Damping of a superconducting current in tunnel junctions
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The lifetime of a metastable current state of a superconducting junction is determined by classical
fluctuations at temperatures above a certain temperature T, and by quantum fluctuations at
temperatures below T,,. We find the temperature and current dependence of the lifetime close to
T, for any viscosity and in the two limiting cases of large and small viscosity for the whole

temperature range.
PACS numbers: 74.50. 4+ r, 74.40. + k

1. INTRODUCTION

The current state of a Josephson junction corresponds
to the minimum of the free energy U (¢ ) of the junction as
function of the phase difference of the two superconductors.
These minima are separated by a potential barrier. The life-
time of such a state is finite. At not too low temperatures
such a state disintegrates due to thermal fluctuations.'? At
low temperatures quantum tunnelling becomes important.
For a sufficiently large capacitance of the junction the tun-
nelling time is large. In that case the adiabatic approxima-
tion is applicable for the potential U (¢ ) and the transition
probability can be obtained employing the usual quantum
mechanical formula.> In a number of experiments*” junc-
tions with a small capacitance were used. In such systems,
quantum-mechanical tunnelling is determined not only by
the change in a single coordinate (the phase difference ¢) but
also by a large number of electron degrees of freedom. Both
real and virtual transitions are then important.

In the present paper we show that after averaging over
the electron degrees of freedom the effective potential turns
out to be retarded; we find the form of this potential and
solve the problem of the quantum mechanical tunnelling
through a retarded potential.

At zero temperature the problem of the lifetime of the
metastable state of a tunnelling junction was considered phe-
nomenologically by Calderia and Leggett® and microscopi-
cally in Ref. 7.

In the present paper we find the decay probability of a
current state at any temperature.

Ambegaokar et al.® gave a microscopic derivation of the
effective action. In what follows we express the transition
probability in terms of the effective action. We study the
various limiting cases for the temperature dependence of
that probability. We show that for any current below the
critical one there exists a critical temperature 7, above
which the transition probability is determined by the ther-
mal fluctuations and described by the classical formula. We
find how T, depends on the current through the junction and
obtain a general expression for the quantum-mechanical de-
cay probability of the metastable state for currents close to
the critical one in the limiting cases of small and large values
of the shunting resistance at arbitrary temperatures.
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2. TRANSITION PROBABILITY AND EFFECTIVE ACTION

For a given current J the energy U (¢ ) of a Josephson
junction equals®

J Je
U(‘P)=—7¢—56—0052<P. (1)

where 2¢ is the phase difference of the order parameters and
J. the critical current of the junction. For currents J less
than J, theenergy U (¢ ) as a function of ¢ has local minima
separated by a barrier

45[]="_:3 ( 1— (—]{—) : ) . —%—arccos (LL) ] . (2)

At sufficiently high temperatures the lifetime of the metasta-
ble state is determined by thermal fluctuations and propor-
tional to exp(8U /T). When the temperature is lowered,
quantum fluctuations which destroy the coherent state de-
scribed by the phase ¢ become important. The change in the
collective variable @ is connected with changing a large
number of single-electron states. The probability for quan-
tum mechanical tunnelling is therefore exponentially small.
We shall assume below that this probability is sufficiently
small so that the system can reach thermal equilibrium as
long as the collective coordinate g is in the classically acces-
sible region on one side of the barrier.

The transition probability W after a time t =1, — ¢,
equals

W=2Z- ZII’I (w’lexp(—i ;‘t;{dt) (™ I ) exp( ———? ) H

. 3
z=Yen (=),

where ¢/, ¢/, E; are the waye functions and energy of the
final fand initial / states and H is the total Hamiltonian of the
system:

A=A+ Hnt+A+QY2C+0Y/2L. m

In equation (4) H . and H & are the Hamiltonians of the su-
perconductors to the left and the right of the junction:

Bim (et @) (=52 mn) )~ f @t @)
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FIG. 1. Integration contour C,.

