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Using a macroscopic approach based upon the general principles of the electrodynamics of con-
tinuous media we obtain an expression for the ponderomotive force of a high-frequency quasi-
monochromatic electromagnetic field in media with temporal and spatial dispersion, including
dissipative terms. We show that this force corresponds to a symmetric stress tensor which con-
tains time-derivatives of the field amplitudes and the anti-Hermitean part of the dielectric tensor.
We study the conditions for the equilibrium of a boundary between two media when there is a
high-frequency field present. We show that under certain conditions equilibrium may be impossi-
ble in the presence of dissipation and a change with time of the field amplitude. We obtain
incidentally some relations of the electrodynamics of non-uniformly moving dispersive media.

PACS numbers: 41.10.Hv

1. INTRODUCTION

There are a large number of papers devoted to the prob-
lem of finding the ponderomotive force of a high-frequency
(HF) field in dispersive media. There are two approaches to
the calculation of this force. The first of them is microscopic
and is usually applied to relatively simple models of plasmas
and gases (see, for instance, Refs. 1 to 10 and the literature
cited there). The other approach is macroscopic, uses the
methods of the electrodynamics of continuous media and
was considered in Refs. 11 to 13. Although this approach
also has its limitations it has on the whole led to very general
results applicable to a wide class of condensed media, gases
and plasmas. At the same time a number of aspects of the
theory of the ponderomotive force in dispersive media, in
particular some terms containing time-derivatives of the
slowly varying amplitude, are up to now the subject of dis-
cussion which to an appreciable extent is connected with the
problem of the symmetry of the stress tensor which is non-
trivial even in the simpler case of non-dispersive media (see,
e.g., Refs. 14, 15). Of great interest is also the calculation of
the contribution of dissipative effects to the ponderomotive
force. Up to now even the possibility of finding such a contri-
bution in the framework of the macroscopic approach re-
mained unclear even when dissipation is weak (see §81 of
Ref. 13). Taking spatial dispersion into account is also of
interest.

Using a unified macroscopic approach, we obtain in the
present paper expressions for the ponderomotive force and
stress tensor of a (temporally) quasi-monochromatic HF
field, taking into account time-derivatives of the amplitude
and also dissipation and spatial dispersion (sufficiently far
from resonances). It is important here that the stress tensor
automatically turns out to be symmetric. The results are ap-
plicable to any spatially-non-uniform fluids and, in particu-
lar, to isotropic and anisotropic plasmas. In the appropriate
particular cases they are the same as expressions obtained
using microscopic approaches. As our stress tensor contains
time-derivatives, the ponderomotive force also contains
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terms with mixed derivatives with respect to 7, and ¢. Some
of those are the same as those proposed in Ref. 16.

Animportant feature of the method applied is the use of
energy relations in moving media, which lead to an expres-
sion for the work done by the ponderomotive force f per unit
time: (f - v). The functional derivative of this expression with
respect to the velocity v gives the ponderomotive force. To
obtain the symmetric stress tensor we must consider a veloc-
ity field with curl v#0. After variation we put v =0. The
velocity v can thus be considered to be a small parameter. To
realize this program we need a number of relations from the
electrodynamics of non-uniformly moving dispersive media
(Sec. 3). As far as we know, a number of them have not been
considered before. Using these results and also auxiliary re-
lations from Secs. 2 and 3 we obtain in Sec. 4 expressions for
the ponderomotive force and the stress tensor for a medium
with temporal dispersion (including dissipative terms). In
Sec. 5 we consider the contribution to the ponderomotive
force and the stress tensor from spatial dispersion in inho-
mogeneous media.

2. STARTING RELATIONS

The relation between the induction and the electric field
strength can be written as

Dy (r,¢)

- J.tdt' _fdr' Pas (t—t',‘ as r—r’, rtr

2

o )E,,(t',r'). (2.1)

For a (temporally) quasi-monochromatic wave
E(t, r)=".E(0, t; r)exp(—iot)+c.c., (2.2)
where E(w, #;r) depends slowly on g (so far the r-dependence
is arbitrary), Eq. (2.1) becomes
D(t)= —21— e—iot j. dt ¢ (17, t— % ) E(w,t—1)e*+c.c. (2.3)
o

The dependence of all quantities on the spatial coordinates is
not written out explicitly and the quantity @ (7, ¢ — 7/2)isan

© 1984 American Institute of Physics 1139



operator with kernel @.z[7, ¢ — 7/2;r — r',(r +1')/2], the
action of which upon Ez(w, t — 7,r') includes summation
over the discrete index 3 and integration over the spatial
coordinate r’ [see (2.1)].

By using other combinations of independent variables
we can write the response function contained in Eq. (2.1), for
instance, in the form @4(¢, ¢ ';r,r’). The form of writing it
which we chose in (2.1) is convenient, for in the limit of weak
non-stationarity and inhomogeneity of the medium it is nec-
essary to separate the variables # — ¢’ and r — r'. Moreover,
when writing it thus we obtain in a natural way corrections
to the permittivity in a non-stationary medium under condi-
tions where the adiabatic invariant is conserved (see foot-
notes 1 and 2 below). At the same time, writing (2.1) in this
form does not yet assume that the adiabaticity condition is
satisfied and it is general in nature until the dependence of
the permittivity on the changing parameters of the medium
is given a concrete form [see below Egs. (2.10) and (2.17) and
their discussion].

