(—p*/2mT) (3.4

In Eq. (3.4) i and m, are the chemical potential and the
mass of the particles of the k£ th component.

We consider the practically important case when the
spin of the particles of one of the components is one-half:
S, = 1. In that case any function of the operator .S, reduces to
alinear one and the interaction function can in the exchange
approximation be written in the form

(DS|Sz(ph pz)=‘P (Pt, pz) +§(p1, Pz)StSz-

Substituting (3.3) and (3.5) into (3.2) and using the formula
Sps(SA) (SB) =!/,S(S+1) (2S+1) AB, (3.6)

(3.5)

to sum over the spins we get

MM
A= (8,1 S+ Y { xp(p,,pz)+mg< e }

Py, P2

x 7 (p)ns” (ps). (3.7)

Comparing (3.7) and (2.1) we find the off-diagonal element of
the magnetic susceptibility matrix

Lo _ (28:4+1) (2S5, H1) © o
X12 'Yi'YzNi ; ZE(Pnpz)n (po)n. (). (3. 8)

Py, P2

The rest of the problem consists in expressing the function
£ (p,,p,)in terms of the exact microscopic characteristic—the
two-particle scattering amplitude. To do that we apply the
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Beth and Uhlenbeck method®'° to our two-component sys-
tem.

The Gibbs distribution for the two-component system
is given by the well known expression

{ Q+M1N1+P«2N2—En,m,m
Wn, n,,n, = €XD T } ,

(3.9)

where the index n numbers the various states. Normalizing
the distribution (3.9) to unity we get the thermodynamics
potential in the form

% O
=—Tln 2_4 eMVT L AT Z e En N, NAT (3.10)
N1 N: n

Expanding this expression in powers of the activity
exp(u/T)«1 and restricting ourselves to the pair interac-
tion we find

P:(O) +H(°) _E
Q=0+ QutQu, Qu=-TY exp{———T——}

(3.11)
where 2,, + {£2,, is the thermodynamic potential of the sys-
tem, neglecting the interaction between the components al-
beit including the virial corrections connected with the inter-
action and the identical nature of the particles in each
separate component. The energy spectrum of two interact-
ing particles from different components will, as usual be
classified by separating the motion of the pair as a whole
with total momentum P and considering the relative motion
of the particles in the center of mass sytem with momentum
q:

E. .« =P2M+q¢*/2m, M=m,tm, m=mm./M,

(3.12)

pi=(m/M)P—q, p,=(m./M)P+q.

Weassumethatin E, ; | of (3.12) there are no discrete energy
levels, corresponding to bound states of a pair of molecules.

The total spinof the pair of particles considered can take
on two values: S, + 1. The corresponding values of the scat-
tering amplitude and the partial scattering phases will be
denoted by f.,, f_; 8, 8/~). We assume that the spins of
absolutely all particles of the system, including both compo-
nents, are polarized in the same way. Substituting (3.12) into
(3.11) and proceeding similarly as in Refs. 9, 10 in evaluating
the partition function we get

(0) (0)
- _ Bt p:
Qp = TZ' exp {-————T ~ ST }

&+)

x— § ‘ j (2z+1) e=¢/2nT dg. (3.13)
or, expressing 8/ in terms of f, we have
©, ©
+ p? q°
o — {P«t o _ }
2 E exp SUT “omT JA+(@. (.14)

2

2nh
A;t (q) = -

. .

{Ref:(O,q)+2———”; [Re fi<e,q>—af’;1mft<e,q>
7

—Imfi<e,q)5;Reft<e,q>]}. (3.15)
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According to the theorem about small corrections,
2,, = AF,,. Therefore, evaluating 4F,, using Eq. (3.2) in
which we must take it into account that the spin polarization
of the particles is the same, substituting the distribution
function (3.4) and changing to the variables P and qin accord
with (3.12), and then comparing the result with (3.14) and
(3.15), we find the connection between the functions ¢, £, and

e
w(;—T}P—q,M P+(1) g E(—P %y P+q) A, (q).
(3.16)

Perfectly similar calculations for two completely polarized
components whose spin polarization vectors are, however,
antiparallel give one more relation between the above func-
tions:

my m, S+1 my m,
P—q—P+q) ——— —q,—P+q ) =A4_(q).
w(MP %5 F q) 3 E(MP %5 P q) ()
(3.17)
From (3.16), (3.17) we get at once
S,+1 S, 2
= + A A, —A_ 3.18
2S,+1A 28, +1 7 = 28, +1( ), (313)

which determines the required connection between the in-
teraction function @ and the scattering amplitude.

