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The phase transition of order 24 [I. M. Lifshitz, Sov. Phys. JETP 11, 1130 (1959)l is considered 
with account taken of the Fermi-liquid interaction of the conduction electrons. It is found that 
although the character of the transition does not differ from that described by Lifshitz, singular 
parts of the thermodynamic quantities must be renormalized. The electron-system stability, 
which is ensured by the Pomeranchuk inequalities [I. Ya. Pomeranchuk, Sov. Phys. JETP 8, 524 
(1959)], is not violated by a transition of order 24. 

INTRODUCTION the Fermi-gas term (which must be positive!) increases more 

phase transition of order 24 (PT-24) due to the rapidly than the Fermi-liquid term. This means that the Fer- 

change of the topology (connectivity) of the ~~~~i surface mi-liquid interaction does not "disrupt" the PT-24. There is 
(FS) has been attracting interest ever since it was predicted "0 apparent reason why PT-24 must of necessity be preceded 
by I. M. Lifshitz in 1960.' The experimental discovery of by a first-0rder 

electron-topological phase transitions of metals in elastic 
strains has apparently stimulated additional developments 
in PT-24 theory. Studies devoted to further development of 
the theory are listed in Ref. 2. We note in addition, two rela- 
tively recent papers. Vaks, Trefilov, and Fomichev3 investi- 
gated the behavior of electric resistance and of thermopower 
in PT-24, and Lifshitz, Rzhevski?, and Tribel'skii4 shed light 
on the character of propagation of nonlinear elastic waves 
near the transition. 

All the papers devoted to PT-24 theory and to the con- 
comitant phenomena always started out from the "gas" 
model, assuming that the band structure (the electron dis- 
persion law) does not depend on the electron distribution 
among the states. All that was taken into account was the 
shift of the chemical potential [, due to the change of the 
topology (connectivity) of the Fermi surface. The PT-21 is 
the result of an external action, say, application of external 
pressure, that changes the volume of the crystal, and conse- 
quently the size of the unit cell. The volume change, how- 
ever, leads not only to a change of the energy of each state, 
but to a self-consistent redistribution of the electrons among 
the states, and this in turn, according to the premises of Fer- 
mi-liquid theory, alters the energy of each state. The present 
paper is devoted to an elucidation of how this circumstance 
influences the PT-24. We shall show that theFermi-liquid 
interaction does not alter the character of the phase transi- 
tion, but particular parts of the thermodynamic quantities 
become renormalized. The requirement that the electron 
subsystem be stable imposes definite conditions on the Lan- 
dau matrix that describes the Fermi-liquid interaction (Po- 
meranchuk5). If it is assumed that these conditions are satis- 
fied for most electrons, the change of the connectivity of the 
FS cannot lead to violation of these conditions. The electron 
redistribution, whereby part of the electrons leaves the criti- 
cal region (or enters it) does not disturb the stability, since 

1. MODEL. INITIAL EQUATIONS 

Consider a system of N electrons that interact with one 
another and are located in a field of N, ion periodically ar- 
ranged in space. On the whole, the system is of course electri- 
cally neutral since the sum of the charges of the electrons and 
ions is zero (N = zi N, , where zi is the ion charge). 

A change A Vof the volume Vof the crystal changes the 
volume of the reciprocal cell (of the first Brillouin zone) and 
as a consequence changes the quasimomentum of each state 
(the number of states in the zone, which is determined by the 
number of crystal cells, is of course preserved). If it is as- 
sumed that the relative change of the crystal edges is the 
same (isotropy), the change of the quasimomentum p, of the 
state m is 

and the change of the energy E, of this state is 

A V  1 
Aem=gm--  + - zfm,mf An.,. 

