Anisotropic cosmological model created by quantum polarization of vacuum
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A homogeneous anisotropic nonsingular space-time metric with a six-parameter symmetry group
is found which can be created by the polarization of the vacuum of the quantum fields of matter by
a self-consistent gravitational field in the absence of classical matter. The mean values of the
energy-momentum tensors for massless conformally covariant fields and a massive scalar field are
computed in this metric. The Green function for a massive scalar field is constructed.
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1. Recently cosmological models in which the contribu-
tions of the quantum effects of particle production and the
polarization of vacuum by a strong gravitational field are
taken into account in the effective energy-momentum tensor
of matter have attracted much attention. As is well known
(see, for example, the discussion of this question in Refs. 1
and 2), in the single-loop approximation, to take these con-
tributions into account, it is sufficient to add to the right-
hand sides of the Einstein equations the mean vacuum value
(T¥) of the energy-momentum tensor for all the quantized
fields. In this case if the number of elementary fields of mat-
ter N > 1, then, in the leading approximation in 1/N, we can
neglect the contribution to (7'¥) from the gravitons, a con-
tribution whose computation meets with certain difficulties
because of the dependence of the result on the gauge (this
contribution should, however, be taken into account in the
next order in 1/N).

As a result, the problem reduces to the solution of the
system of equations

RA—1/,8 =8 (Tlho) (T H), (1)

where T}, is the energy-momentum tensor for classical
matter and (7¥) is a complicated functional of the mean
(self-consistent) space-time metric g; . If T ffo) =0, but
(T ¥) #0 and real, we shall say that the metric g,, is created
by the polarization of vacuum (and also by particle produc-
tion if this process occurs).

Earlier, the equations (1) were considered either for iso-
tropic cosmological models,*~® or in a class of homogeneous
anisotropic metrics close to the classical Kasner metric with
R ¥ = 0(Refs. 6-8). In the present paper we shall find for the
equations (1) with T ,’{0, = 0, anew homogeneous anisotropic
solution that does not reduce to the vacuum or isotropic
solution.

2. Let us consider the “two-sphere metric”’

ds*=a’* (dt*—ch® tdz’—d8*—sin® 0dg?), (2)

where @ = const, — 0 <7< o0, 0<0<7, 0<@<2m, and the
range of x will be specified below. The corresponding space-
time is geodesically complete, symmetric (R, = 0), and
anisotropic:

Cihlnlcih1m=16/3a6,
where C,,, is the Weyl tensor; the Ricci tensor is
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This space-time has the six-parameter symmetry group
0 (2,1)X O (3), and is a particular case of the spatially homo-
geneous T metrics®'® that for formal reasons do not fall
within the Bianchi classification of three-dimensional ho-
mogeneous spaces. The metric (2) covers the entire space-
time. The two-sphere metric as previously encountered as
the solution to the Einstein equations with a cosmological
constant.'"'? In the present paper we assume the cosmologi-
cal constant to be equal to zero (or very small compared to
the Planck scales).

Let us now make the following identification of points
(splicing) in the metric? (2):

(t, z, 6, )=(¢, z+2x, 6, ). (3)

Then below we can assume that — 7<x <. The conformal
diagram of the resulting space-time is shown in Fig. 1. In the
general case (T ¥) does not have to have the same structure
as R ¥ — 16 R, and then the equations (1) are inconsistent.
Let us show that, for the metric (2) with the identification (3),
the vacuum average (7 ¥) « 8. Here we shall not assume
that the quantized matter fields making a contribution to
(T*) are free fields; in particular, (T ¥) may also include
internal graviton loops. Therefore, the assertion made above
essentially falls outside the limits of the single-loop approxi-
mation.