It is clear from (3.15) to (3.18) that as the function &
depends only on the momentum of the relative motion
£ (py,p2)=¢£ (q) wecanin Eq. (3.8)for y; 'easily integrate over
the center-of-mass momentum variables:

1 X(T)
-1 _ -aam g3y
K12 e _—(anT) m J E(q)e ’Y{Yz

.(3.19)

Thus, Egs. (2.12),(2.13), (3.1), and (3.19) determine ultimate-
ly the shift of the magnetic resonance frequency in an inter-
acting two-component gas. When §, #1

X(T
0)1—"{1.[1[1_ 'Yz ( )Nz],
T
S,(S,‘f‘i) ¥4 X(T)
wz=sz[1— 5 n T Nl]. (3.20)
When S, =14, 7, = y,=y

X(T
o=vH, wz_yH[i—%N], N=N,+N, (3.21)

At low temperatures 7<% 2/mra(r, is the range of the inter-
action) we have in the limit of slow collisions

f=(8, ¢)=—a.(1—iga./h), qla.|/A<l, |ay|~7..(3.22)

The quantity X (7') then depends very weakly on the tempera-
ture

ﬁz
X(T)= 2 2m

2 e a1+
25.+1 (@,—a )[1

T
;r: (a,2+a?+ a+a_)] ,
(3.23)

and the shift of the resonance frequencies turns out in the
main approximation to be inversely proportional to T

A 2
ﬂ——skwﬁi) ( ) (Nyas?),
A1z

(3.24)

a,
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where we have introduced the thermal de Broglie wave-
length A ;- and the exchange scattering length a,:
(3.25)

Ar=h/mv,=08[(mT)"*, a,=2(a,—a-)/(28,+1).
—1/3

As in a Boltzmann gas we have always A, <N, and
N }|a,| <1, the frequency shift (3.24) turns out to be small to
the extent that the virial corrections are small.

We note that in Egs. (3.21) and (3.24) for the frequency
shift there are for the case ¥, = ¥,=% no parameters charac-
terizing the difference of the particles of the different compo-
nents from one another such that when they tend to zero the
effect also vanishes. Nonetheless when the two components
are identical (a one-component gas) the above mentioned ex-
pressions are inapplicable and there is no effect. The fact is
that there is no group of parameters for which there exists a
continuous transition between different and identical parti-
cles. Particles are either always identical or different (even
for arbitrarily small changes in the parameters) and this
property can change only abruptly. In this sense the situa-
tion is similar to the well known Gibbs paradox about the
entropy of a mixture of two ideal gases.

4. VIRIAL EXPANSION OF THE DISTRIBUTION FUNCTION

When using the kinetic equation we need in what fol-
lows the virial corrections to the single-particle polarization
density matrix of a perfect gas. The entropy of an interacting
gas can be expressed in terms of the occupation number of
various quantum states through an essentially purely com-
binatorial relation

5y=5ps, Y {~Mus, () In72ss, (B)

F[1Fms, (p) IIn[1Fms, (p) 1}, k=1,2. (4.1)

The upper and lower signs in (4.1) refer to systems of fer-
mions and bosons, respectively. The total energy E of the
system is a functional of the occupation numbers for both
components: E = E {n,g , nys, }. The quantities 7,5 _them-
selves are normalized to the total number of particles (per
unit volume):

Sps, Y, Mas, () = N,

P

(4.2)

Maximizing the total entropy S, + S, with the additional
conditions that the total energy £ and the numbers of parti-
cles for each component N, and N, are constant we find the
equilibrium particle momentum distribution functions:

Ny, = [exp (AESksk +7‘1Nk) =1 ]—‘
(4.3)
where Ag, Ay, , Ay, are the respective Langrangian multipli-

ers in the conditional extremum problem and the peculiar
excitation energy &,s, is determined by the first functional

derivative of the energy:
Gksk =6E/6nksh .