¥, (r) is the operator annihilating an electron with spin o,
P
Q OL QR,\ QL e J‘ds, ¢LG q’Ldy

C is the capacitance of the junction, L the inductance of the
circuit, @ = fA+d 1 the to;\al magnetic flux in the circuit, A
the vector potential, and H the tunnelling Hamiltonian:

I?T= j‘ j d’rid’ry {T (re, Tr) 1IJL,+ (r) ‘lpm(rﬂ) +c.c. } . (6)

We can write Eq. (3) for the transition probability W as an
integral over the contour C, shown in Fig. 1,

W=z ; [P/l SIpD12, S=exp (-icj }Idt) )

We use a Hubbard-Stratanovich transformation in or-
der to get rid of the ¢/* terms in the Hamiltonian. Proceeding
as in Ref. 8 we get for the S-matrix the expression

S= [D*AD*ADVT exp {—i j Her (2) dt} , (8)

where 4,  are complex functions, ?’ the ordering operator
on the contour C,,

o*
2L’

B =R+l o +Hn o +HQV (O =5 V) + 53 (9)

T P
(AL (r, £) P (r)

ey (£) Fe.c. )+ ”i 1AL (r, ) 12 }

- u) Pro (1)

The quantity ¥V (¢) in Eq. (9) has the meaning of the po-
tential in the junction. In zeroth approximation in the trans-
parency of the barrier the path integral over the modulus of
A can be evaluated by the steepest-descent method. The mo-
dulus of 4 is then replaced by its equilibrium value which is
independent of coordinates and time. After averaging over
the electron states there appear in the effective Hamiltonian
terms proportional to the quantities

(eV—0ag/dt)?, (Vo(r)—eA)?, (10)

and with coefficients proportional to the volume of the su-
perconductor. The path integral over ¥ can then be evaluat-
ed by the steepest descent method. In that approximation

eV (t)=0dg/at. (11)

Summation over the initial (i) and final ( ) states in Egs. (3),
(7) means also integration over the magnetic field vector po-
tential A. This integration can be performed by the steepest-
descent method, which means the substitution

eA=Vo¢(r), eO=nN-—g, (12)
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FIG. 2. Integration contour C,.

where N is the number of flux quanta in the circuit at the
initial time. We shall assume that the junction inductance L
is sufficiently large and that the magnetic energy is impor-
tant only when N> 1. The quantity @ changes by 7 in the
transition from one metastable state to another. Apart from
an unimportant constant the quantity @ ?/2L can thus be
replaced by — Jg /e, where J is the total current in the cir-
cuit. For large inductances we can assume that the total cur-
rent J is constant.

Taking all the foregoing into account we can write the
transition probability W as a trace over electron states and a
functional integral over the phase ¢:

W=2Z-1 J'Dq, SpT exp{——i .!'dt [ﬁLeﬁ+fIReﬁ+}IT
C

e

T 2¢* \ot e

where the contour C, is given in Fig. 2.

As we noted in the Introduction and shall prove in what
follows, the averaging over the electron states leads to the
arising of a potential barrier for the coordinate . We shall
assume that the barrier which occurs is quasi-classical. We
assume that in the path integral (13) the initial state corre-
sponding to the end points of the contour C, lies to the left of
the barrier and that the final state corresponding to the point
t, on the contour lies to the right of the barrier. In all other
points of the contour the integral is taken over all values of .
The transition probability was written in Refs. 10, 11 as a
path integral.

_. We change in Eq. (11) to the interaction representation
in H ;. Insecond order in the barrier transparency the transi-
tion probability W takes the form

W=z,—*J' Do(t)exp(—Alel),

(14)
A[q>]=—z_[dt [E%(%)z+—:—l¢]+-9’[m].
where ’
3’[¢]=17<<T [atf atufie (e A (e >> (15)

Averaging in Eq. (15) over the electron states leads to the
appearance of the Green functions of the left- and right-hand
side superconductors for zero transparency of the barrier.
Their dependence on the potential eV = dg /3t reduces thus
to a trivial phase factor. Separating these factors, as was
done in Ref. 12, we get
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Plol=— J.dtjdt,z | Tl?

x{cos (@ (5) —@(t:)) <’Tav(t) a*(t)>
X(Ta,(t,)a. (t)>— cos(@(t) +o (L))
X<{Ta,(t)ay(t)>{Ta*(t)a, (t)>}. (16)

Theindexes y and v number the states in the left- and right-
hand side superconductors. The averaging in Eq. (16) is per-
formed without the potential V(¢ ) for real values of the order
parameters 4, ;. The Green functions depend only on the
energy of the states © and v and have a steep maximum close
to the Fermi surface. The matrix element |7, |* averaged
over these states can be expressed in terms of the resistance
of the junction above the transition point. Summation over
the states u and v leads to the appearance of the Green func-
tionsg(t,t ')and F (t,¢ ') integrated over the energy variable. As
a result Eq. (16) becomes

Plol=— g dt [ drifeos () —p(t))gu(t, 1) ga(ts, 1)

—cos (@ (1) T@(2:)) Fr (8, ) Fa(ts, 1)} (17)

These Green functions can be expressed in terms of retarded
and advanced Green functions in the same way as was done
in Ref. 7. Therefore, Eqgs. (14) and (16) express the transition
probability as a path integral over the variable ¢ (z).