In a stationary medium, @ (7, ¢ ) is independent of z. We
shall consider a weakly non-stationary medium assuming
that @ (7, ¢) depends slowly on ¢. Expanding the slow func-
tions in the integrand in (2.3) in powers of 7 up to second
derivatives in the slow time we find

ﬁ=’/2D exp (—iwt)+c.c.,

i 0% (o, t) 1 d*e(w,t)
= E(o,t
D (v, )= [8(‘” Dt 5 edt 8 doror ] (@, 1)
[, oe(w,t) 1 9% (w,t)
+|i =
o 2 do®dt
dE(0,t) 1 9%(0,t) ’E(0,1) (2.4)
ot 2 9’ i’
where
E(m,t)=j ¢ (t,t)exp(ioT)dr. (2.5)
[}

Below we consider only the case of a weakly dissipative
medium, i.e., we assume that the anti-Hermitean term in the
expansion of the permittivity operator in a Hermitean and an
anti-Hermitean part & = &' + i” (¢’ and " are Hermitean
operators both in the indexes a, B and in the spatial variables
r, r') is so small that we can neglect terms containing time-
derivatives of £” and also products of the quantity £” with
small time-derivatives of the amplitude.” Substituting (2.4)
into the relation

—c le[EXB]-EQ‘i' Ba—B—

at at
and then integrating term by term over the whole volume
occupied by the medium, we then find (after averaging over a

period of the HF field)

(2.6)

4 _"_"' 9] . ~n
- 95 [EXB]. do =§n—j dr<E* (0,8) 8" (0, 1) E (0, 1)

w
+"”—.+—1 dr{<E( ot a"“ (‘" D g t)>
ot 16n
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9%’ (w,t) JE(w,t) } (2.7)

_ E (ot
Im< (0. 8) —3 57 %

Here and henceforth the angle brackets indicate the follow-
ing operation:

XTY)= j ds X, (r+s/2) Top (s, 1) Yy (r—s/2) (2.8)
for arbitrary vectors x(w, #;r), Y(w, #;r) and operator ?"(w, t)
with kernel T4 (o, ¢;s,r) while

~al e{( w2

—Im<E 62((08) 6E>+|B(r t)[zl (2.9)

It isimportant to note that in Eq. (2.7) the term contain-
ing (E*(d¢" /9t )E) was canceled, while taking into account
the term of the form (E*(3%2" /9tdw)JE/Jt ) goes beyond the
limits of the approximation used here.

When £” = 0, d¢/dt = 0, the quantity W is the electro-
magnetic energy in the medium up to terms with d E/9d¢ in-
clusive (see, e.g., Ref. 17). In order that W have the same
meaning when £” 0 one must require not only that £"/
€' < 1 but, in general, also that the change in amplitude is
sufficiently fast.? The corresponding quantitative conditions
may be different depending on the dissipation mechanism.
For instance, for a uniform collisional plasma considered in
Ref. 2 we must have v € T ~, where T is the characteristic
time for changes in the amplitude E and v the collision fre-
quency.

When d&/dt #0 the quantity (2.9) has the meaning of an
energy density, generally speaking, only when one can neg-
lect deviations from adiabaticity. In this connection one
must bear in mind that the operator &(w, ¢ ) in the general case
isnotthesamease, [w,A (¢)], where &, (w,A ) is the permittivi-
ty under stationary conditions while A = A () is the total set
of independent parameters which at time ¢ determine the
state of the body. Up to terms of first order in dA /J¢ we can
write

& (0,t)=2.(a, A(t))+2 Wa, - aA‘ , (2.10)
where the last term takes into account the non-adiabatic cor-
rection. Generally speaking, it can occur in the general ex-
pressions for the energy and dissipation densities in a non-
stationary medium. Below we assume that the contribution
from non-adiabatic effects is sufficiently small that we can
neglect terms containing ¥, . The appropriate criterion is
given at the end of the paper. We note also that it follows
from Pitaevskii’s result mentioned in footnote 1 that ¥/
= 0if in the stationary state the medium is transparent.
We now consider in more detail the formulae given
above in the case of spatial dispersion. To do this we write

(0, t)E(a, t)}a=J. dseqs(®, t;8 r—s/2) Eg(w,t; 1—8).

(2.11)
In a weakly non-uniform medium
s s Odeqs(w,t;s,r)
sap( o, t;s,r——2) Reqs (0, 1; s,r)—-———T—.
(2.12)
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In the case of a quasi-planar wave

Es(o, t; r) =& (o, t; k, r) exp (ikr),
where & ; weakly depends on r. Substituting (2 12)and (2.13)
into (2.11) we find up to terms of first order?

={[eas—

(2.13)

{e(0,)E(0,0)}a (i/2)0*eap/ 0k:0r:] &

—i(Deay/Oky) V& s} exp (ikr); (2.14)

here
gﬁzgﬁ(mv t; k7 r)v VT=a/ar‘{’

eus=¢as (0, t; k, 1) Ej ds exp (—iks) eqs (@, 25 8,1). (2.15)

Expression (2.14) gives in detail the first term in Eq. (2.4) for
the electrical induction. The remaining terms in (2.4) can be
written according to (2.14) by appropriate differentiations
with respect to w and ¢.

Similarly, using (2.13), (2.15), and (2.8) and expanding
the amplitude & ; we get

CE'eE>=&,"(0,t; Kk, 1) e (0, t; K, 1) &p (0, t; k, 1)
{8 (0,6, Z2 LR g5, (6, k) ).
1
(2.16)

One must bear in mind that the kernel €4 (@, £;8,r) is, in
general, not the same as the corresponding quantity
€35, t;5,4 ) for a uniform medium with A = A (r, 7) even if
we neglect in (2.10) the terms with A /Jt. Let, for instance,
A be a set of three parameters—the density p, the tempera-
ture, and the average magnetic field B. For a non-isother-
mal medium we then have to first order in V, 4

eap (©; S, T) =eqs’(0; 8, A(r))+Xop'Vup+Yos™V,BSC. (2.17)

In this case X and Y depend, in general, on the same param-
eters as £55. For example, for a non-uniform plasma one can

write down the coefficients X,Y using the general expres-

sions from Ref. 20. The gradient terms (taking into account
non-adiabaticity corrections) may turn out to be important
ony when spatial dispersion is taken into account. One can
therefore omit them when the latter is neglected.