~ exp ("‘M:Shsk—lnh) , k=1,2,

(4.4)

The meaning of the undetermined Langrangian multipliers
is, as usual, determined by using the thermodynamic identi-
ty for a given volume:
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dE=TdS+pdN,+p,dN.,

sothat A, =T 7', Ay = —u,/T.

The contribution of the particle pair interaction to the
total energy of the system can in the general case be written
in the form of the following virial expansion:

(4.5)

2
km) 0) 0) ,
Eip= §, Spg, & § TS (p1s P2) ni3, (P) nins, (P2),
K m K m m
ky m=1 P1, B2

(km) __ p(mk)
I‘s S _Fs S,.*
kom m"k

(4.6)

Comparing (3.2) and (4.6) and using the theorem about small
corrections we find that

(12)

2Ts,s, (P4, P.) = Os,5,(Ps, P2). (4-7)

As to the quantities I"¢%) , they characterize the interac-

tions of the particles of the £ th component with one another
and do not enter into the final answer. We shall therefore not
give here the exact microscopic expressions for the I ¢/ .
Within our accuracy (second virial approximation) we may
assume that the true occupation numbers occur in the energy
(4.6) and not the distribution function of a perfect gas, i.e.,
n,s, (p)=ni, (p)- Then varying expression (4.6) in accordance
with (4.4) we find the virial correction to the energy per parti-
cle caused by the interaction with all other gas molecules:

exey ' =25ps, Y Doy (B, P)ra, (1)
P2

50y, acu(P, P (), Mk, (4.8)

P2

Substituting (4.8) into (4.3) we find finally the difference
between the actual occupation numbers and their values in
the perfect gas:

(0

(in1) Onys,  (iny)
6”15, (p) = €48,
68151

1
= —T_ SpSzZ (Ds‘s;(P, Pz) ﬁ(:s). (p) 71:‘2‘2; (Pz)
P2
2
— —T- Spis,’ Z‘ Fs(.‘;.)’ (p, p2) n:os). (P)n:os:' (p2),
P2

(4.9)

ONzsy,  (1n1)
€28,

ey (p) =
0825:

1
= —T_ SPBIZ (Dslsz (py Pz) n(ioﬂ)n (p-"-) n(zos): (p)
P2

2
— 7 Sps Y T4 (B, pe) sl (P)mi (pa).
P2

Similar expressions for a single-component gas of spinless
particles were obtained in Ref. 11 by other means, namely,
through a direct evaluation of the average value of the opera-
tor of the number of particles in a given quantum state.
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5. KINETIC EQUATION METHOD

For a consistent derivation of the quantum kinetic
equation describing non-equilibrium particle momentum
distributions we need an explicit expression for the Hamil-
tonian of the system, which in the case of a binary gas has the
following form:

[N

= T (1, 2)an, ay, + Oinss
2
7 1 i o s Ass A
Ui = Z U (1,2;3, &) dnditimie  (5-1)
i,k=11,2,3,4

where T'*! is the single-particle energy spectrum for parti-
clesofeachkind, U**) the matrix element of the pair interac-
tion between molecules of the k th component, U"? charac-
terizes the interaction between particles from different
components, and @, and &, , are the creation and annihila-
tion operators for particles of the k th component in the state
|1). The commutation relations between the creation and
annihilation operators for particles of the same kind are de-
termined by their statistics (fermions or bosons):

Eapalay=0.
(5.2)

The second quantization operators for particles of different
kinds, of course, commute with one another:

[Gridist] = [Gnbic] = [dm+dit]=0, i*k.

