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The dependences of the resistance of bismuth films of thickness 50-1500 A with resistance per 
square 40-6500 R on temperature T = 0.2-20 K and magnetic field (H up to 60 kOe) have been 
measured. The observed anomalous behavior of the resistance is interpreted in terms of the 
theories of "weak" localization and electron-electron interaction in two-dimensional disordered 
systems. Values of characteristic times for scattering mechanisms determining the magnitude and 
sign of the quantum correction to the resistance are obtained. The observed peculiarities of the 
effects in low-resistance films are accounted for by a change in the effective dimensionality of the 
specimens. 

PACS numbers: 73.60.D 
I. INTRODUCTION cause of the strong spin-orbit interaction, in semimetals of 

There have recently been theories of the physics of dis- the bismuth type. 

ordered systems which predict an anomalous behavior of the Results of studying the WEL and EEI effects in the 
kinetic properties of weakly disordered metals (mean free conductivity of thin bismuth films are   resented here. A 
path of the electrons exceeding the de Broglie wavelength: Summary of theoretical results appropriate for discussing 

l>A 1. the results obtained, is given in the following section. 

Due to interference between the electron wave packets, 
there is an addition to the residual resistivity of the metal for 
elastic scattering by impurities and statistical structural lat- 
tice defects (the theory of weak localization (WEI)'.') The 
presence of impurities in the system also leads to an increase 
in electron-electron interaction and to the appearance of a 
quantum correction of a different kind to the conductivity 
(the theory of interelectron interaction (EEI)3,4). 

The magnitude of the correction to the conductivity in 
WEL theory depends on the characteristic times for various 
electron scattering mechanisms. The time for loss of phase 
coherence T, of the interfering waves is determined by the 
times for inelastic scattering T, and for elastic scattering by 
paramagnetic impurities with spin reversal, T, . Scattering by 
impurities for which electron spin reversal takes place due to 
spin-orbit interaction (time T,,) plays a special part. Not 
only the magnitude, but also the sign of the correction to the 
conductivity in WEL theory is connected with this mecha- 
n i ~ m . ~  

In the absence of spin-orbit interaction, electron local- 
ization leads to an increase in resistivity with decreasing 
temperature. A magnetic field destroys the interference, as a 
result of which a negative magnetoresistance arises. Strong 
spin-orbit interaction (T,, (7,) changes the sign of the inter- 
ference correction to the conductivity; the "antilocaliza- 
tion" effect" appears; the sign of the magnetoresistance then 
changes. 

Up until now the study of quantum corrections to the 
conductivity of thin films has been carried out on films of a 
number of metals (for example, Refs. 7 and 8), on semicon- 
ductor9 and semimetal films."-l4 In semiconductors and se- 
mimetals the feature of the WEL and EEI effects consists of 
an appreciable change in the resistivity of these films. Inter- 
est in semimetallic films is explained, in addition, by the pos- 
sibility of observing the "antilocalization" phenomenon, be- 

ll. THE MAIN RESULTS OF THE THEORIES OF WEAK 
LOCALIZATION AND INTERELECTRON INTERACTION FOR 
THE TWO-DIMENSIONAL CASE 

If the thickness of the film satisfies the condition 
d(L, = (DT,)"~ (D is the diffusion coefficient), then the 
temperature and magnetic field (perpendicular to the film) 
dependences of the interference correction to the conductiv- 
ity have the 

ARo (TI e2 e2 
Aoo (T) =- = -a-In~~(T)=ap-InT,'(l) 

fin2 2n2A 2n2A 

Here a, is the conductivity of a square film, y = 4DeH /cfi, 
and 

In x+Y (i/Z), x> I 
f2  (x) =In xf Y (i/,+l/x) = 

x2/24, SKI '  

where !P ( x )  is the logarithmic derivative of the gamma func- 
tion. It is assumed in Eq. (1) that T, - T P P .  The relation 
between Aa(H ) and A R (H ) in Eq. (2) is valid for a small Hall 
conductivity (a,,, (a,,). This condition is realized in bis- 
muth films because of the existence of two types of current 
carriers. The coefficient a in Eqs. (1) and (2) characterizes the 
spin-orbit interaction and takes the values 1 for T, (T,, and 
- 1 /2 for T,, (T, . 