Let us perform an Euclidean rotation: r = /2 + it.
Then (2) assumes the form

ds*=—a?(dr*+sin® rdz*+d0? +sin® 0dg?). (4)

The condition (3) guarantees the absence of a conical singu-
larity at » = 0,77. We shall assume that there exists a state
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FIG. 1. Conformal diagram of the space-time continuum described by the
metric (2) with the splicing (3). The lines x = + 7 are identified. Each
point of the diagram represents a two-dimensional sphere (6,¢) with radi-
us a’. The region covered by the metric (I.1) is hatched.
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vector that is invariant under the operations of the full sym-
metry group of the metric (4). Then it follows from the invar-
iance under O (3) X O (3) and the conservation condition T'%,
= 0 that the only nonzero components of the average value
(T*) as computed over this state are

(TH=AT=A, (T H=(THH=B, A, B=const.

Furthermore, since the radii of the two spheres are equal,
there also exists a discrete symmetry connected with the in-
terchange of the coordinates of the two spheres: (r, x,
0,p) — (6,9 — 7, r, x + ). Hence we have 4 = B.

Thus,

(TH=Ff(a?) 82, (5)

where f'is some function. This result remains valid when we
return from r to ¢; in this case the range of x (— 7<x < 7)
remains the same as before. For the quantity a® we obtain
from (1) the algebraic equation

1/a*=8nGf(a?), (6)
the positive roots of which determine self-consistent metrics
of the form (2), which are created by vacuum polarization.

The negative roots (a*> <0) also have a physical meaning:
they furnish self-consistent “two-pseudosphere metrics”:

ds*=|a?| (sh? rdt*—dr*—d6*—sh* 8dg*), (7)
where — o0 <?< 00, 0<7, 6 < 0, 0<@ < 27 (the metric (7)
does not cover all space-time: there is a horizon at 7 = 0). In
the metric (7), in contrast to (2), the energy density (7'9) <O.
Therefore, the metric (7) is less interesting from the physical
point of view: from it we cannot go over to the Friedmann
solutions.

Perhaps the complex roots of (6) can be interpreted as
describing the unstable solutions, the imaginary part of a*
being connected with the decay probability. But this point
needs to be investigated further.

Let us note that homogeneous metrics with splicings
have been considered before (see, for example, Refs. 13 and
14), but the type and parameters of the splicing were always
chosen arbitrarily, and imposed as initial conditions. Here
we, apparently for the first time, encounter a situation in
which the identification condition (3) follows unambigously
from the equations (1) and the form of the metric (2). For
other identifications, the metric (2) does not satisfy the equa-
tions (1) with T}, = 0.

3. Let us proceed to consider those cases in which we
can compute f and find the roots of Eq. (6). Let us, to begin
with, assume that all the quantized fields of matter are mass-
less, noninteracting, and conformally covariant. Then in the
single-loop approximation the trace (T') of the energy-mo-
mentum tensor is completely determined by the well-known
conformal anomaly:

[cucovmsn ) s
(8)

The constants &, k,, and k, depend on the form of the quan-
tum field; the formula (8) contains their sum over all the
fields that have been taken into consideration. For the metric

(2)

1
Ty=— ——
¢ 2880mn*
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4f=(T> = (ky—4k,) /216050, 9)

If, following Starobinsky,” we introduce the quantity
H? =360m/Gk,, the curvature on de Sitter’s self-consistent
quantum-mechanical solution, then we finally obtain

e (1-4f‘-). (10)

The single-loop approximation is applicable if |a*| > G,
i.e., when the quantity |k, — 4k,| is sufficiently large. The
root a@*> 0 if k, > 4k,, which is the case for, for example,
photons (k, = — 13; k, = 62). Therefore, the polarization of
the vacuum of a sufficiently large number of vector fields can
sustain the metric (2). For scalar and spinor particles
k, < 4k,, and for them we arrive at a solution of the form (7).
Let us note that the ratio of (7°J) in the metric (2)to {(7'3) in
de Sitter’s quantum-mechanical solution is equal to
(1 — 4k,/k,)~". For k, = 0 the vacuum energy densities in
the two self-consistent solutions are equal.