Gpalipat £hpe Gy =012,  Gny*dpe” £lpe ¥ =Apilpa*

(5.3)

The single-particle density matrices for particles of each of
the components are given by the usual relations

Tns, (1, 2) = Clpy* e (5.4)

The kinetic equations for the density matrices 7,5, will be

obtained in analogy with Ref. 12 by averaging the Liouville
equation for the density operators d, @, :

0
i ) = L™ s, D, (5.5)

Substituting (5.1) and (5.4) into (5.5) and using the commuta-
tion relations (5.2), (5.3) we get

s,

[ RPN
T_—h—[ fyksk, }L=11 27 (56)

k) A
T( )’”ksk]=_

A
where the matrix Y, is given by the following expression:

T, (1,2)= Y (U™ (2,54, 3)R(4,5:4,3)
34,5

— U™ (3,4;5,1)R,(3, 4; 5, 2)
+ fus, (3,4) U2 (2, 3; 4,5) s, (4, 5)
— U (5,3;4,1) A, (5,2) 1}, (5.7)

We used in (5.7) that U"?(1,2;3,4) = U®"(1,2;3,4) and also
introduced the two-particle density matrix 2, :
R (4,2; 3,4) =<y dne™* dinslina). (5.8)

In the perfect-gas approximation Eq. (5.6) is the usual Boltz-
mann equation in which the operator

_i?hsk/ﬁ = <[dm+ duz, vinl]> (5'9)
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corresponds to the collision integral while the commutator
of the matrices 7! and 7 ks, on the left-hand side of (5.6)

describes the free motion of the particles between collisions.
We need in what follows the explicit form of the virial cor-
rections just in the commutator [T“", fiis, ]» i, in the
kinematic part of the kinetic equation. These corrections
correspond to taking into account the liquid effects peculiar
to a low density system and due to the effective self-consis-
tent interaction of the gas molecules.

We are dealing with corrections connected with the
functional virial expansion of the equilibrium distribution
function (4.9), i.e., with the renormalization of the kinematic
part arising when we linearize the kinetic equation with re-
spect to small deviations from the actual equilibrium distri-
bution function (4.9) and not from 7% . The collision inte-

gral also vanishes when we substitute 1nto it just the actual
equilibrium density matrix. Both the collision integral, in
the following denoted by Y ks,» and the kinematic virial cor-

rections are determined by the interaction between the parti-
cles and enter into the matrix Y,s . A consistent rigorous
derivation of the kinematic corrections at low temperatures
T<#*/mr? was given in Ref. 6. Here we restrict ourselves in
fact to an expansion of the kinetic equation in a functional
series in powers of small perturbations of the density matrix,
taking into account the above mentioned renormalization.
The functional form of the expansion is determined by ana-
logy with the low-temperature limit where it has a rigorous
basis. The expansion coefficients are evaluated by means of
the virial expression (4.9).

In the present paper we shall be interested merely in the
spin degrees of freedom in a binary paramagnetic gas. In the
matrices 7*) and fiys, only those terms are therefore impor-
tant for us which depend on the spin operators. For the ener-
gy of a single particle we have

7®=—y,S,H. (5.10)

We linearize the kinetic Eq. (5.6). Asin the preceding part of
this paper we shall assume the external magnetic field to be
weak so that in the linear approx1matlon in H for the evalua-
tion of the commutator [ T* Mys, ] we can neglect the contri-

bution of the magnetic field to the polarization density ma-
trix fi,5, . Taking what has been said into account we can

always write the small non-equilibrium corrections to 7,5, in
the form

87ss, =iy (P) + Sps,, Y, Cs,, (B, 2) ke (B) S (B2),

m*k (5.11)

where p, (p) < exp( —
check easily that

iwt). Comparing (5.11) and (4.9) we

Cs,s,, (P, P2) =—Qs,5,, (P1,P2)/T, (5.12)

where the vector p, differs from its value p in a perfect gas
only by small virial corrections:
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Shph=skph(u) {1 + Sps, Z' Fshah (p, P )nl(t:)k (")

e Spsmz Q5,5 (P, P2) n,(:;m (pz)}
P

+ Sps, Zr;:';’, (B, P) s, (0)Sy 0" (p).  (5.13)

