Pressure of a gas of fast charged particles that diffuse in a medium

with a stochastic magnetic field
V. S. Ptuskin

Institute of Terrestrial Magnetism, Ionosphere, and Radiowave Propagation, USSR Academy of Sciences

(Submitted 16 June 1983)
Zh. Eksp. Teor. Fiz. 86, 483—486 (February 1984)

The force exerted by a collisionless gas of fast charged particles on a medium with a frozen-in
random magnetic field is calculated in the diffusion approximation.

1. INTRODUCTION

The motion of fast charged particles (cosmic rays) that
do not experience Coulomb collisions in cosmic plasma can
frequently be treated in the diffusion approximation. The
spatial diffusion is due here to scattering of particles that
interact with random electromagnetic fields. The first exam-
ple of a consistent calculation of the diffusion of cosmic rays
was that of Dolginov and Toptygin." It was assumed that the
scattering was by random magnetic-field inhomogeneities
“frozen” in the infinitely conducting medium.”

The energy density of fast particles in outer space can be
relatively large. Thus, in the interstellar medium the energy
density of the cosmic rays is of the order of the energy den-
sity of the magnetic field and of the energy density of the
turbulent motions of the medium. This raises the question of
the dynamic action of the fast particles on the cosmic plas-
ma. In those cases when the spatial scale of the correspond-
ing slow hydrodynamic motions of the medium is high com-
pared with the transport range of the fast particles, it seems
natural to use the concept of ‘““fast particle pressure”
P =1 fd’pufy (folt,r,p,) is the isotropic part of the fast-par-
ticle momentum distribution) and to introduce a corre-
sponding force density — VP into the equation of motion for
the continuous medium. This approach was used without a
rigorous basis, in particular, in problems on the dynamics of
the galactic wind,* the interaction of cosmic rays with solar
wind,® propagation of long MHD waves in the interstellar
medium,® and the stability of the galactic halo.’

This paper is devoted to a calculation of the density of
the force exerted by a gas of fast particles on a continuous
conducting medium with a frozen-in random magnetic field.
What is specifically calculated is the quantity

f=71<[ai,xch,]>; (1)

here &j is the fluctuating current connected with the pres-
ence of arandom field in the medium; 8§ H_, are the magnetic
field fluctuations due to the fluctuating current of the scat-
tered fast charged particles. The averaging is over an ensem-
ble of random magnetic fields. It turns out that under condi-
tions of applicability of the diffusion approximation for the
fast particles the force density (1) actually reduces to a pres-
sure gradient f= — VP, so that the formally introduced
pressure of a collisionless gas of fast particles can be used in
the equations of motion of a continuous medium. No addi-
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tional conditions, other than validity of the diffusion ap-
proximation, are needed in this case.

2. FLUCTUATION OF A CURRENT OF FAST PARTICLES AS
THEY DIFFUSE IN A RANDOM MAGNETIC FIELD

We consider the motion of fast charged particles in a
medium with a static random magnetic field H(r)((H) = 0)
whose correlation scale is much smaller than the particle
gyroradius: L €ry. The fast-particle distribution function
f(z,r,p) satisfies the equation

0

of 9,

ot op
where ¢ and v are the particle charge and velocity.

The condition L. €ry allows us to regard the last term
of the left-hand side of (2) as a perturbation and to use the
methods of the theory of a weakly turbulent plasma® (see also
Ref. 9). Putting

f=<+6f,

we find?

+ (V) f+g [—Z—xH] 2)

6f>=0, <>>|8f], (3)

8f(t, e, p)= [ dts Hi(x—v(t—t) ) DL (8,1, ),
(4)

and obtain an equation for the averaged slowly varying dis-
tribution function

P Iat+ (V)P =D;M DL (L, 1, p), (5)
where
My= j dtoCH; () Hi(r—v (t—10) ) ). (6)

—o0

For a statistically isotropic and homogeneous random field
with a Gaussian correlation function’

<H* 9% 9
CH;(r1) Hi(r:) > =Bu(x) = 12 ( dx; 0xs O oz, 0z, ) (),
(7)
® (z)=L.* exp(—2*/L?), (8)
where x =r, — r,, we obtain
no¢He )
Mji=l<_}1£°_(5ﬁ+”1_”‘). 9)
12 v v