4. Let us investigate the role played by a nonzero rest
mass of quantized fields for the particular case of a massive
free scalar field satisfying the equation

(V.Vi+m:—R/6) ®=0, (11)

which, as is well known, is conformally covariant in the
m = 0 case. To determine f, we first find the causal Green
function of this field in the metric (2) (such a problem has not
been solved before). Let us go over to the Euclidean version
of the metric (2), i.e., to the metric (4). We have

Gz, r,')= 2 AT @ () D" (), (12)

where the @, are the regular solutions to the equation
(V.V'+m*’—R/6) ®,=\D, (13)
with the normalization
[ d'z g"0: s =80
In the metric (4)

D, (z9) =a—2Y,m('9, P) Y, (r, z),

(14)
A=a* [L(I+1)+1 (V+1) + (ma)*+2/,].
Then
G(‘tii,xzi)
_ 1 (21+1) (2U'+1) P, (cos @) Py (cos 6)
(Zma)zle, LIH1) +U (U +1) + (ma)*+%/, » (13)

cos a=cos 8, cos 0,+sin 6, sin 0, cos (p;—qs),
cos 0=cos r, cos r,+sin ry sin r, cos (z;—z,).
Theinvariance of G under the interchange (@ < § ) of the two

spheres can be seen from (15). Let us simplify (15), using
Dougall’s expansion':

’

hanp: v ’ v
Py y,(—cos8) = = Zl (2l(l_'}_':‘)/P)z§'c;§6)
(16)

Bi=[L(I+1) +(ma)*+°/ ] ™.
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We obtain

Pigl_1/2 (— cos §)

¢ (zli' z;') o ch =
1

V @l + 1) P, (cos @)

16na2
(17)

Now we can return to the correct signature by setting » = 7/
2 + it. In the metric (2)

cos 6=—sh ¢, sh ¢,+ch t, ch £, cos (z,—,) (18)

and (17) gives the causal Green function (apart from the fac-
tor i). In Appendix I the formula (17) is derived in other
coordinates.

Let us note that, outside the light cone (i.e., for
cos 6 < 1), Im G =0, as in flat space-time, which indicates
that scalar-particle production does not occur in the metric
(2). The Green function inside the light cone (i.e., for
cos 6 > 1 and imaginary & ) can be obtained through the ana-
lytic continuation of (17) as a function of cos §; in this case
the shift cos 6 — cos § — ig, £ > 0 must be made.

As the points approach each other, the function
G (x}, x5) diverges. Let us compute (@ ?),, . The regulariza-
tion of (@ ?) requires two subtractions. We shall use the gen-
erally covariant regularization method consisting in the sub-
traction from G of the first two terms of the de Witt—
Christensen expansion''6:

1 1
8n? [o

#=5)]}

where o(x{, x}) is one half the square of the geodesic interval
between the points x| and x5 and y is the Euler constant. In
(19) the interval between the points is assumed to be space-
like, i.e., that o> 0.

It follows from the de Witt—Christensen expansion that,
asm’ — o,

<(D2>rsl= hm { G (xiiy 1'2‘

‘!*nl

+m? (—!—In mo
2

1 0.0
— — R, — Ak
(o]

6 (19)

[0

(DD og= 77— TO(m™),

16 16m7m* (20)
1

45¢*

1 , ) "
—_— R ™ 1klm_Ri Rm_l_R;'i )=
22} 180 (R R

Since the Green function obtained in (17) is in the form
of a series, it is convenient to use the following computa-
tional procedure: We represent the subtrahends in (19) also
in the form of power series in /. Assuming that the points x|
and x5 are separated only on one of the spheres (i.e., that
a=0,|8| € 1,0 =a’5?/2), and using the Heine formula, '
we have

1 1

a*(1—cos 6) ‘6a* B 0©®)

1.—
o

=—Z(2z+1)0,(2

(21)

ln' m;o ,= In (ma)”

2 +1n(1 — cos 6) + O (8%)
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(ma)* = 20+1 \
n— ;mP,(cosﬁ)+0(6).