The parallel magnetoresistance is appreciably less than 
the perpendicular, depends on the film thickness, arises in 
much stronger fields and is independent of the orientation of 
the field Hli relative to the measuring current:I5 

L, is the magnetic length. 
In a sufficiently high perpendicular magnetic field 
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(L, (L, ), the minimum length for loss of phase coherence 
becomes L,, and the change in L, with temperature does 
not lead to a change in a,. A strong magnetic field thus 
suppresses the temperature dependence of the interference 
correction. This fact will be used later to separate out the 
WEL and EEI contributions to the Aa,  ( T )  dependence of 
bismuth films. A parallel magnetic field acts on the Aa,  ( T )  
dependence in a similar way. 

The two-dimensional case is realized in the EEI theory 
for d(L, = (Dfi/kT)lf2. The correction to the conductivity 
due to interelectron interaction then depends on T i n  the 
following way:16 

e2 {[i - $ F ] l n  TT-ln-- Aoo ( T )  = - 
2n2fi In (T,'/T) 

e2 3 -[I - - F - g ( ~ ) ]  In T r ;  
2n2fi 4 

F is an interaction parameter in the particle-hole channel 
with total spin J =  1; T is the momentum relaxation time; 
k T r  = E~ exp( - I)/&) is the effective critical temperature 
for the normal metal; ;lo < 0 is the bare interaction constant; 
g(T) = [ ln(Tr/T)]  -'(I is the interaction constant in the 
particle-particle channel. 

It can be seen from Eq. (4) that the temperature depen- 
dence of the corrections to the conductivity in the WEL and 
EEI theories have the same logarithmic form. The magne- 
toresistance in the EEI theory becomes appreciable in the 
region of fields satisfying the condition L, (L,, g L p H /  
k 7 b  1 (g, is the Land6 factor andp the Bohr magneton). The 
values of the fields concerned exceed the value of a high field 
for the WEL theory (L,(L,). In the region L,(L,, 
gLpH /k- 1 the magnetoresistance in the EEI theory de- 
pends on H in the following way:4,16 

DeH 
nckT 

with the first term independent of field direction while the 
second is determined by the component of field normal to 
the film. 

In the EEI theory a strong magnetic field does not com- 
pletely suppress the temperature dependence of a, : 

AoO ( T )  = - ea ( I - $ ) ~ ~ T .  
2nZA (6) 

for L, (L,, gLpH / k -  1. The Maki-Thompson contribu- 
tion is absent in Eqs. (4) to (6) as it can be considered small 
due to the smallness of the parameterp (T) for a normal met- 
al: f l ( T ) ~ g ' ( T ) ( l . ~ '  

We should note that strong spin-orbit interaction does 
not change the sign of the correction in EEI theory, but re- 
duces the contribution from terms describing the interaction 
in the electron-hole channel with total spin 1 (terms propor- 
tional to the constant F). This influence is appreciable for f i /  
T,, > kT, gpH.16 

Ill. EXPERIMENTAL RESULTS AND DISCUSSION OF THEM 

The bismuth films were obtained by thermal deposition 
of pure (99.9999%) bismuth in a vacuum of 10-5-10-6 Torr 

onto a mica substrate at T = 300 K. The thickness of the 
"thick" (500-1500 A) films was measured with a MII-9 in- 
terference microscope, and the thickness of the "thin" (50- 
500 A) films was estimated from the known rate of deposi- 
tion. The Bi films were textured polycr,ystalline specimens 
with the C, axis along the normal to the surface. The geome- 
try of the films was: width 1 mm, distance between potential 
leads 5 mm. The resistance was measured by a four-lead ba- 
lance method with 20 Hz alternating current. The voltage 
along the specimen was 1 to 10 mV, the sensitivity of the 
apparatus AR / R  - 

Films with resistance per square in the range R , = 40- 
6500 l2 were studied; the value of R , decreases as the film 
thickness is increased. 

1. Results of measuring "high-resistance" films ( R a  = 150- 
6500 0) 

a) Measurement of the temperature dependence of resistance 

In all the films an increase in resistivity with decreasing 
temperature was observed in the temperature range 1.5-6 K. 
A minimum was observed on the R ( T )  curve in the region 
T >  10 K for films with thickness less than 400 A. This mini- 
mum was not observed for films thicker than 400 A. The 
natureofthe R ( T )  curve for T >  10 K is evidently determined 
by the complicated form of the temperature dependences of 
the carrier concentration n and of the mobility p in Bi films1' 
and was not studied in detail by us. 