As one application of the relations written above we
evaluate the magnetic moment density M(r, ¢) induced by
the HF field. Let the external magnetic field B® and hence
also £ be variable but let the medium remain fixed. We can
then use Eq. (2.7), where on the right-hand side we must
substitute

oe'_ o9&’ 9B, d¢’ 0(V.B) (2.18)
ot 0B ot o(V.,BS) a9t

On the other hand, the energy conservation law can in this
case be written in the form

v (O] * A
—Tcn‘_gs[EXB]"d":E?S dr (E' ¢'E)

ow

oB°
+ ot

+ S deM = —,
(2.19)

where the last term with opposite sign is equal to the increase
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in energy due to the change in B®."> Comparing (2.19) and
(2.7) we get

M(r)=

: w (w2
167 6(6B°/6t)
9%’ OE
_Im<E6t6m é't_>}
(2.20)

where & /6 (3B°/3t) indicates the functional derivative of
A BO(r, t )/3t at the point r (¢ is here a fixed parameter and for
the sake of simplicity is not written down in the arguments).
Substituting (2.18) and noting that after evaluating the func-
tional derivative we must put d B%/9¢ = 0 we find

M(r)_—-jdr {< 'ME>

ISR A INY
90 \5B°(r) / 3¢ >} (2.21)
where £ as a functional of B is given in (2.17) up to the first
derivatives. Nelgecting spatial dispersion [in which case we
can also neglect the gradient terms in (2.17)] we get from
(2.21)
deqs’ (0, BY)
aB°
0%€ap’ 3Ep((1),
Bdo

Eg(o,t;r)

t;x) ]} (2.22)

M(r,t)——{Eu (o, 1)

—Im [Ea'(m, t;r)

(we remember that the r-dependence of the field E here is
arbitrary). The second term on the right-hand side is a cor-
rection to Pitaevskii’s well known formula'! and is due to the
time-dependence of E.

If we take spatial dispersion into account for the quasi-
planar wave (2.13), we get, using (2.21), (2.16) and restricting
ourselves to terms of first order in the derivatives

1 680‘5' . 08,,,;'
M= T6= {g“ aB°3“’V’(‘?“ a(VTB")g“)
azeaﬂl agp 6 Cap
_ o2 Ba 008 . (223
Im[g J00B° 9t ° ok aB°V’g”]} (2.23)

3. GENERALIZATION OF THE BASIC RELATIONS FOR THE
CASE OF MOVING MEDIA

Our next problem is to find the ponderomotive force,
taking into account time-derivatives of the field amplitudes,
dissipation, and spatial dispersion. To do this, however, it is
necessary to generalize the formulae of Sec. 2 to the case of a
moving medium with an arbitrary velocity field v(r). We
shall express the ponderomotive force as a functional deriva-
tive of a functional of v(r) and after differentiation we put
v=_0. We can thus assume that v is small and that it is
sufficient to take into account only terms linear in the veloc-
ity and its spatial derivatives. As to terms with dv/dt we
assume here that they are small of higher order and that we
therefore can neglect them. Indeed, dv/d¢« V|E|*> when
there are no external forces. In the present section we assume
that in the comoving reference frame in which the medium is
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at rest we can neglect spatial dispersion. Let the field have
the form (2.2) in the laboratory frame. As v is sufficiently
small, the function E[w, ¢, r(r', ¢, v)], where r’ is the radius
vector in the comoving reference frame, depends slowly on ¢
although it is possible that (JE /dt ), > (JE /dt),. This fact
will be used in what follows in an essential way.

We shall now start from a generalization of Minkows-
ki’s formulae. For small constant v and d&/d¢ the first of
them has the form?*!

D=3@)E + 1@ —I)[vx B}, (3.1)
where 1 is the unit tensor, & = i(d/dt — v + V) is the frequen-
cy operator in the comoving reference frame [in the second
term in (3.1) we can neglect the difference between &' and
@ =id/dt]. When A,v;#0, 92/3t #0 the substitution
@ — @' is insufficient as it does not take into account local
rotation of the medium and its non-stationarity. When these
factors are taken into account one must replace the first term
in (3.1) by Eq. (2.4) where instead of d E/dt and d£/J¢ deriva-
tives in the comoving frame of reference occur which we
shalldenote by (d E/dt ), (J€/dt ),, and so on. For small v they
can be expressed in terms of the derivatives in the laboratory
frame d E/dt, d¢/3t through the formulae

oE oE 1
(...é?) _a—-+(vV)E———2—lrothE], (3-2)
0€ap 0eap
+ a
( at) ot V) e
1
—_Z‘(VWG—V::UI)&':S—?ea'r(v'rve—valh). (3.3)

Terms containing (vV) are due to the translational motion of
a volume element with its center at the point r with velocity
v. The third termin (3.2) gives a contribution to (J E/d? ), due
to the rotation of the vector E with a local angular velocity
—  (where @ =} curl v) relative to the axes of the comov-
ing frame. Of course, a formula of the form (3.2) does hold
not only for E but also for any other vector. Similarly, a
relation such as (3.3) holds for any tensor as one can easily
verify by considering a tensor of the form 4,4, and taking
into account that

[rot v,X Ala=(Vsva— Vavs) 4s.