Let us substitute (17) and (21) into (19) and introduce into the
sum over / the cutoff parameter e ~ ¢ £>0. Then

(D> req

1
lim { p —*h 6)—2 2— S
(4na)® :I-ﬁol_,o chnp, ™ i (—€0s 8) — 2Q0(2 — cos 6)

—2u*(lnpHy—1)+ 2 (21+1) e+t [ Py, (—cos 6)

=1

k14
ch J'IB[

cos §)+

—20,(2— P, (cos §) ]}, p=ma,

l(l+1) 22)

For £ #0 each term in the sum can be uniformly expanded in

powers of § about the point § = 0. In particular, for § — 0
! 1+cos &
Py, —y(—cos8)=F ( + lﬁz, i, 1 2cos )

2 ch nﬁz

[1 —+»,+Be1p ( + zp,)] +0(68°1nd),

(23)
where 9/(z) is the logarithmic derivative of the gamma func-
tion and F is the hypergeometric function. Then let us go
over in (22) to the limit § — 0 and, lastly, to the limit £ — O.
Finally, we obtain

(0,0 = ——— { 2u* (In pty—1)— 2y— 2Re1p( +L50)

1
(4ma)®

2

i2+i‘3’)+1(zﬁr1) ]}

(24)

+ i(zm) [2¢(z+1)— 2 Re y (

where the 3, are defined in (16). For / > 1 the terms of the

series in / in (24) behave like

=2 n = Yo pb Y s u2 + %/ ggas +
(1+1/,)° U

I-luf'z/s I-Lz
(1+,)°

(25)

therefore, the series converges, and the quantity (® 2)
finite.

Since the passage to the § — 0 limit (the shifting of the
points) preceded the passage to the £ — 0 limit (the lifting of
the momentum cutoff), the regularization procedure used by
us is closer in spirit to the adiabatic method or the Pauli-
Villars method than to the point splitting method proper.
The equivalence of the method employed to the Pauli-Villars
method or the method of adiabatic regularization follows
from the fact that, first, as can be seen from (19), we subtract-
ed from (@ ?) only those terms that we have the right to
subtract (i.e., those terms which either do not depend on the
space-time curvature, or are proportional to R ), and, second,
the expression (24) obtained above for the quantity (@ ?),,
has the correct asymptotic form (20) as m> — . The latter
assertion is proved in the Appendix II.

For m = u = 0 a numerical calculation with the use of
the formula (20) yields

reg

Kofman et al. 1092



(4ma) D ,.,~—0.0265. (26)

Let us note that the result (@ ?),., =0 for m = 0 was ob-
tained for the space-time under consideration by Page'” in
the Gaussian approximation. Fory =ma <€ 1

(471a) { D*>,.e~—0,0265+p* (—2 In p+C),
ety () e (1 (5))

. e @7
+;(2z+1) [(Z(l+1)+E) Irmp'(7

s )+

] ~ —1.756,

where ¢'(z) = dy(z)/dz. Figure 2 shows the plot, obtained in
a numerical calculation with the use of (24), of the quantity
(47ma)*(®?),, . The quantity (P ?),., vanishes at 4 ~0.094,
and attains its maximum value ~0.070(47a)~? at u ~0.43.
The computation of (7"¥) requires three subtractions,
the last of which leads to the appearance of a conformal
anomaly in the trace. Since for a classical massive quasicon-
formal scalar field, T = m?®?, for a quantized field in the
metric (2), (3)
(TH =8,
(28)
1

(T =m* D>,y — ————— =
*  720n%a*

4f,
where (®?),., is given by the formula (24). For u =0 we
come back to the formula (9) with k, =k, = 1;foru > 1 we
have (T ) « m~2a—°. Figure 2 shows a plot of the quantity
(47a%?(T ). The quantity (7T) changes sign at u~0.60.
Therefore, massive scalar fields with ma > 0.6 help sustain
the metric (2), although the contribution from them is nu-
merically small. For p=1 the quantity
(4ma®)* (T ) =6.9x 107>

5. Thus, we have shown that the polarization of the
vacuum of the quantized fields of matter can create and sus-
tain the metric (2) with the splicing (3). Particle production
does not occur in the single-loop approximation. It is to be
expected, however, that the solution (2), (3) will be unstable
when the higher-order loops are taken into consideration,
just as de Sitter’s quantum-mechanical solution is unstable
against the creation of the scalar mode.® In our case, besides