The experimental variation in the temperature range 
1.6-6 K is well described by the logarithmic law 

Most of the measurements were carried out over this tem- 
perature interval. Measurements were carried out2' over the 
wider temperature range 0.2-5 K for several specimens to 
check the logarithmic form of the R ( T )  dependence. It also 
held for T< 1.5 K (Fig. 1). 

It was found that the increase in resistivity AR, was 
proportional to the values of R (independent of the film 
deposition conditions and their thickness). The slopeA of the 
AR , (T )  plot changes little as R , changes from 150 to 6500 
l2 (Fig. 2) and on the average A ~ 0 . 4 .  The constancy of the 
coefficient A means that the anomalous increase in resis- 

A R I R ,  relative units 
I 

FIG. 1. Temperature dependence of resistivity of a bismuth film 
(R . = 100 0 ). The dashed straight line is produced by the least squares 
method. 
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law for the variation of T, with temperature: T, a T- I.'. 

Mechanisms for phase destruction which lead to such a vari- 
ation will be discussed below. 

FIG. 2. Dependence of the gradient A of the logarithmic temperature 
dependences (Eq. (7)) on the resistance of the film per square. 

tance cannot be considered a manifestation of the Kondo 
effect, which is an exchange effect and for which Ap,(T) 
a-1nT. The magnitude of A would then change by about an 
order of magnitude as R . changed 40-fold. 

The effects of WEL and EEI can be considered to show 
up additively for small corrections to the resistivity: 
A = A  ,,, + A  .., . In order to separate their contributions, 
the temperature dependence of R , was measured in a mag- 
netic field which should suppress the WEL contribution to 
AR , ( T )  for L, (L, . Under the experimental conditions 
(H JIG,, H < 5 kOe) the strong-field criterion for EEI theory is 
not satisfied sinceg,pH/kTS 1, L,/L, S 1 forD- 10 cm2 
sec-'. A magnetic field should therefore not change the tem- 
perature dependence of the EEI contribution appreciably. 
An enhancement of the AR (T)  dependence was found ex- 
perimentally" on increasing H,, with the coefficient A 
reaching a plateau at AH =. 1. An increase in A is also ob- 
served for a parallel field H ,, (Fig. 3). 

It follows from the results that the contribution of the 
WEL effect at H = 0 is negative, i.e., the "antilocalization" 
case is achieved (a = - 1/2, T,, 4 ~ ~ ) .  The value of the pa- 
rameter A at saturation, determined by the effect of interac- 
tion (Eq. 4), is AH = 1 - 3/4F - g(T). It follows from the 
value obtained, AH = 1 that g(T) =.O. It  cannot then be con- 
cluded that the parameter F i s  small, since the term propor- 
tional to F can be absent from Eq. (4) at F # O  in the case of 
strong spin-orbit interaction (NT,, )kT). The value of T,, in 
the films studied was determined from results on magnetore- 
sistance, to be discussed below: T,, - 3 X 10-l3 sec. This in- 
dicates that the last inequality is satisfied in the experiment. 

By taking into account that AH - 
= a p  = - 0.6 and a = - 1/2, we find thatp = 1.2 and the 

FIG. 3. Saturation of the temperature coefficient A in perpendicular and 
parallel magnetic fields (R , = 200 f2 ). 

b) Measurement of magnetoresistance 

A positive magnetoresistance with an anomalous de- 
pendence on H (close to logarithmic in sufficiently high 
fields)lOwas observed for all the films studied. The sign of the 
magnetoresistance corresponds to the WEL effect (Eq. (2)) 
for a = - 1/2 (this value ofa  was determined from the tem- 
perature dependence of the resistivity). Using Eq. (2) to 
evaluate the results obtained in a field up to 5 kOe for the 
case when T,, (T,, LH<LT9 showed that they are well de- 
scribed by the theory. The experimental value a=  - 0.45 
agrees with the theoretical a = - 1/2. 

Measurement of the angular dependences showed that 
the magnetoresistance of the films is of two-dimensional 
character. It is mainly determined by the component of field 
normal to the film, H, (Fig. 4). 