3. EXTREMAL ACTION

With exponential accuracy the transition probability is
determined by the extremum of the action 4 [¢ ]. The extre-
mal trajectory corresponding toreal z determines with quasi-
classical accuracy the motion in the classically accessible
region. The extremum of the action then corresponds to val-
ues of @ (¢ ) which are equal on the two sides of the contour.!!
Such sections of the contour do not contribute to the action.
One can thus divide the whole trajectory into three parts: the
first is the motion in the classically accessible region up to
the instant #,, of tunnelling which we put equal to zero; the
second is the tunnelling process (motion along imaginary
time along the vertical axis) and, finally, the third is motion
in the classically accessible region. We shift the contour of
integration so that the vertical section goes through ¢t =0
(instant of tunnelling). The value of the path integral does
not change when the contour is moved in this way. Up to
exponential accuracy the transition probability W equals

W~exp {—A[@ex: 1}- (18)

The factor of the exponential in (18) is proportional to
t; — t; and is determined by the deviation of ¢ from its
extremal value. In this paper we restrict ourselves to calcu-
lating the index of the exponent in Eq. (18).

We find the function ¢@.,,, from the integral equation

8A[¢]/69=0. (19)

One can verify that the Green functions in Eq. (17) have the
properties

g(t7 ti) =_g(t‘7 tit)1 F(tv ti) =F(t‘, ti‘) .
The solution of Eq. (19) thus satisfies the condition

(20)
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@ (t+it) =g (t—i7). (21)

It also follows from the properties (20), (21) that we can in
Egs. (14), (17) cancel the contributions from the regions
whenever one of the arguments ¢ or ¢, lies on the section of
the contour parallel to the real axis. The contribution to the
extremal action comes therefore only from the vertical sec-

tion of the contour. Making the substitutiont = — it we get
1/37 C [opy? 1 x VT
= - — 02
Alel= Jdt{ 2% (61 ) - J(P+2RNe2 I dn[Zsm
—~1/2T —1/2T
) —@(t
x(_MT‘P(_*)_) gu(1—1) gr(1—1:) —cos (@ (1) +o (7))
TZ
XFR(T_Ti)FR(T_Tl)] + Rn =

sh

Y st (@) —g(r))/2]
] an 2Ll )
Tar sin*n? (1—14)

(22)
where g(7) and F (7) are Matsubara Green functions. The last
term in Eq. (22) has been added because a tunnelling junction
often turns out to be shunted by the normal resistance R, .
The contribution to the action arising from this resistance is
obtained from Eq. (17) in which the Green function g{7) is
replaced by its value in the normal metal. This substitution is
justified if the main contribution to the shunt resistance
arises from a single tunnelling junction inside the normal
metal. Such a situation occurs, apparently, in Nb junctions.
In these junctions there are regions of the normal phase near
the barrier. These regions, in which the gap in the excitation
spectrum is small, determine the normal current/ = V /R,
through the junction at low temperatures. The case is also
possible when the shunt is a long normal-metal short-circuit.
We must then replace sin’p/2 in the last term in Eq. (22) by a
periodic parabola ¢*/4 (with period 27). In most limiting
cases considered below @ is small and this substitution is
unimportant. The resistance of the junction in the normal
state R, equals

R =R '+Ry". (23)

The resistance R determines the magnitude of the critical
current through the junction.'?

We can look for the solution of the nonlinear integral
Eq. (19) with the functional 4 [@ ] determined by Eq. {(19) in
the form of a Fourier series

P(7t) =@, T 2 an cos (2nTn).

Nemf

(24)

In a number of limiting cases it is possible to find an analyti-
cal expression for the coefficient @, of the extremal action
A [@ex:: ] and the transition probability W. In the model of
quantum tunnelling with friction these cases were studied in
Ref. 14.