Nowsubstituting (d E/dt ),and (Je 5 /9t )ofrom (3.2)and (3.3)
into (2.4) we get the first two corrections to the induction in
the form

dea
8.Da=vs [z—a—’ VoEy—

0%q, _ OE eq
hv" atT 2 (V° 21)E’

1 0 azsa'( 1 asa'{)
(= v, Y
4(atv“ amZ)E’ 2( e

0E, 1 4 0% ar v, 1{]

ot 2 dtde®
SE (3.4)
668(:5 958
GzDa—GSaﬂEp'f‘L 70 0t ’ (3'5)
where
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(38:;5:%{ Dear (Verr—Vvp) +
i
The correction §,D,, is here due to the terms with (v - V) and
6,D,, occurred due to the rotational terms in Egs. (3.2), (3.3).
One checks easily that all terms in §,D, can be obtained
from the first term in (3.1) as corrections describing the spa-
tial dispersion appearing due to the motion of the medium.
However, we neglect here yet another correction due to
the occurrence of spatial dispersion. To find it we assume to
begin with that the wave is quasi-planar with wavevector k.
In that case £,4(®') — £,5[w — k * v(r)]. As there appears in
£, an additional r-dependence due to v(r) it is necessary to
take into account the second term in (2.14). This leads to the
fact that we must add to £,

- (i/z) azsaa/akﬂr-,.

Substituting here ¢,45[w — k + v(r)] and differentiating we get
an additional term of the form

(i/2) (0eap (o) [00) divv.

As it does not contain k it can be applied to fields with any r-
dependence. From (3.7) it follows that in the expression for D
there must in a moving medium be a term

1 0%.qp OE;
T2 90 ot

6815

(Viva— aW)} (3.6)

(3.7)

i 6sag
2 do

8sDa= ( ) divv. (3.8)
Together with §,D,, this expression determines the cor-
rections to D connected with the non-uniformity of the ve-
locity field. Taking these corrections into account the effec-

tive permittivity has at v =0 and Vv, #0 the form
et 0€ay E1p

€ap =3as—'4— FYN —— (Voo — V1UB)+

(V1v<z Vavx)]

i aeaa
2 9o

The second term is in the particular case of an isotropic
medium the same as those given in §102 of Ref. 13, while the
third one, containing div v is a kinematic correction which,
as far as we know, has not been discussed before.”

Finally, we consider the fourth correction to the induc-
tion arising from the second term in (3.1). For a quasi-mono-
chromatic wave we can write it in the form

0&q B
8.Ds =——(ea,—aaa) [vxB ]t — 252t vx——]
¢ Jo ot

The complete expression for the amplitude of the elec-
trical induction in a moving medium thus has the form

divv. (3.9)

(3.10)

e 0 €
D= ( a/f_i__l_ ap
* 2 0t

1 a‘Bap )
8 dt*dw?

N (i deas 1 0°ews \ OE,
o 2 0(0’0t>

ot
1 9% €ap 7] Ea
5 3at o7 —— +6,D,+68.D,. (3.11)
The quantity £5% is given in (3.9) and we can write d¢,5 /9t in

the form
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deq Oeas OA 1 1 .
— > = —a—Ai—a-t——7eﬂ(vpv,—v,va)~78w<vav1— 7 10a)

1 6&:0,5

2 0B°

[rotv X B°]. (3.12)

In the first term on the right-hand side we assume summa-
tion over all parameters A on which ¢, depends, while the
derivative dA /dt is taken in the laboratory frame. The sec-
ond and third terms describe the contribution from the local
rotation of axes of the tensor £,5 relative to the laboratory
frame with angular velocity £ = 1 curl v as if it were rigidly
fixed to the medium. However, the change in the magnetic
field B® which also contributes to the anisotropy does not
reduce to a rotation with angular velocity 2. This fact is
taken into account by the last term in (3.12) which cancels
the contribution of the rotation of the vector B® with angular
velocity 2. However, the contribution from the complete
change in the magnetic field is contained in the first term on
the right-hand side of (3.12) and is considered in detail in the
next section.

If the anisotropy of the medium is caused solely by the
field B, i.e.,

Eap
=e(0, |B°|*)8wptes(w, |B°|*) Bu'Bs'+ies(w, |B’|*)8usiBy’,
(3.13)

where 8,4, is the totally antisymmetric tensor, one verifies
easily that the last three terms in (3.12) cancel completely.

We must supplement the formula for the electrical in-
duction with an expression for the magnetic field strength in
a moving medium which has the form

H=B+c ' [vD-E)]. (3.14)
We now consider the electromagnetic energy density in

amoving medium. This is connected with the energy density
w' in a medium at rest through the relation

w=w’'+(v/4nc) Re [EXB"], (3.15)

which is obtained through a Lorentz transformation using
only terms linear in v. By w’ we understand here the adiaba-
tic expression for the energy density given by Eq. (2.9) where
we must replace E and B by E' and B’ which are connected
with the field strengths in the laboratory frame through the
relations
E'=E+c"[va]’, B'=B—c*[vXE]. (3.16)
Wemust also recognize that the derivative (d E'/dt ), oc-
curs in Eq. (2.9). As a result we get from (2.9), (3.15), (3.16),
and (3.2) the following expression for the energy density in
the laboratory frame of reference:
1 a ((1)80;5,) Bz(meag') 6E5
—— [ 220%) bt Bl (Ea——————)}
v 16n{E 5o LrtIBI=Im da? ot