As before, to fix the ideas, we put S, =
(3.5) we can write Eq. (5.6) in the form

1. Using (5.11), (5.12),

Sy (Smt1) (28,+1)
3T

TS O _[SH Sp,]+ [s,,H,
1.3

XY 0,2 (2) S0 (B:) | + T, (on, 00,

k=1,2, m%#k. (5.14)
Acting on both sides of Eq. (5.14) with the spin operator .S,
and after that averaging over the spins using the formula'?
S(S+1) (28+1)

6
where ¢, is the antisymmetric unit tensor we find, after

evaluating the commutators in (5.14) the required dynamic
equations:

Sp{SSS;}—-— €int, (515)

dp, S (S, + T
- o = 0 [Mp, ] — om ( 1) (25:+1)
at 3T
X[RZ &5(p, pa)ns” (P)Pz(pz)]
]
1
- Sps. (Sxya’m)y
i
(5.16)
0p. S, (S,+1) (28, +1)
= ]_(I)Hz
ot 3T

x[ %; £(p, ) (P)p (Pz)]
— - SPa (8.1,

where we have introduced the notation wy, = ¥, H,
M = H/H. As in the exchange approximation the total spin
of each of the components is conserved in the collision pro-
cess all integrals containing S, Y i, and describing a change
in the total spin in the collisions vanish when we integrate
Egs. (5.16) over momentum space. Integrating in (5.16) and
changing to circular variables pi*) = p,, + ipy,, kK = 1,2 we
get finally

S, (S,1+1) (2S5, +1
(0—‘0)31)2 p(+) (P1)+03m ( 2 3)T( )

x}: g, p)n” (@) (22) =0,

Py, P2

(5.17)
S, (Si+1) (28,+1)

(0O—w0x2) ZI P(+) (ps) + @x2 3T

XZ £ (Ps, P2) nz (Pz) P(1+) (py)=0.

Py,P2
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The terms in (5.1) containing #{) are small virial corrections
determining the shift in the magnetic resonance frequencies
which one can easily evaluate by solving Egs. (5.17) using
perturbation theory.

The unperturbed solution is the precession of the two
vectors M, and M, with frequencies wy, and wy, around
the direction of the external magnetic field. The absolute
magnitude of both vectors then remains unchanged. It there-
fore follows from the condition

‘ ~
M,y sin =M, m, = l Spszl 1Sibus, | (5.18)
P

where @ is the angle of deviation of the vectors M, and M,
from the direction of H that

ol (0) = Ay (p),

For convenience we assume that initially both vectors M,
and M, were deflected by the same angle.

Substituting (5.19) into the set of Eqgs. (5.17) we get for
the resonance frequency shift
S, (S,+1) (25,+1) (28,+1)
Omy 3"{1N T

XZ‘ E(py, Pz)nim (pi)n;m (p.),

Py,P2

—om S (S,+1) 1.V,
S, (S,+1) 2N,

A=const. (5.19)

®1—Ony

(5.20)

W2—Wa2 ®

W2 [0 )22)

which is exactly the same as the phenomenological Egs.
(2.12) when we substitute Eqgs. (3.1) and (3.8) for yi and

Xiz'

We note that taking the kinematic liquid corrections
into account in the kinetic equation for determining the
spectrum of uniform oscillations of the magnetization is pos-
sible in principle for any temperature, whereas the consider-
ation of similar terms for the evaluation of the dispersion law
of high-frequency spin waves (spatially non-uniform fluctu-
ations of the magnetic moment) in Boltzmann systems is ad-
missible only at sufficienty low temperatures T<#/mr},
i.e., in the ultra-quantal region.>° In all formulae one must
then in the exact scattering amplitude retain only the main,
s-wave term, while consideration of the other partial scatter-
ing amplitudes with higher angular momenta goes beyond
the accuracy used. Such a limitation on the temperature
range of applicability of the results obtained for non-uniform
oscillations was connected with the necessity of comparing
derivative terms in the kinematic part of the Boltzmann
equation with the collision integral. However, in the case of
spatially uniform magnetic moment distributions there are
no such terms in the kinetic equation and the above men-
tioned limitation does not arise.