4. HIGH TEMPERATURES

At sufficiently high temperatures 7> T, the unique so-
lution of Eq. (19) is time-independent:

@=¢,=const. (25)
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In this case 4 = U(@,)/T and U (¢ ) is given by Eq. (1). The
point @, corresponds to the maximum of the energy U (@ ). It
is convenient in what follows to take for the energy origin the
point where U (¢ ) is a minimum. For that choice of energy
origin the partition function Z gives merely a multiplying
factor to the exponential. With exponential accuracy the
transition probability equals

W~exp {—8U/T}, (26)

where the quantity U is given by Eq. (2). This solution cor-
responds to the classical transition due to thermal fluctu-
ations. When T'> T, this solution is stable. Expanding the
action 4 [@ ]in powers of a,, all coefficients of @2 are positive.
The temperature T, at which quantum tunnelling becomes
important is determined by the condition that the coefficient
of a} vanishes. Close to that temperature

A[9]=U()/T+Ba*+B,a,*+Daa;+Eay?, 27)

where

B=S w1105 [K(1)+(L(0)+L(1))cos 20t —— ] ;
€ Re

1 K(2) cosZcp.,
B,———é(K(i)— = ) [1.5L(0)+2L (1)
+0.5L(2)]— W ,
D=—*/,sin 20, [L(0)+2L(1) +L(2) ], (28)
E— €T, K@) +"°s 290 1 1,(0)+L(2) 1+
et 2 Rshe

The quantities K (m)and L (m)in Egs. (28) can be expressed in
terms of the Matsubara Green functions g(w) and F ()
through the formulae

K(m)=-—= Yig(0n)

21: n) —8R n+m) — 8R n-m/ Jy
X [2gr(0n) —gr(@nim) —gr (@n-m) ] 29)

L(m) =5 3 Fu(02) [Fa(@nsm) +Fa(@non) ]

For superconductors without paramagnetic impurities these
functions are equal to

—i A
g(w.)= W, F(o,)= o A’
(30)

If the capacitance C is sufficiently large, or the shunt
resistance is small, or the current density is close to critical,
the temperature 7,,<7, . In that case we have for supercon-

ductors without paramagnetic impurities

3n8AL2ARZT
K(m)=m?
(m)=m P Rnet (AT AR -
5 7 ALZ_Aaz z
<F(pp% (amar) ) a1
L( )_ J U TALARmz
m 2 T S/ARNez (ALz_l_ARz)‘/z

3 5 AL—AR \?
(2220,
4 4 ALHAR
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0,=nT(2n+1).

where F is a hypergeometric function. When the supercon-
ductors are identical Egs. (31) for K (m) and L (m) become

3n* T
16Rye* A’
The temperature T is determined by the equation B (T;,) = 0.
If Ty« T, this equation has the form

T 1 " ¢ .k
- =Ct —— .
2R 2T0[ ( )] , = o KW

K(m)=m?

C'n*T,+

(33)

The quantity C * has the meaning of a renormalized capaci-
tance. The transition probability is determined by the extre-
mal value of 4 [p ] with respect to ¢, a;, a, and is equal to

sU 1 J\2q'
Weexp{ — -+ 1 i () ]

X Bt [(7’-) (L(0) +L(1))*

4], J \3\ " D*y\q~!

—— —— 34
eT(1 (L))(B‘ 4E)] }'( )
The coefficients B, B, D, E in Eq. (34) are determined by
Egs. (28) in which we must put

sin 2@o=J/J., cos 2@o=—[1—(J/J].)?]". (35)

Equation (33)is valid for such values of current and tempera-
ture that the coefficient B <0 and sufficiently small so that
the second term in Eq. (33) is small compared to the first one.
For sufficiently large values of the current or the tempera-
ture when B > 0 we must retain in Eq. (34) only the first term.
When T,<T, we find from Egs. (28), (32), (34)
oU  J.X,

W~exp{——T+

2eT
[ (.'I,) 1+3y 2(1+y) ]—}, (36)

where

X=[1-(1:)*1", y=2aTC Ry, Xo=n(1+y)T/e] Ry,

In the point T, there appears thus a jump in the second
derivative of the logarithm of the transition probability with
respect to the temperature (with respect to the magnitude of
the current). This singularity is smeared out by fluctuations
near the extremal trajectory. The corresponding calculation
neglecting dissipation was performed in Ref. 15.

5. CURRENT CLOSE TO CRITICAL

For currents close to critical the potential barrier is con-
centrated in a narrow region near ¢ = 7/4. We therefore

look for @(7) in the form
¢ (t)=":arcsin (J/1.)+§ (1), |¢(7)|<1. (37)

In this case the temperature 7, is small compared to T, . The
effective tunnelling time 7>4 ~'. We can thus use for the
action (22) the adiabatic approximation
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. @(0)—¢(1,))* }
Ysin?(nT (t—1.))
(38)

Writing @(7) in the form

§(r)= Z b, exp (i-2nT<n)

Num e o0

and substituting this expression into Eq. (38) we get

Ao[‘P]—

Ne=—o0

4 J.X
e Inl+ 3 T Z babmbnim. (39)

2
Bshe
n,Mex =00

b 2[——<(2nnr)z

Minimizing the functional 4,[@] with respect to the Fourier
coefficients b, we get a set of equations for these coefficients:

2 .
b”[4n TC nz+2n|n| ZJ.X'
e R,e* el "
m! m+n=0. (40)

One can solve Eq. (40) analytically for any temperature in
two limiting cases: small and large shunting resistance.