Equation (5) with account taken of relation (9) takes the form
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apH n'k
—+ Y =——(H*L.Dw"D;
3t (vW)<{f D LDv'DL

(10)
(a similar equation was obtained in Ref. 1 by another meth-
od). The particle scattering described by the right-hand side
of (10) leads to isotropization of the distribution fanction
( f') after a certain characteristic time 7. The evolution of the
function ( f) over a scale R>v7 and over a time T >7 can be
described by the diffusion equation.
We write the distribution function in the form

(L r, p)=fo(t, v, p)F+307VI(¢, x, p), (11)
where the second term in the right-hand side of the equation
describes the weak deviation of the function ( ) from iso-
tropic. From (10) we obtain an equation for the isotropic part
of the distribution function f,= fdf2 (f)/4r and an
expression for the diffusion flux J (see Ref. 1):

dfs/0t—V %V f,=0, (12)
J=—%Vf.. (13)

The diffusion coefficient is equal to
w=2c*p*v/n"q*L CH*. (14)

From (4), (11), (13), and (14) we find the current connect-
ed with the fast-particle functions that diffuse in the medium
with the random magnetic field

(8jcr)=q [d'pv:df(tr,p)

=— (6c/n"LCH) f dv f &p puilvV 1foHl, (r—v1).  (15)

3. FORCE ACTING ON THE MEDIUM

To calculate the force (1) we must find the magnetic
field 6 H, (z,r) due to the fluctuating cosmic-ray current
8jc. (t,r). Since the current (15) varies relatively slowly in
time, we can use Maxwell’s equations in the quasi-stationary
approximation:

4nc'8j=rot 6H,,, VOH,=0.
Using the Fourier transform

(16)

8jer (2, k) = j &r e~ 8j., (¢, 7),

we obtain from (16) and (15)
(6H,,),(t, k)
24n"i

L <Hz>kz'jdrj d’p plkv],[vV ], e foH, (k).
: ° (17)

The current density &j in (1) is obtained from the equa-
tion
8j=(c/4n) rot H, (18)

where H is a random magnetic field with a correlation func-
tion (7), (8).

With the aid of (17) and (18) we determine the density of
the force acting on the medium:

1
—<[8j,%6H,,]>,
c
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3 ) :ik )
— L ([T A psenn 5 (ki) x 8B, () 1)
¢ H

2n)* (2m)*

6 = &k, dk, _
— d d3 i(k+ky)r
n"’L¢<H2>;" <ff (2n)* (2n)3§ pe P
[k Xv
T

x(ThoXHL () ], s Je [y sV oo B, (k) V=-ver,

(19)
where P = ( d *ppuf;,.
In the derivation of (19) we used a relation that follows
from expressions (7) and (8)

<H,(k,) H,(k;)>

EL?

n* " kyky,
= 33 e
3 (H®L, exp{ 7

( 601_ klz

) (27) %6 (ky+ky).
(20)
4. CONCLUSION

The main result of the foregoing calculation is that un-
der the condition when the diffusion approximation is valid
the pressure of the fast charged particles is transferred to the
medium via interaction of currents that are due to the pres-
ence of a stochastic magnetic field in the conducting medium
and of a random magnetic field due to the fluctuations of the
scattered fast particles.

If the medium moves, the pessure force does work. The
corresponding power in the case of nonrelativistic motion
with velocity u isequalto — u-VP. Wenote thatin Ref. 10 an
analysis of the transport of the energy density of cosmic rays
that diffuse in a medium with a frozen-in random magnetic
field has established that the energy is transferred from the
medium to cosmic rays with a power u-VP per unit volume,
in full agreement with the calculation above. A microscopic
calculation of the force acting on a gas of fast particles
should consist of a calculation of the force density
¢~ Y([6j. X H]) (H is the random field), which is equal, apart
from the sign, to the force (1) acting on the medium.

The author is indebted to the participants of the se-
minar headed by A. V. Gurevich for a discussion of the
work.

YAn interesting example of later investigations in this field is that of
Vainshtein and Kichatinov.? Hydrodynamics of a plasma with infre-
quent Coulomb collisions in stochastic fields was considered by Gure-
vich et al.?

YIntegration of (4) from a lower limit — oo presupposes adiabatic turning-
on of the field H.
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