The perpendiuclar magnetoresistance can thus be inter- 
preted as a manifestation of the WEL effect for strong spin- 
orbit coupling. The contribution of the EEI effect (Eq. (5)) is 
small because of the small g(T), confirming the results of 
measurements of the temperature dependence of resistivity. 
The isotropic component of magnetoresistance (the first 
term in Eq. (5)) in bismuth should be noticeable because of 
the large value of the g, factor: the spin splitting gLpH- 4 
meV for H = 50 kOe, H IIC, (the parameters of bulk Bi are 
used19). The conditiong, pH / k n  1 could therefore be satis- 
fied under the experimental conditions. However, the strong 
spin-orbit interaction (fi/r,, - 2 meV) smears out the singu- 
larity in the electron density of states2' and suppresses the 
correction to the conductivity (Eq. (5)) associated with it. 
This fact also agrees with the results of our tunneling experi- 
ment, in which it was not possible to observe singularities in 
the electron density of states in Be films at distances 
+ g, pH from the Fermi level. 

The parallel magnetoresistance of the films was positive 

4 R / R  , relative units 
( HgooIH, 

FIG. 4. Dependences of the resistance of a Bi film (R , = 240 f2 ) on the 
strength of a magnetic field at an angle a to the surface of the film. In the 
inset Ha is the field strength corresponding to a fixed value of AR 
(AR (Ha ) = AR (H,,. ) = const); full line-the dependence 
H,,  = H a  sina, characteristic of the two-dimensional situation. 
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and appeared in larger (compared with the perpendicular 
magnetoresistance) magnetic fields. Its value was the same 
for longitudinal and transverse configurations (HI11 and 
H l I ,  I is the current in the specimen). There is, however, 
considerable difficulty in comparing experiment with theory 
(Eq. (6)) since the residual contribution to the magnetoresis- 
tance, connected with H being off-parallel, and also the ef- 
fect of the classical size effect have to be taken into account. 

Equation (2) in the WEL theory is given for the limiting 
case of strong or weak spin-orbit interaction. In the interme- 
diate region the following expression5 is valid: 

According to Eq. (8) the positive magnetoresistance in large 
fields should have a maximum and a change of sign in the 
dependence for yr; > 1. The position of the maximum de- 
pends on the ratio of the times T, and r,, . Measurements of 
the perpendicular magnetoresistance were carried out in 
fields H up to 60 kOe and over a wider temperature range, 
T = 1.5-20 K, in order to obtain information on the magni- 
tude of T,, . The experimental curves agree much better with 
the full expression (8) than with the asymptotic Eq. (2). A 
series of experimental field dependences at various tempera- 
tures is shown in Fig. 5 for Bi films. The dashed, theoretical 
curves from Eq. (8), are obtained by varying two parameters: 
L, = ( 0 ~ ~ ) " ~  and L ,* = (0r,*)lt2. The difference between 
the experimental and thoretical curves at high fields is pro- 
portional to H 2. From this, the addition to the WEL effect 
can be considered to come from the classical magnetoresis- 
tance and the value of the carrier mobility can be estimated 
from the compensated semimetal model. The value o fp  for 
the series of curves in Fig. 5 is - 150 cm2/V sec. The value 
0 - 3  cm2/sec can be estimated from the Einstein relation 
and the T, (T )  and rs0 (T)  dependences can be found. The val- 
ue 3 X 10-l3 sec is obtained for T,, , independent of T, invar- 
iant as the film is degraded (increase is resistivity) and is the 
same for films fo different thickness. These properties are a 
confirmation of the correctness in determining the value of 

FIG. 5. Dependence of the resistance of a Bi film on the strength of a 
perpendicular magnetic field at different temperatures. Dashed lines- 
theoretical dependences (Eq. 7); R . = 5.7 K R. 

FIG. 6 .  Dependence of the time of loss of phase coherence r, on tempera- 
ture for a Bi film (R, = 5.7 K R ). The dashed line corresponds to the 
relation r, or T -', the full line to r; ' = aT + bT2.  

The r,(T) dependence in the temperature range 
T = 1.6-4 K agrees with the dependence found earlier1' by 
analyzing the results in fields H < 10 kOe, without taking 
account of T,, (T, cc T - I )  and with the results given above of 
analyzing the A R ,  ( T )  curves (T, a T -'I2). In the tempera- 
ture range T >  4.2 K an increase in the power of the tempera- 
ture dependence of T, is observed (Fig. 6). It can be deduced 
from the valuepz 1 that the main mechanism of phase de- 
struction in the films studied is electron-electron scattering 
in the "dirty" limit.21 The T, (T)  relation is well described by 
the expression T; = a T  + bT2 (Fig. 6). The value of the 
coefficient a agrees in order of magnitude with the theoreti- 
cal valuez1 

For a variation in R  over the range 150-6500 a, T, (4 K) 
varies between the limits 5 X 10-12-2 X 10- lo sec. The value 
of b is much greater than the theoretical value for electron- 
electron scattering: 

This evidently indicates that at high temperatures other in- 
elastic mechanisms make a contribution to loss of phase co- 
herence, apart from electron-electron scattering. 