N e m ,  

The vector m numbers here the states: 

p.= (2nii/L,) m,, p,= (2nAIL,) m,, 

m,, , ,  are integers, and L,, , ,  are the linear dimensions of the 
crystal. The first term describes the change of the energy of 
the state m as a result of the change of the quasimomentum 
and potential of the lattice (the lattice potential is changed 
because the volume change is accompanied by a change in 
the distances between the ions); the remaining terms (sum 
over m') are due to the redistribution of the electrons among 
the states and are described by the Fermi-liquid effect; f,,,. 
is the symmetric Landau correlation function (see Ref. 6), 
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An, is the change of the average occupation numbers, and z=y (V-VcT)/VcI 
N B  is the total number of states in the zone. Equation (2) 
contains no small parameters (other than AV/V), and the 
quantities g, and f, , ,. in it are of the order of the electron 
energy on the Fermi surface. Expression (2) formulates the 
model assumed here for the analysis. The model character of 
the approach consists in failure to establish the connection 
between the functions E, , g, , and f,,,. , a connection that 
must exist, inasmuch as for any choice of V the metal is 
described by a definite dispersion law E, and by a definite 
Landau matrix f,,,. (see § 4). The connection can be ob- 
tained in principle by considering the deformational interac- 
tion between the electrons and the lattice, but this question is 
not raised here. 

The change of the occupation number is determined by 
the changes of the energy, of the dynamic potential c, and of 
the temperature T: 

The electroneutrality conditions 

relate A V, A(, and A Tand makes it possible to calculate (dJ / 
dV), and (dc /dT), from (2) and (3). 

We shall need several thermodynamic relations7: 

Here Pis the pressure whilesand C ,  = Nc, are the entropy 
and heat capacity of the metal electrons: 

where v ( E ~ )  is the density of the electronic states on the Fer- 
mi surface.According to the PT-24 theory,' when the con- 
nectivity of the FS is changed the density of states v ( E ~ )  ac- 
quires a nonanalytic increment Av(z) that differs from zero 
from that side of the transition where the number of FS 
openings is larger. In the general case 

The parameter z = J - E,, , the distance from the chemical 
potential 5 to that energy E,, at which the topology of the 
equal-energy surfaces changes, describes the proximity to 
the PT-24: 

where mi* are the effective masses, i = 1,2,3 (when a new 
opening is formed, all the effective masses are of like sign, 
and when a neck is broken the sign of one effective mass 
differs from that of the two others.) In the "gas" theory1 of 
the PT-24, the equations that describe the anomalies of the 
thermodynamic characteristic contain a factor a and a phen- 
omenological parameter y that connects the change ofz with 
the change of the volume 

The approach employed here determines the parameter y. 
To transform in (2) and (4) from summation to integra- 

tion it is convenient to make the quasimomentum dimen- 
sionless (p-p, wherep, =px  a, /2& etc); the volume of the 
first Brillouin zone is then unity, the electron state is unique- 
ly determined by the quasimomentum p, and p is indepen- 
dent of volume. Leaving out the tilde over p, we have from 

AN=NB j An (p) d3p=0. (12) 

The integration is over the first Brillouin zone. We note 
that the elements of the symmetric matrix f (p,pl) in (lo), just 
as in (2), have the dimension of energy, so that they differ 
from the customary ones by a dimensional factor (cf. Ref. 6). 

2. ABSOLUTE ZERO TEMPERATURE (T=  0) 

Strictly speaking, the change ofthe FS topology leads to 
a PT-24 only at absolute zero temperature ( T  = 0). At a finite 
temperature all the thermodynamic quantities are contin- 
uous, although they do have abrupt anomalies.' It is there- 
fore natural to investigate in detail the case of zero tempera- 
ture. 