6. INTERACTION OF PARTICLES WITH UNITY SPIN:
$:1=8=1.

From systematic considerations and also bearing in
mind possible practical applications we evaluate the interac-
tion function @ 5, ( p;,p,) and the quantity y; ' which de-
termines the magnetic resonance frequency shift for a binary
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gas in which the particles of each kind have unity spin:
S, =S5, = 1. In that case the total spin S of two colliding
particles can take on the values § =2, 1,0, i.e., altogether
25, + 1 = 3 values. The corresponding values of the scatter-
ing amplitude will be denoted by f3, £}, fo. To the extent that
only the powers from 1 to 25 of the spin operator S are inde-
pendent, while all higher powers can be expressed in terms of
them,'* the scalar interaction function for S, =5, =1 can
be written in the exchange approximation in the form

Ds.s.(p, p') =Bo(p, P')+B:(p, p')S:S:+B: (W, p) (S:8.)%
(6.1)
Using the formula for the eigenvalues of the operator for the
scalar product of unit spins:
1 1, 8=2
8,8, =—{S(S+1)—4} =) —1, S=1,
2
-2, §=0
reasoning as in the derivation of Egs. (3.16), (3.17) we get
from (6.1)
Bu(p, p')=Bi(q) =A4./3+4,—A/3,
Bi(p, p')=B.(q)=(4,—4,)/2,
B:(p, p’)=B.(q)=A4,/6—A4,/2+A,/3,

(6.2)

(6.3)

where the functions 4;, / =0, 1, 2 are expressed in terms of
the scattering amplitudes f; with different multiplicities us-
ing Egs. (3.15) in which we must everywhere replace the in-
dex *“ + ” by the index *“/”. Using now Eq. (3.2) in which we
must substitute the interaction function (6.1) and the polar-
ization density matrix (3.3) to evaluate the virial correction
AF,, to the free energy, and then using Egs. (3.6), (5.15) to
find the trace over the spin variables, we find finally

AF ;= (28,+1) (28,+1)

XZ{ By(ps, p2) + 95, (8:H1) (8it) B (pss p2) }

3
PP
28,+1) (25,+1)

Xn‘(o) n(o) + ( 1

(P (p2) 1YV,

1
XZ { B (p,p2) — Z—Bz (ps, Pz)}
Py, P

xn () n." (p2) MM, (6.4)

where S|, = S, = 1. Integrating over the center-of-mass var-
iables we find from (6.4)

1 1

1

(6.5)

In the case when the colliding particles are identical
(single-component gas) f, = f,=/,, i.e. also 4, = 4,=A4,.
Then B, — B,/4= }{4, — A4,), i.e., can be expressed in
terms of the difference 4, — A4, which is very natural for
identical particles. We emphasize that at low temperatures
identical particles with odd total spin do not interact with
one another in the s-wave approximation f; =0, 4, =0.
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7. STRONG MAGNETIC FIELDS

When one lowers the temperature sufficiently there
may arise a situation when the external magnetic field can no
longer be considered to be weak in the sense that the crite-
rion #iy, H<T, k = 1,2 is satisfied. It is therefore of interest
to ascertain how the expressions obtained for the magnetic
resonance frequencies change in the case of arbitrary mag-
netic field strengths. We consider the case of arbitrary fields
using the example of a binary mixture of gases in which all
particles have spin one-half: §, =5, = 1.

In that case the polarization density matrix for each of
the components is linear in the spin operator and can be
written as follows:

) =3 (0" +n7) + () —n” ) S, (7.1)

wheren!* ' and n{ =) are the occupation numbers for particles
with spins oriented, respectively, parallel and antiparallel to
the direction of the external magnetic field. The quantities
n'*) are normalized to the total number of particles (per unit
volume) of a given spin orientation:

Z n'k(i) (p)= Nh(t)’ N’§+) +N)t_) =Nh-

(7.2)

One verifies easily that in the Boltzmann temperature range
where the gas molecules obey classical statistics Eq. (7.1) is
equivalent to the expression

ng =n" (1+20,8,M), aN,=N,""—N,”, (7.3)

wherea, is the degree of polarization of the k£ th component,
introduced in such a way that

M, =1, N, 30/2, (7.4)

and ¥ is the Maxwell distribution function (3.4) of the un-
polarized perfect gas.