0.06
a.04

0.02

=0.02

FIG. 2. Plots of the quantities (47a)’(®?),, (curve 1) and (47ma*)*(T')
(curve 2) as functions of 4 = ma for a massive scalar field.
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the scalaron instability, there can also occur the usual gravi-
tational instability whose principal mode is a homogeneous
anisotropic perturbation that transfers (2) into the general
class of T metrics:

ds*=dt*—a* (t) dz*—b* (t) (d6*+sin® 0dg?). (29)

Let us note that the class of metrics (29) contains as a
particular case a metric that covers part of the de Sitter
space-time:

a(t) =a,sh Ht, b(t)=H"'ch Ht,
We can, by analogy with the isotropic case,’ surmise that the
Egs. (1) with T,’{o, = 0 possess solutions that describe the
process of decay and transition of the cases when this transi-
tion occurs via the intermediate de Sitter phase and when it
does not. Thus, the metric (2) may turn out to be important in
the investigation of the question how the quantum de Sitter
state arose in the early universe and for the construction of
alternative models of a universe without the de Sitter phase.
There is also no doubt that the Egs. (1) possess more compli-
cated anisotropic solutions with R ¥70 produced through
the quantum polarization of vacuum (the structure of the
solutions with R ¥ = 0 is furnished by the general Belinskii-
Lifshitz-Khalatnikov oscillation regime'®).

ay=const.

APPENDIX |

It is also convenient to use for the description of the
two-sphere space-time continuum the metric

ds*=a*(dv*—e*"dy*—do*—sin® 0dg?®), (L.1)
(— o <7,y < «), which covers one half of the manifold un-
der consideration (see Fig. 1). The formulas for the transfor-
mation from (2) to (I.1) have the form

t=In (chtcosz+sht), chtcosz+sht>0,

chisinx
chtcosz+sht ’

(I.2)
y ==

Let us compute the quantum two-point function
G (x4, 2,) =< D (/) O (2,')>

for the massive scalar field (11). The normalized positive-
frequency basis for the solutions to (11) in the metric (I.1) is

123 nb, R
(D "= ox [_ ] .I’H:‘) | I — Ym ey ’
im =~ €XP 5 In s, (1pIn) = (8, 9)
nN=e". (I.3)
Then
o 1 . —
G (2, 2,') = 8a22 [ dp(nna)» £ (IpIny)

lm —oo

X Hy' (Iplns)expl—npi1e~ % Y1 (81, @1) Yim™ (82, ¢2)
A
P 21+1) P, (cos a)
8a’n’ Z_io( B
X j dp(nma) " K (—ilpIn,) Kep, (i pln,) e~ 70

= (L4)
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where cos a is defined in (15), and we have used the formula
Hi, (Ipln) = —(2i/n)exp[nfi/2]Kip (—ilpln).

The p integral in (I.4) is computed in Ref. 19; it is equal to

Ypr|T (o +iB) |°F (at+ie, Ha—ip, 15 1—0/2);
(I.5)
o=[(y:—y2)*—(n1—n:)*1 /20,

for o> 0. Taking into account the fact that outside the light
cone (i.e., for o> 0) the function G coincides with the causal
Green function G (since they differ by the advanced Green
function), we obtain

1/2(—- 1 + 0')

,- ,' 1 hd P;,
G(x1,$g):W;(21+1)Pl (COS(Z) = ch:rtlil

(L.6)
]

S=—2*(In p+y—1) — 2y—2 Re ¥ (—15

where y is the Euler constant. For u > 1, let us expand in
asymptotic series those ¥ functions whose argument con-
tains u; then we obtain

H

3;;’
+ 2 (21-+1) {2¢(H—1)—1n [(l+—21— )2+ u”]
—Tizﬂ”%)z ]

+é)[( 2) ”] 1(z+1)}+0(”_‘)- (IL3)

Let us consider the auxiliary sums:
l‘,z
+
In (1 (l+‘/2)2)] :

S=--2p*(In pty—

1) Si<u>—2<2l+1> [&

1(+1)
8,(0)=0, (IL.4)
dSl(“') 1 1
4?;(2[“) [1(z+1)_ (+,)+pe ]
371 1 1 1
=y (TT I+1 1+ +ip H"/z—ip,)