According to (5), to determine a singularity of the com- 
pressibility it is necessary to calculate with the aid of (10)- 
(12) the singularity of dJ /dV. We carry out the calculations 
first with the Fermi-liquid interaction neglected, i.e., we re- 
peat the results of Ref. 1 within the framework of the model 
(10)-(12). For the sake of clarity we confine ourselves to the 
case when a new opening is produced at V = V,, . Thus, at 
V + Vcr the FS has besides the main opening also a small 
(anomalous) one, in the general case an ellipsoid whose equa- 
tion is 

The quasimomentum is reckoned here from the point 
p = p,,, at which a new opening is generated. The critical 
value Vc, of the volume is given by 

It is convenient to reformulate the electroneutrality 
condition (12) as the condition that the volume of the total 
FS be independent of V: 

where amain ( V) is the volume of the main opening of the FS, 
and aan that of the produced anomalous one. Taking (1 1) 
and (12) into account, we can expand a,,,, (V)  in powers of 
A V and, using (13), obtain an equation from which we can 
determine dJ/dV by successive approximations with 
allowance for the anomalous term: 
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(main) ( main) 

The integration is over the main opening of the FS at 
V= V,,, dS is the surface area element, and v = M a p .  
Thus, 

dS dS 
=*, <g)= $ g(p)-/ $ T, (I6') 

V 
( main) ( main) 

As already mentioned, the employed model (2) determines 
the parameter and refines thereby the condition for the PT- 
24, viz., the transition takes place at 
yA V = ((g) - gc,)A V> 0. The singular part ofAaJ/dVcan 
naturally be related to the singular part of the density of 
states (9): 

2 Vcr dS 
v,,=- - 

(2na)3 $ 
(main) 

Let us stress a number of circumstances: 1) Eqs. (16) and (17) 
contain the difference (g) - g,,; this means that the point 
from which the electron energy is reckoned is immaterial; 2) 
although the effective masses in (13) depend on V, only the 
volume dependence of the critical energy E,, is substantial in 
the approximation employed; 3) finally, if the PT-24 is 
caused by a break of the neck, Eq. (16) remains in force (when 
determining m* it must be recognized that sgn m:m:rn: 
< 0, i.e., 

The purpose of the present section is to show how the 
coefficients in (16) and (17) are renormalized on account of 
the Fermi-liquid interaction (the dependence on A V/V is 
preserved). To this end we analyze anew the consequences of 
(16), taking into account relations (10) and (12) which (we 
emphasize this) are defined at all points of p-space (and par- 
ticularly near the place where the new opening is formed). 
The main technical complication that arises here is that the 
term of (15) which is due to the main FS opening also con- 
tains an anomalous part (the matrix f (p,pl) leads to a connec- 
tion between different points of p-space, the usual ones and 

those close top,, ). As is customary in Fermi-liquid theory, it 
is convenient to work with infinitely small changes (with the 
differential S V and 65 ) rather than with finite increments 
(A V,A J ). According to ( 15), 

6Qmain+6Qan=O. (15") 

It is convenient to introduce the function SE = SE ($,{ ), 
specified by the equality 

which describes the change of the FS with change of volume 
(6 is a two-dimensional coordinate on the FS). The change of 
variables p, L-tp introduce a new infinitely small function 
S[ (p) = 88 (fi,J ) that defines at each point of p-space a shift 
equal to S[(p)v/v2. The shift has a physical meaning only 
when the point p is on the FS. From( lo), (1 I), and (18) we 
obtain the integral equation 

which is conveniently solved by introducing two functions 
u(p) and w(p) that satisfy the following equations: 

Then 

R(P) =u(P)GVIV+W(P)~%. (21) 

When integrating in (19) and (20) we must take into account 
the formation of a FS opening whose dimensions depend on 
S V/ Vc, . As a result of this the functions u(p) and w(p) contain 
nonanalytic terms 

even if p belongs to the surface of the main zone 

u(p) =uo(p) +ui (P),  w(p) =wo(p) +Wi(P). (22) 

Actually, separating in (20) the interaction over the surface 
of the newly produced zone, we have 

(main) 

Hence 

uo (P) dS' uo (P') -g (P) I wo (P) I + 9 a f ( p p f )  I ,o I = I 1 I (24) 
( main) 

and 

=-i(p,pcr)2n[2m*(~,,) l L [ t ( ~ ) - e c . ( ~ )  11" I UO(P-y) I . 
Wo (PC,) 

(25) 
The matrix element f (p,pc,) contained in (25) connects p- 
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space points belonging to different openings and has in gen- 
eral no special small quantity. 