As usual, we start with evaluating the contribution of
the interaction to the free energy of the system. Substituting
(7.3) into the virial expansion (3.2) we are led exactly to Eq.
(3.7)for §; = S| = . The free energy of the binary gas there-
fore contains as before only the scalar product of the magne-
tizations M, - M, and is described by an expression similar
to Eq. (2.1) for small M, and M,:

F=f,,(M,)+fo(M:) +MM./y,— (M, +M.)H—H*/8x, (7.5)

where f}, anf f5, are independent of the direction of the vec-
tors M, and M, while y;;' is given by Eq. (3.8) for
S, =S, = 1. Substituting (7.5) into the dynamic Egs. (2.2),
(2.3) we check that we get for the resonance frequency spec-
trum the earlier Eq. (2.10) in which, however, the quantities
M, , are by no means connected to the external magnetic
field through the relations M, , = y'o. H appropriate in the
weak field case, but are expressed in terms of H through Egs.
(7.4). Finally we get

N H
Y th L_

=vH,
O1 ’Y ! 2X12 2T ’

w,=yH — N=N,+N,, {i=v=".

(7.6)

At cryogenic temperatures T<#*/mr} the expression for the
new resonance frequency (7.6) takes on the simple and physi-
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cally obvious form

(7.7)

Ala,N H
ﬁ)z=“{H—n 7:2 th'Y—

2T’
which agrees with the results of Ref. 6.

8. CONCLUSION

There is a rather large class of gases whose molecules
possess paramagnetism even in their ground state. Among
the inorganic substances are the well known O, (ground state
term >3 ), NO (ground state term /7 ), and the triatomic gases
NO, and ClO, with total spin § = 1. As a result of recent
experimental achievements we can also regard spin-polar-
ized atomic hydrogen Ht as a long-lived practically stable
paramagnetic gas.>* There exists also a whole group of gase-
ous nuclear paramagnetics such as *He, HD, 0-H, (orthohy-
drogen, and p-D, (paradeuterium). The formulae obtained
earlier are, in principle, applicable to all these gases we men-
tioned. However, since quantum-mechanical corrections to
the free energy of the gas decrease as the temperature rises,
all effects will be most appreciable in those gases which con-
dense at the possibly lowest temperatures and then have an
appreciable saturated vapor pressure. Moreover, the rota-
tional quantum A, for the molecules of some of the above
mentioned gases turns out to be appreciably smaller than the
boiling temperature (even at the lowest pressures), so that the
rotational degrees of freedom of the molecules will be
strongly excited which leads to a strong coupling between
the electron magnetic moment and the rotational moment of
the molecule. This, in turn, greatly complicates the picture
of paramagnetic resonance and makes it difficult to identify
the phenomena considered in the present paper. For in-
stance, 4,,,(0,) = 2.1 Kand 4,.,(NO) =2.4 K.