1 ,0(0eq") .
+%Re{Ea 220 [vxB,—E[vx B ]}

1 9? ap
—————Im{Ea‘-—(ﬁ-)—e—B—l (VV)E,

167 dw?
1 J? ab 0B 1 9E," 9* s
+_Ea-ﬂl_) [vx i ] _ _____(_“’_"’_”_)‘[va]B
c dw? ot 1y ¢ at dw®
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+ 1 B 0% (weqp”)
2 dw?
We find now an expression for the density of dissipation
g per unit time in a moving medium. Here ¢ = ¢'(1 — v/
c?)"/2=¢', where ¢’ is the volume density of dissipation in the
comoving frame.'* The adiabatic expression for ¢ is given by
the formula

q'=(1/4xn) Re {E"* (3D'/t) o} er—o-

Using Eqgs. (3.2), (3.3) and (3.16) to express (9 D'/t ),E'* in
terms of (0 D/Jt )E* we find (neglecting high-order terms)

Ey(Vevr—V105) } (3.17)

(0] v PN
= 2 Eytw"Er— ~—— Re[¢"E XB*
q 8 Eap Lip Tne Re[s E XB ]

1
— Im{Ea'(v V) (eas”Es)
8n

a a,/ 1
Sas (VV)EB+——I'0tV[E' X
Jo 2

).

(3.18)

+E.'®

Substituting now into Eq. (2.6) (which is valid for a mov-
ing medium after replacing B - dB/dt by H - B/t the ex-
pressions for D and H and using (3.11), (3.12), (3.17), and
(3.18) we get

. aEa,p’
o

—idivRe{[E'xH]Jrﬂ"-(Ea E,
8n 2¢

628,,5

+iE,' ——-%)}
dw? at

dw 1 Oeap’
Yttt —R {E——E
ot T e at "

+iEa'[<i+vv) Beu ] OF,
ot do 1 0¢

0 o~ .
+2- 2[(&'—=HEXB]
c adt

Oeqs OF, i

+2iv,(v,E;>—a—m°——atﬁ—~2<vav,—v1va>

F] deq’ .. Otas’ OE }
— . +iE." ——divv
X at(E“ mE°) W 5o ot Y
1 ®
+——Re{—[s”EXB‘]v

8xn c

(Vo) oo Eqort (42) (F'EXETrotv ). (3.19)
It is here important that the quantity d&/0¢ itself contains,
according to (3.12), derivatives with respect to the velocity.
Equation (3.19) which expresses the energy conservation law
in a moving medium will be the starting point for finding the
ponderomotive force.

4. THE PONDEROMOTIVE FORCE IN A MEDIUM WITH
TEMPORAL DISPERSION

One can find the ponderomotive force from the energy
conservation law
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dw/ot+div S+q+iv=0, (4.1)

where ¢ is the dissipation density in the laboratory coordi-
nate system, S the energy flux density, and f the volume
density of the ponderomotive force. It follows from (4.1) that
in a medium at rest
+gq ) dr I )
v=0

6 I (aw
ov(r) at
where 8§ /6v(r) is the functional derivative. We assume here
that the non-stationarity of the medium is caused solely by
its motion so that the permittivity of a medium at rest is time-

independent. Determining dw/dt + q from (3.19) and using
(3.12), (2.2) we find from (4.2)

8 dr
—° (=R {E
v, (r) ¢ 16m e
+iE,,'[ (—‘?ﬁ—a— +vV)
at oA

des’ 1 OE 1 a1 -
X2 ]»—’} +—Re{—1—[(e"—I)EXB‘]u
V=0

£(r)=— (4.2)

0831, oA
oA ot

T

fa=

I at 8n c ot
aSg-( oE,
+i(VoE
l( n) ot
i g’ aEr (@) (d)
v (& X
2 ( P o0 ot }+f e (4-3)
where
. 1
1 =vo ~5.Re (EvDo—EDy) +——<MaBp°—MsBu°> 3
(4.4)
(4) 1 . ” 1 . ”
5 =—§£Im{ (VaEy") est"Ert - Vi By eaEy
By e Ey) } , (4.5)

where we have varied terms containing v explicitly. We
wrote in (4.4)

, oe’
_EE-H( co) at '’

while the vector M is given in (2.22). When obtaining (4.5) we
used the fact that
~ 4 ”

[e”E X B*]a=i —m—(VaEa'—VaEu') esr En.

To evaluate the functional derivative in (4.3) we must
find the time-derivatives of the parameters on which ¢, de-
pends. Assuming for the sake of simplicity that these param-
eters are the density p and the average magnetic field B’ we
have

9’ A 9’ dp

9N ot dp ot

e’ oB" ' (4.6)
aB° ot

The quantity dp/dt is determined from the continuity equa-
tion dp/dt = — div( pv). As far as d B°/t is concerned, we
consider here two cases: a non-conducting and a highly con-
ducting medium. In the first case d B°/d¢ in the laboratory
coordinate system when the medium is moving. In the sec-
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ond case we use the well known equation from magnetohy-
drodynamics'?

BO 2 BO
7} c rot ) ’ (4.7)

2 Bl— -
5 rotlvx B°] 4nrot(.

where o is the static conductivity; as before we consider a
medium with 4 = 1. We neglect the dissipative term in (4.7)
as it leads to higher spatial derivatives in the ponderomotive
force and the conductivity is assumed to be high.

Taking what we have said into account and substituting
(4.6) into the integral in (4.3) we find

jdr Re{...}vmo= Re{pVa (E,'a";’ E,)
Y
02851, aE-{ ° .
o )+16ng(o) [B°X rot M],
0y’ OE;
3Brde 9t " B"}
where M is given by (2.22) and
g(0)=0wheno=0, g(c)=1wheng—> .