We write the formal solution of Eqs. (24) and (25) by 
introducing an operator Z! defined with the aid of the main 
opening of the FS 

UO(P)=-G{~(P)I ,  WO(P)=Q{II (26) 
and 

The factors uo(pcr ) and wo(pcr ) are determined directly from 
(24) and (26) at p = pcr . 

We now specify concretely the differential electroneu- 
trality condition (1 5 "): 

" V 
( main) 

v cr 

dS 
- wi (p) d 6 ,  (28) 

V 
(main 1 ( maln) 

Leaving out the anomalous terms of (28), we obtain from it 
the Fermi-liquid generalization (16'): 

V 
(main (mam 

which in turn makes it possible to determine the structure of 
the argument of the anomalous term: 

If we neglect the Fermi-liquid interaction, we have 

(see above). Expression (27) contains the integral 

(main) 
A 

Owing to the symmetry of the matrix f (p,pl), the operator G 
is self-adjoint. Therefore 

dS 
I =  $ T f ( ~ , ~ K p ) G { l }  

( main ) 

= $ +f(P.P,r)wo(P)=l-wo(Pcr).  
(main 1 

The last equation was obtained by permuting the arguments 
o f f  ( P ~ P C ,  1. 

We now gather all the anomalous terms of (15"). With 
the aid of the preceding formula and (3 1) they can be written 
in the form 

whence 

(main 1 

We see that the Fermi-liquid interaction renormalizes both 
the parameter y and the coefficient preceding $ ' ' ( 6~ /  
v,,)'~'. An important role in the renormalization is played 
by the circumstance that the change of the shape of the main 
FS depends on the parameters of the Fermi-liquid interac- 
tion. Since the singular part of a[ /aV depends in essence on 
the anomaly of the density of states, the result is not changed 
if the PT-24 is produced not via formation of a new zone, but 
via breaking of a neck (in this case m* = Im,m,m,l'13). 

We have purposely gone into so much detail in the deri- 
vation, to show the following: knowledge of the dispersion 
law at V = V,, , of g(p)  meaning also of gcr , of the Landau 
matrix, as well as of the solution of Eqs. (24) makes possible 
calculation of all the expressions in (32) (the values of uo(p) 
and Wo(p) are obtained by integrating with over the FS at 
v=  Vcr). 

As seen from a comparison of (32) and (16), the charac- 
ter of the transition remains unchanged. With the aid of (5) 
we easily obtain the singular Dart of the compressibility 

(main) 

Owing to the factors that include wo(p), a definite sign of 
AdP /aV is no longer an inevitable consequence of the posi- 
tiveness of the anomalous part of the density of states (9). 

3. FINITE TEMPERATURE (Tf 0 )  

At a finite temperature the singularities due to the 
changes of the connectivity of the FS become smeared out, 
but the existence of a critical chemical potential or proximity 
to it is felt, naturally also in the temperature dependence of 
the free energy. At Izl%T, when the temperature plays the 
least role, the electrons of the metals constitute the usual 
Fermi liquid-in the sense that the temperature-induced in- 
crement to the free energy from a large number of FS open- 
ings is proportional'' to (T/lzI2); this, naturally, can be de- 
duced also from an analysis of Eqs. (1 1) and (12). 

To calculate the temperature dependence of the singu- 
lar part ofa thermodynamic quantity it is necessary to gener- 
alize expression ( 18) and (2 1) as follows: 

Using an expansion of a system of integral equations similar 
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to (20) in powers of T/z, as well as Eqs. ( 6 )  and (7), we obtain 
expressions for A (dP /dT ) and A C, . The normalization of 
thelatter, due to the Fermi-liquid interaction, coincides with 
the renormalization of AdP /dV (cf. (33) with Eq. (1 3.10) of 
Ref. 7). The quantities (dP/dT), and ACv/T are the most 
suitable for the analysis of the experimental data. 