Thus, for a distinct observation of the predicted effects
it is convenient to use various paramagnetic isotopes of hy-
drogen the molecules of which are characterized by large
rotational quanta which appreciably exceed the boiling tem-
perature: A4, (H,)=854 K; A4,,D,)=43 K;
4., (HD) = 64 K. However, since the mentioned hydrogen
isotopes, and also *He, are nuclear paramagnetics and the
range of the nuclear forces is appreciably shorter than the
size of the molecules, in collisions of different molecules the
nuclear wave functions overlap extremely little and the cor-
responding exchange interaction turns out to be vanishingly
small. A completely different situation occurs if identical
atoms are involved in the composition of the colliding mole-
cules. In that case exchange of whole atoms rather than nu-
clei is possible in the reaction zone of the order of molecular
dimensions. The exchange scattering amplitude will then be
given by the size of the molecules as to order of magnitude,
i.e., will be on an atomic rather than nuclear scale. Such a
situation may, for instance, be realized in two-component
mixtures of 0-H, and HD (identical H atoms) or of p-D, and
D, (identical D atoms). For these substances at 7'~ 10 K the
saturated vapor pressure corresponds to a density N, ~10'®
to 10" cm~3 so that estimates using Eq. (3.24) for |a,|~1
A lead to the following shift of the paramagnetic resonance
lines: |Awy |/@g ~1075 to 10~%.
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Another interesting object in which possibly similar ef-
fects may manifest themselves is spin-polarized atomic hy-
drogen H1 as after stabilization in a magnetic field due to
hyperfine interaction the gas is a mixture of atoms in differ-
ent spin states |@) = [t 1) —g|i 1), |b) =1 1), where 1
and 1 indicate the electron and nuclear spin z-components,
and ¢ is a mixture parameter, i.e., Ht can be considered to be
a peculiar binary gas. In this case two kinds of magnetic
dipole transitions are allowed: |a) — |d ) and |b) — |c),
where |c) = |1 1) + €|t 1),|d) =]l |). Theresonance line
corresponding to the transition |6 ) — |c) has been experi-
mentally observed.!® As different particles in a binary gas
one can consider the same atoms in the ground state and in
excited states which is realized in gaseous devices.

Quantitatively the effect of the resonance frequency
shift is particularly large in the case when one of the compo-
nents of a binary system is simply a gas of electrons the mass
of which m, is three orders of magnitude smaller than the
atomic mass. In that situation the ultra-quantal case is prac-
tically always realized, T<#*/mr}, and for a quantitative
description one can use Egs. (3.22) to (3.24) and (7.7) in the
limit of low-energy scattering. For instance, in the case of
weakly ionized gaseous Cs (one component is electrons and
the other neutral atoms) at T~ 10* K, N, ~N,~ 106 to 10"’
cm ™3, |a,| ~10 A'® we get for the additional resonance fre-
quency w,: |w, — YH |/yH~107°to 10~ *. In semimagnetic
semiconductors where the effect is caused by the scattering
of electrons or holes by paramagnetic point defects (impuri-
ties) for typical values of the densities of the carriers
N, ~10' to 10" cm 2 and of the defects N, ~ 10" to 10"
cm~3for T~10% K, |a,|~1 A, m*~10"2t0 10~ ' m, (m*
is the effective carrier mass) the quantitative size of the effect
|Aw, | /@y turns out to be of the order of 1072 to 107",

I express my gratitude to A. F. Andreev for an attentive
and useful discussion

APPENDIX

To obtain all virial expansions we used quantum-me-
chanical rather than classical formulae. We formulate the
criteria which allow us to establish how low the temperature
must be in order that it is necessary for us to use just the
quantum-mechanical approach. We perform all calculations
using as an example a gas with particles which repel one
anotherin accord with the law U = a/r" . When we consider
the interaction between the gas particles classically we can
evaluate the second virial coefficient using the formula'®

Bew= [ emar 2] 1{1- )
(A1)

The quantum-mechanical correction to the classical value
(A1) is given by the expression'®

£

— nﬁz dU z =U/T 2
S
nhin o\ Y 1
" 6mT (T) r (2—7)' (A2)

The ratio B, /B thus turns out to be of the order of
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(Ar/rr)* where Ay is the thermal de Broglie wavelength
from (3.25) and r; some characteristic distance at which the
potential energy of a particle is comparable to the average
kinetic energy of its thermal motion:

U(rr)=T. (A3)

It is clear that in a dilute gas r;- <N ~'/3. In general, in a real
gasry S T /P,(T ) where P,(T') describes the liquid-gas phase
equilibrium curve in the diagram of state. At sufficiently low
temperatures such that A, ~r; <N ~'/* it becomes neces-
sary to use a quantum-mechanical discussion to describe ef-
fects connected with the interaction between the gas mole-
cules.
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