The time T, is independent of T. Since in the experi- 
ments there is no saturation of the temperature dependence 
of resistivity down to T = 0.2 K, the value of T, is at least an 
order of magnitude greater than T, (4 K) in the specimens 
studied. 

The results given were obtained on films with resistivity 
lying in the range R ,  = 150-6500 a. Their thickness did 
not exceed 300 b; and satisfied the condition for two-dimen- 
sionality, L, )d, L, )d (the experimental values ofL, were - 800 b; for films with thickness d- 50 b; and L, - 3000 b; 
ford - 300 b;; correspondingly L ,  z 200 b; and L, z 800 A). 

2. Results of measuring low-resistance (Rn = 40-1500) films 
(d, 250 A) 

It was established when measuring the AR , ( T )  relation 
that the coefficient A in the logarithmic dependence in- 
creases on reducing R, below 150 f2 (see Fig. 2). This in- 
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crease cannot be explained by the temperature dependence 
of the current carrier concentration, an effect which can be 
comparable in magnitude with the WEL and EEI effects in 
bismuth films with a low value of R, . The temperature de- 
pendence of concentration calculated according to the re- 
sults of Belov and S e r ~ v a ~ ~  for bulk bismuth is clearly not of 
logarithmic form, which contradicts the experiment. 

The increase in the coefficient A in low-resistance speci- 
mens can be associated with the change in effective dimen- 
sionality of a film as its thickness is increased. If the experi- 
mental temperature range is small, then in the thickness 
transition region from two-dimensional to three-dimension- 
al, the duo (T)  relation will be almost of logarithmic form 
with an increased coefficient A. This assertion was con- 
firmed by us for the temperature dependence of the interfer- 
ence correction in the thickness region d-L, plotted ac- 
cording to V01kov~~ in the range 1.5-4.2 K. 

Calculations of L, and L, show that low-resistance 
films are two-dimensional with respect to the WEL effect 
(d < L, ) and satisfy the condition for a transition region for 
the EEI effect (d-L,). For example, we have L, -3500 A 
and L, -700 A for films with R = 60 L?, thickness 1000 A 
with mobilityp - lo3 cm2 V -'.s-' at T = 1.6 K. The experi- 
mental value of AH (the temperature coefficient in a high 
field) for low resistance films also exceeded the value AH =: 1 
obtained for high resistance films. Since AH corresponds to 
the EEI contribution, this fact confirms the suggestion that 
low resistance films do not satisfy the requirement of two- 
dimensionality for the EEI theory. 

An increase in the slope of the logarithmic part of the 
magnetoresistance curves in fields H <  10 kOE is observed 
for low-resistance films as well as the features of the tem- 
perature dependence of a. Estimates ofL, and LH show that 
this result can also be associated with the change in dimen- 
sionality of the films: the transition to the three-dimensional 
case for the WEL effect for satisfaction of the condition 
d<LH 4,. 

4. CONCLUSIONS 

The observed anomalous Tand H dependences of resis- 
tivity of thin bismuth films are described well by the theories 
of weak localization for the case of strong spin-orbit interac- 
tion and electron-electron interaction in a disordered sys- 
tem. Both effects occur in the temperature dependence of the 
conductivity and separate out in a magnetic field; localiza- 
tion dominates in the field dependence of the positive mag- 
netoresistance. The main mechanism for phase destruction 
in the temperature region T = 1.&4 K is then electron-elec- 
tron interaction, modified for "dirty" systems. Singularities 
in the manifestation of quantum effects are observed in films 
with a low value of R , , which can be explained by a change 

in the effective dimensionality of the specimens: a change 
from the two to the three-dimensional case. A transition 
then takes place in the temperature dependence of Aa,  for 
interelectron interaction; a change in dimensionality for lo- 
calization occurs in the Au, (H ) dependence. 

In conclusion the authors express their gratitude to B. 
L. Al'tshuler, A. G. Aronov, and D. E. Khmel'nitskii for 
fruitful discussions of the work and to M. I. Elinson for his 
support and interest in this work. 

"This term was introduced by Bergmann.6 
2'The authors thank N. B. Brandt and V. V. Moshchalko (Low-Tempera- 
ture Physics Department of Moscow State Unviersity) for enabling us to 
carry out this series of measurements). 
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