A. Small shunting resistance (27C*A,,, To«<1)

For sufficiently small values of the shunting resistance
when the quantity R, C * is small compared to the charac-
teristic tunnelling time we can neglect the first term in Eq.
(40). The resulting equation has the exact solution:

ba=Bexp (—b|n|), B=nT/l.R,e,

th b=B/X. (41)
Up to terms of second order in the capacitance C * we can
obtain the action 4 by substituting the solution (41) into Eq.

— 10(1_(1/14:)2)% {1

(39):
5 (7)) )

where T is given by Eq. (33). To first order in the parameter
2mC*Rg, Ty<1 the effect of the capacitance has been re-
duced to a renormalization of the temperature T,

B. Large capacitance

For large values of the capacitance or large values of the
shunting resistance the equation for the phase reduces in the
main approximation to a differential equation:

c 0’&5 2]e

e

[X6—9°]. (43)

In this approximation the calculation of the lifetime reduces
to the quantum mechanical problem of the tunnelling prob-
ability through a quasi-classical barrier. The solution of Eq.
(43) has the form
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P (1) =@u— (P:—2) an[ T( L“‘;‘C;.q’_’)_) /] L (44

where @, > @, > @, are the roots of the cubic equation
Xo*—*/s¢*—E*=0. (45)

The extremal energy E * for which tunnelling occurs is deter-
mined from the condition of periodicity of the function ¢(7)
with period 1/T. From this condition we get
J 1 —@a\ "

1 (_e_ ) - —K(k), k= (__"" L ) , (46)

2T \3cC* /. (pi—s)™ Pi—Ps
where K (k) is a complete elliptical integral.

Expanding the function () in a Fourier series we get
for the coefficients b, the equation

nn [ (nnK(k') ) -t
26K (k) L° \"K(k) ] ’
k' =(1—k?)". (47)
We can obtain the action 4 up to terms of first order in R,
by substituting the solution (44) into Eq. (39):

bamo= (‘P: (Pz)

]eE JcC. e '
4=+ g () @tee)
1 1 P1—QP2 ? 2n_y
o F( ’ ’2;(______) ) + nb.’.
(P1—92) Z 4 st Q—20s Rshf’z,gl

(48)
The temperature dependence of the lifetime was found
numerically in Ref. 16, neglecting dissipation. At tempera-
ture T = 0 Eq. (48) is equal to
. l/’
A -.—.%X%( 207 ) [+

e.”

458 (3) ]

4312‘&50‘1'0 ! (49)

where the quantities 7, and C * are given by Eq. (33). Expres-
sion (49) is the same as the result of Ref. 7 and differs from
the phenomenological result of Ref. 6 only by the renormal-
ization of the capacitance.

The resistance of the junction at zero temperature was
denoted above by R, . If R, is infinite the main effect at low
temperatures is the renormalization of the capacitance. One
needs not take into account the exponentially small correc-
tions to the resistance. If T, is of the order of T, we must use
for the effective action the general expression [Eq. (22)]. In
that case the strong dispersion both of the potential barrier
and of the magnitude of the resistance is important.

6. CONCLUSION

The lifetime of the metastable current state of a super-
conducting junction is determined with exponential accura-
cy by the effective action 4 (T,J ). At a temperature 7, given
by Eq. (33) there occurs a change in regime from classical for
T> T, to quantum mechanical for T < T, In the point 7, the
derivative d4 /3T is continuous but there is a jump in the
second derivative 8’4 /JT . When the temperature s further
lowered the quantity 4 (7" ) increases to afinite valueat 7= 0.
The temperature dependence of the effective action is deter-
mined by the magnitude of the parameter 27 TR, C *. For
small values of this parameter 4 (T') has a simple form [Eq.
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(42)]. In that case 4 (0) = 1.5 4 (T,). In the opposite limiting
case (small viscosity)

A0)= —1—8—A (T,)=1.146 A(T,).
Sn

Such a behavior was observed experimentally.*?

The detailed behavior of the system in the cases of large
and small viscosity is different. However, qualitatively a
small shunting resistance has the same effect as a large junc-
tion capacitance. Increasing the capacitance and lowering
the shunt resistance lower the temperature 7, and decrease
the tunnelling probability at low temperatures.
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