14

—2Re\p( +m)+21 1,
Sy=(2y— 1)HZ+4j Rexp( +Lz)d
=(2y—1) p*+2 jz[(zz+ 4) +2Re1p( +zz)]dz

(IL5)
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(iz ”)h)

+Z (2i+1) [Zw(l+1)—2ﬂe¢( +i (uz+1)+iz+ " ) v’) +—ﬁ_1 ,

Finally, from (1.2) it follows that
1—c=ch ¢, ch , cos (z,—x.)—sh ¢, sh{,=cos §

and (1.6) reduces to (17). We should, in analytically continu-
ing G into the light cone, make the shift o — o + ie, £ > 0.

APPENDIX Il

Let us show that the quantity S = (47a)*(® ?),.,, Where
(@ ?) g is determined from (24), has the following asympto-
tic form:

S=1/45p*+0 (u*), p—-oo. (IL.1)
From (24) it follows that
(IL.2)
L(I+1)

Let us use the following formula, which can be derived from
Binet’s formulas'>:

1 1
=lng ——— ——,
Y(z)=Inz %" ow

L

—J.( 1 _1_1 t g
ATE 12)" b

1 2_
2Re¢(—é—+iz)=ln(zz+i)— ! +2 s

2(z*+/,) 6(z2+1/,)*
cr 1 1 1t
—2."( —————— ) e~"* cos tz dt.

Substituting this into (IL.5), we find that for uz > 1

1 1 9
=2u*(In p+y—1 +-—1 o0u — —+
hHn pty—1) BT T e

rYAR!
_4£(1—e‘ Ty

_ Lt s (HSREE o5t

1
——= ) at+o(u.
2 12 ) ()

For ¢t — 0 we have

lim jdt t’e~*sint=—2, lim j.dt te=** cos t=—1.

e—>0 e~>0

Therefore, finally
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11 1 127
S=2u*(In p+y— 1)+——ln2u 4I+—48——0—2+0(u 9,
(I1.6)
where the integral
([ 1 t 1t
I-[ (=555 ) e-ti-t IL7
-[ 1—e ¢ 2 12/° (IL.7)

cannot be expressed in terms of elementary functions.

2) S,= 2<zz+1) (29 (14+1) — 21n (+1/5) — /e (I+/2) ).
1=0 (IL.8)

Using the formula'®
Inn= 5 (e7'—e ™)t dt,
0

the Binet formula for #(z) — In z, and the expression (IL.7),
we have

S,=4 Z: (z +—;-) [¢(l+1)—ln(l+1)

H+1 1 1"
+ —-———(z+_) ]
o "% 2

= 1y S e 1t
= —_ — +_ —t(l+'h) dt
42(“ 2”( l—e ¢ 24)e
S )

Crevt 4 tyd e
= ——-—+—————)dt
4j(1—e"' t 24)dt(1—e“
0

=4lim

[ 5l

1 by et g 1\ e
LI - f.+—) —-——dt]
+( t + 24) 1—e“| R j( 2 24/ 1—e!

&

JFVTIN NE S (L
= Z“m[—z? 24 24 71—

—j(—1—+—1—+i—)e"/2t‘2dt]
AYEERY

(IL.9)

e—»0

1 ik
——4l——(+ 2+

Q ! !
3 5= 2(”“) oA )

—2Relp(3 +m)
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—2¢ '—% )=2Inp+2y+4ln2—4 -4
(IL.10)
foru > 1.
- 20+1 £ zdz
= = o(p™
4) S : 1 [(l+‘/2)2+p,2]2 2 _!(zz+uz)z (n™*)
=p 40 (p ") (IL.11)
foru > 1.

Collecting the formulas (II.4), (6), and (8)—(11), we ob-
tain
S=—2p*(In p+y—1)—21In p—21n 2+'/,
_'1/3MZ+S1+S2+l/1zS3+7/uoS¢
=1/45p240 (p™"),

which was to be proved.

Here and below weset c =# = 1.
2The authors are grateful to Ya. B. Zel’dovich for drawing their attention
to the necessity of such a splicing.
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