5
Svq (r)
+iV, (Ea‘p

+iEy'

(4.82)

(4.8b)

Substituting (4.8a) into (4.3) we find finally, after simple
transformations

1 6851/
o= Va Eg
T {”’ ap Lt

o (g [o o] 5)}

L B (Vaes) Evtg (o) [BYX rot Mt M, VoBy’

167
{5 ] )
Lt { (v 2 aft'}+f‘"‘+f‘d’ (.9)

where f® and f9) are given by (4.4), (4.5). The term f @ is the
divergence of an antisymmetric tensor. Below we see that
just this term [together with the last term in (4.5)] guarantees
in the general case the symmetry of the stress tensor. The
term f'¢) determines the contribution from dissipative ef-
fects. In obtaining (4.9) we used the relation

dew’ OE 08’ OE
Im{(V“E”') 83(,, 1} { [ aem > ]
Fi(V,Eq") ae” aEa’t} (4.10)

We discuss the expression for the ponderomotive force
obtained here. We obtain Pitaevskii’s formula'' without the
term with ¥ for non-conducting media withd E/d¢ = Oand

€45 = 0. This is connected with the fact that in Ref. 11 apart
from o = 0 it was assumed that the anisotropy of the medi-
um was caused solely by the magnetic field B, i.e., Eq. (3.13)
holds. As we saw earlier, in that case the last three terms on
the right-hand side of (3.12) which just lead to f ’ cancel one
another. The term B® X curl M was found in Ref. 3 for a cold
plasma and in Ref. 12 for any well conducting medium.
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We turn now to the terms in (4.9) containing time-de-

rivatives. The terms
1 9, . de’ OE .

%Be{'a?l(e DExB ]+°’[am s B ]}
were found in Ref. 12 for media with temporal dispersion
while the term

. 9 831' 6E,

— /8 I (VB -
up to now has been obtained only for microscopic models of
a plasma.*® It vanishes in an isotropic medium for trans-
verse waves. In the general case, however, and, in particular,
for longitudinal waves this is not the case (this term was
omitted by mistake in Refs. 9 and 12).

To estimate the relative role played by the terms with
time-derivatives we assume that the wave is quasi-planar
with wavevector k and characteristic ranges of change in
amplitude L and T. The ratio of the terms with d E/J¢ to the
first term in (4.9) is then of the order of magnitude kL /w. T.
For the first of the terms considered (the Abraham term in a
non-dispersive medium) w. = w; for the others, containing
0E£/0t, the quantity w. is a characteristic frequency scale of
the dispersion (generally speaking, w. #® but one should
always assume that w. 7T > 1). When kL > 1 the parameter
kL /w. T may not be small; in that case it is impossible to
neglect the terms discussed here. Of course, taking polariza-
tion effects into account may introduce important correc-
tions in these estimates.

Estimating similarly the terms containing mixed de-
rivatives with respect to r and ¢ [the second term in (4.9) is
one of them, as are the corrections caused by taking into
account terms with d E/d¢ contained in f*) and the magnetic
moment) one can check that they are of order (w. 7)™ "' € 1
relative to the first term in (4.9). Some of the terms with
mixed derivatives, namely those which are contained in the
first term in (4.4) were considered in Refs. 6 and 16.

We consider finally the contribution to the ponderomo-
tive force from the dissipative terms f¢!. It is given by Eq.
(4.5). For a quasi-planar wave when kL > 1 the last term in
(4.5) can be neglected. In that case

fO~—(1/8n) Im[(VEy") €6, " Ex] = (1/87) KEy ey Ex.

(4.11)

In an isotropic medium this last expression is the same as
those obtained in Refs. 7 and 8 for a collisionless plasma. In
that particular case one can obtain it also by the method of
Ref. 5. Its ratio to the first term in (4.9) is of order kLe" /€'.
The magnitude of that parameter is limited by the possibility
to interpret ¢ and w as densities of dissipation and of electro-
magnetic energy which is the basis of our approach. It is
difficult to write down the condition for such an interpreta-
tion in general form. For a uniform collisional isotropic plas-
ma with characteristic collision frequency v the condition
v €& T ~! was obtained in Ref. 2. In that case the order of the
ratio of f@) to the first term in (4.9) in a collisional plasma is
limited by the condition

kLe"|e' ~kLv]o<kL/oT. (4.12)

For a collisionless plasma the quantity kLe" /¢’ may be
comparable with KL /&T.
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Ife.; depends linearly on the density p as is the case for
gases and plasmas one can simplify Eq. (4.9) since

paeaa'/6p=eag'—6ap.
The second term in (4.9) then vanishes.

We now consider the stress tensor corresponding to the
force (4.9). Substituting in (4.9) the relations

Ey’ (Vaey) E;=V, (E¢’epy’Ey)

—2Re {(VaEy) [Dy—i(0ee[00) IE:0t—isnEr]},  (4.13)
Re (DpVoEy") =Re{ Vs (D,,E;+B5Ba'
4.14)
1 10 (
—— 8ulBI*) = ——[DxB1. },
- ulBl*) - ——(D B]}
[B° Xrot M]o+M,VoBy'=V; (8,,B°M—Bs"M,,) ; (4.15)

(the first of them is obtained using (2.4) and the second using
(2.4) and the Maxwell equations) and using (4.4), (4.5) we get
aOa,p 1 3

fa=——————=Re[EXPB’],,

4.16
6.7:, 8nc 9t ( )

where o0, is the desired stress tensor:

Ga,s . ae,,.,’
Gas™ 16n{E" (" 3p
dew’

d ,\ O,
"I“‘[E"‘*a;(" 3 o )W]}

1
+ —— Re(DoEy*+DyEq’) + 1 (B.Bs+B,B.
167 167

— e )E,

1
—08ap | BI*) + 8—n(B¢°H,°-I-Bp°H.,°— (H°)*84s)

1
2

g

[i;) [B;’Bg“— (B°)26aa] . (4.17)

Here H® = B° — 47M is the average magnetic field strength.
In obtaining (4.17) we used the fact that curl H’ = 0 when
o=0.