At those values ofz at which the number of openings is 
smaller, the anomalous part of the temperature increment is 
exponentially small and the principal role in the temperature 
dependence of F is assumed by the term due to the main 
opening of the FS. 

At relatively high temperatures (Izl (T) ,  the most inter- 
esting case is z = 0, i.e., E~(V,,) = ~(v,,). The existence of a 
critical point p,, (a conical point on the main FS or a point at 
which a new FS opening is created) manifests itself in the fact 
that the temperature dependence of F contains terms with 
fractional powers of the temperature. As a result, in particu- 
lar, the linear term of the expansion of the electronic heat 
capacity in terms of temperatures should be proportional to 
T 3 / 2  (and hot T as in the usual case). This fact is not connect- 
ed directly with the Fermi-surface interaction between the 
electrons. It takes place also in the gas approximati~n.~ 

4. CONCERNING THE STABILITY OF THE FS NEAR A 
TRANSITION OF ORDER 21 

In the phenomenological approach used here it is strict- 
ly speaking impossible to examine the stability of the FS. 
Indeed, the entire approach is based on the fact that at each 
value of the volume V (particularly also at V = V,,) there 
exists a stable structure [having a dispersion ~ ( p )  and a corre- 
lation Landau matrix f (p,p')] that generates a definite FS at a 
fixed value of the number of electrons. In such an approach, 
of course, it would be necessary to spell out the conditions 
(that generalize Pomeranchuk's results5' imposed on the ma- 
trix f (p,pl) at an arbitrary shape of the FS. In the general case, 
to our knowledge, no such conditions were derived. We re- 
peat, however, that we must assume that these (unknown) 
conditions hold. There remains still the following question: 
does not the approach to the PT-24 favor the violation of the 
stability conditions? Or more accurately: should not the sta- 
bility conditions be certainly violated as V-rV,,? It can be 
verified that they should not. Indeed, the stability conditions 
stem from the requirement that the energy increment SE of 
the Fermi-particle system be positive when the FS is de- 
formed (we confine ourselves, as in Ref. 5, to T = 0): 

where Sn(p) = - 1 at those p-space regions from which the 
electrons "departed," and Sn(p) = + 1 in those regions in 
which they "arrived." Assuming the deformation on the FS 
to be small, the displacement of the FS can be represented in 
the form 8,y ($), where 94 1 andx ($)is a function specified on 
the FS and satisfying the neutrality condition 

The functional (35) can be recast in the form 2) 

If JX ($)I - 1, the existence of an anomalous zone (or of an 
anomalously small distance between the FS openings in the 
case of neck breaking) cannot change the sign of the inequa- 
lity, since the contribution of the critical region (near p,,) is 
small ( cc Izl1/2), and the conditions imposed on f (p,pl) do not 
contain a special small quantity. 

There may be danger in functions ,y (6) for which the 
neutrality condition (34) is satisfied on account of a redis- 
tribution of the electrons between the main and anomalous 
zones, so thatx,, a lzl -'I2. It can be seen, however, that in 
this case the first (gas) term in (37), which is certainly posi- 
tive, diverges like 1z1-'I2, while the second (Fermi-liquid) 
term remains finite. Consequently such a perturbation can 
likewise not upset the stability. Of course, the entire reason- 
ing is valid if the matrix f (p,pl) has no singularities at V = V,, 
(see above). An analogy can be discerned in this analysis with 
that of the singularity of the conductivity in a PT-24 (Ref. 3): 
the mean free path for scattering by defects contains an irreg- 
ular term A 1 UJ lzl ' I2  due to the singularity of the density of 
states (the singularity of the matrix elements of the transition 
can be disregarded here). 
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"As always, the denominator of the expansion in temperature contains the 
distance from E, to the nearest critical energy E,, , i.e., E, - E,, = z. 

''The Landau function is normalized in a different manner in Eqs. (35) and 
(37) (see end of 4 1). 
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