We see that the tensor o, turns out automatically to be
symmetric. If £,4 is given by Eq. (3.13) and B =0, £;5 = 0,
JE/Jt=0, 0 =0, (4.17) is the same as Pitaevskil’s for-
mula.'!

We now consider the tensor (4.17) on the boundary
between two media (1 and 2). The force through which a HF
field acts per unit area equals F, = 0,51z where nis the unit
vector along the external normal to the surface (directed
from region 1 to region 2). At the boundary of two media the
HF field, and with it the force F, is, generally speaking dis-
continuous: {F},, = F(1) — F(2). In an equilibrium state the
magnitude of that discontinuity must equal, with opposite
sign, the sum of the jumps in the other forces (for instance, of
hydrodynamic origin). For instance, in isotropic media the
quantity {F, },, = {051, ng},, is equal with opposite sign
to the jump in pressure { p(p)} ,,. This condition determines
the jump in the density { p},, on the boundary caused by the
action of an HF field (see, i.e., §15 of Ref. 13). As regards the
jump in the tangential component of the force
{F.},,={FXn},, in an isotropic medium this jump
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{F.},,=0when " =0 and d E/d¢ = 0. This follows from
(4.17) and the relations {D, },, =0, {E, },, =0.

In the general case, however, {F,},,7#0. Indeed, from
(4.17) we obtain

£0) (8B,
4118

1 a.+ 1 gogo
{Ff}n=mRe{D1En },z‘*‘a {B1 Hn }12 4

(4.18)
Ife;3 = 0,0 E/dt =0and ¢, is given by Eq. (3.13), i.e., the
anisotropy of the medium is determined solely by the field
B, one checks easily that
{F‘}iz+ g(c) {B-zano}Az=0.
4n
For a non-conducting medium g(o) = 0 and the tangential
component of the force F is continuous, in agreement with
Ref. 11. As 0 — «, when g(o) = 1, the jump {F_ },, is com-
pensated by a jump in the tangential component of the force
caused by the average magnetic field B°. In that case

{Bro} 127 {Hro} 12+4ﬂ {Mr} 12=4ﬂ {Mr} 12.

(4.19)

In the general case, however, the jump {F, },, may not
be compensated by jumps in other forces and this means the
impossibility of equilibrium under the action of the HF field.
As a simple example we consider isotropic media without an
external magnetic field (in that case the average field
B°« |E|?). We can then write (4.18) in the form
1

16mi

1
{Fr} 12= 1— Re {D‘:En._DnEr.} 12= {8” (EnE1'—E"'E,) } 12

65

" 1 {66'6

—_—— 4.2
32ni ldw at (4.20)

(E.B~E,E.) }

12
From this we see that if the wave is elliptically polarized the
jump {F_},, is, in general, non-vanishing and can be com-
pensated only when the fluid moves (when there appear off-
diagonal terms in the stress tensor due to viscosity or duetoa
dynamical momentum transfer) or due to the generation of a
magnetic field.

This result is of interest, for instance, for the heating of a
plasma by an HF field as it shows that even if d E/d¢ = 0 the
plasma may start to move when it is heated by a wave with
elliptical (or circular) polarization because £” #0.

5. THE PONDEROMOTIVE FORCE IN A MEDIUM WITH
SPATIAL DISPERSION

In this section we assume everywhere that the field of
the wave has the form (2.13) and we restrict ourselves merely
to terms containing the first derivatives of & 5 with respect
tor and ¢ (we also neglect their products).

To obtain the corresponding corrections to the induc-
tion, generalizing Eq. (3.1) to the case of spatial dispersion
we change in (2.13) to a spatial variable r’ defined in the local
comoving frame of reference in the vicinity of the point r.
Let at time ¢, the comoving and the laboratory frames be the
same in the vicinity of r,. We then have at time ¢ for small
At=t—tyjand Ar' =r' —r,

r=ro+v(r') At+Ar'+!/, [rot v(r,) X Ar']At. (5.1)
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Substituting (5.1) into (2.13) we get

E(r,t)=A(r',t) exp (ikr'), (5.2)

A=& (r',t) exp{ ikv (r") At+ —;— ([kXrotv(r,)]Ar’) At} ,

(5.3)
where we have used the fact that k[curl vxA4r']= [k
X curl v]4r’. It follows from (5.2) and (5.3) that when we use
the variables r’, t we must replace the amplitude & (r',7) by
the “effective” amplitude A(r’, ¢ ) which differs from & (v, t)
by the additional phase factor occurring in (5.3).

We now verify easily that taking spatial dispersion into
account in the approximation considered leads to the follow-
ing correction to the amplitude of the induction D, which
supplements (3.11):

- Oeas 0As . O%ap 0°A
e~ §sDy=—1i Sap —-——E, Eab : i
ak, Ory 0w dky 0t0r,
i ) azaap 1 038,,5 ( aAg )
T2 Okgory " 2 dwdk,ar \ ot /,
i 3a¢p 0 1 6"eap
~ VX Byt — _ [vXB ) 5.4
. ( 5y Bl - ). (54)

Where the origin of all terms is clear from Eqs. (2.4), (2.14),
and (3.1), taking into account that the operator £ acts upon
functions expressed in terms of r’ and ¢. In (5.4) and in what
follows we drop terms containing 9/t as they lead to terms
of higher order of smallness (v, 3*& /dr?, and so on).

When v = 0, /3t = 0, it follows from (5.4) that

1 {~ 8 (8:D) } 8w
— % - ov
e P V. (8S,)+ PPt (5.5)
1 ()aap, 62((\)8@5,) 0((;9
38 =—{— &y + [ y L 08w ) 0C
TS B L N T
. 0280,5, 6(?;;
08 ok on ]} (5-6)
1 0*(0€ap’)
bw=—1 ( R LN ) 5.7
v =Tom T\ 8 g or, VO (5.7)

where Sw and 65, are corrections to the energy density and
its flux caused by the spatial dispersion in a non-moving me-
dium.

When v#0 we get instead of (5.5) after some calcula-

tions
1 (~ 36D - 9B
—_— E i
/m{ at +o.H at }
06w k va. aeukl
v 90w _ Kola_ ~__g), 5.8)
VSt = e Vs (5’,‘ Tl (

where §;H = ¢~ '[v(§;D)] [compare (3.14)] while § S and w
retain the same meaning as above but now have the following
form [compare (5.6), (5.7)]:

1 080.8,
as~—{— Ay 22 gy
a7 Tok
0% (weqs’) 0A4
+1 [Aa"~—-—-— —) ]} 5.9
o dook 9t /, (5.9)
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0*(0eas’) 0y
Sw— Sl )

.1
0w 0k, or) (5.10)

1 ’
T (A“
Here A’ is the amplitude of the electrical field in the comov-
ing frame of reference which is connected with A through a
relation similar to (3.16).

Now adding (5.8) to the right-hand side of (3.19) and
using the general formula (4.2) we get in the expression for
the ponderomotive force the following additional term due
to the spatial dispersion:

AN ‘9———8"" CiLY &.}.

o (5.11)

Expression (5.11) has the form of a divergence, but it
does not lead to a correction to the stress tensor. This is
connected with the fact that when spatial dispersion is taken
into account Eq. (4.13) is changed and takes the form

Ey* (Vatsy') Ey=Va (Eyen’Er) — zae{(vaE;)[D

_ ‘;:1%?_1'8;1”&]}—&‘75 (51 Z‘:° Eo) (5.12)
where
.0 ;5%
B aa;: Vo&— ;ﬁeg,)em,

It then follows from Eq. (4.9), supplemented by the term
(5.11) and taking (5.12) and (4.14) into account, that the
expression for the stress tensor retains the form (4.17) also
when spatial dispersion is taken into account.

The contribution of the spatial dispersion to the pon-
deromotive force was recently considered in Ref. 8 for an
isotropic collisionless plasma. Using a microscopic ap-
proach the authors arrived at a term which differed from
(5.11) in its sign.

Finally we consider the problem of corrections to the
ponderomotive force and the magnetic moment arising due
to non-adiabatic corrections to £. Together with terms con-
taining dA, /d¢ in (2.10) we must also take into account the
possibility of the appearance of additional terms in (2.17)
which contain gradients of the velocity. An example of the
latter is a term of the form

X.divv. (5.13)

Expression (5.13) may be caused by adiabatic effects in con-
vective spatial dispersion which is not taken into account
when we obtained the term (3.7). In contrast to other addi-
tional terms in (2.17) the term (5.13) may be non-vanishing
also when one can neglect spatial dispersion in a medium at
rest.

In a number of cases, for instance, for a collisionless
plasma the Hermitean part of the additional terms consid-
ered completely enters into the expression for w and the anti-
Hermitean part into ¢. The additional terms in £ in that case
donot lead to a change in the expressions found above for the
ponderomotive force f and the magnetic moment M.* If,
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however, the corrections to £ discussed here do not or only
partly enter into w and ¢ we must add to f and M additional
terms which one can easily estimate using the conservation
laws (2.19) and (4.1). As to order of magnitude these terms
are equal to
1 0 7} -~ 1

SMy< — { —< E—— (oW, a)E>+2m(E“P'B E> |

16n 0 ot do v v (5.14)

VT 9 . 0 o’ >
6f-,$m{a—t< E %[Q(Pq’p —X, )]E>

+20(E" (p¥,"—X,") E> } (5.15)

where ¥ " X ,and i 7 N iX » are the Hermitean and anti-
Hermitean parts of the operators ¥, and X, .

The first terms in (5.14) and (5.15) lead in the expression
of the ponderomotive force (4.9) to additional terms contain-
ing mixed derivatives with respect to r and ¢. Earlier we veri-
fied that such terms are smaller by a factor w. 7 than the
main terms in the ponderomotive force, As w, T'> 1 these
terms are small, provided wA v / and wX are not too large.

The contribution from the second terms in (5.14) and
(5.15) to the ponderomotive force are comparable with )
from (4.5). As a result we find that we can neglect those
corrections provided

lo(eW,” —X.”) |<kLe”, oB'Y¥"<kLe”. (5.16)

These conditions are certainly satisfied for sufficiently large
values of kL.

One obtains easily similar criteria also for the magnetic
moment, comparing (5.14) with (2.22).

We emphasize that these conditions are sufficient but
not necessary as § M and & f may turn out to be appreciably
smaller than the right-hand sides of (5.14) and (5.15); in par-
ticular, as mentioned above, § M and & f may vanish com-
pletely.

The authors express their sincere gratitude to L. P. Pi-
taevskil for fruitful discussions and useful advice.

VIf the medium is transparent in the stationary state, one obtains the anti-
Hermitean term (i/2)d °2/dwdt from the condition that the adiabatic in-
variant be conserved, as was shown first of all by Pitaevskii.’

?The term with gz(feaﬁ/ak dr,) in (2.14) corresponds to the adiabatic
correction to Im £,5 due to the inhomogeneity of the medium.'8-2°

¥1n this case the quantlty £, in (3.9) may also contain terms with V , v of
a dynamic origin (see §102 of Ref. 13).

“As an example we can also cite terms with derivatives with respect to the
velocity in the operator & which are dynamic of origin; they describe the
Maxwell effect and Coriolis effects (§102 of Ref. 13) and do not change
the expressions found above for f and M.
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