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The localization of an electron in a conductor consisting of N elementary metallic chains is
considered. The transverse size of the conductor is assumed to be small compared with the mean
free path /. It is shown that N scattering channels define N different localizing lengths. The major
role in the kinetic properties at the largest distances and at low frequencies is played by a single
channel with the largest localization length / ¥. In the multichannel case N> 1 the problem re-
duces to one-dimensional localization and it follows hence that / ¥ = N/ /2. Other solutions such
as/¥ = NI or /¥ = 2NI are obtained in the presence of an external magnetic field or of magnetic
impurities, respectively. At a small number of channels, N~ 1, the behavior differs significantly
from that in the one-dimensional case. Two-channel localization corresponding to two chains
with potential impurities or to a single chain with magnetic impurities is investigated.

PACS numbers: 71.50. + t

1. INTRODUCTION

The possibility of electron localization in a disordered
metal was first indicated by Anderson.' Mott and Twose?
postulated that all electron states are localized in the one-
dimensional case, i.e., in an elementary metallic chain. Not
so long ago, arguments were advanced favoring the localiza-
tion of all the electrons in a sufficiently long wire® and in the
two-dimensional case.*

Localization in a disordered metallic chain and, as a
consequence, the vanishing of the frequency dependence of
the conductance G (@) < w’In’w as w—0, was proved by Bere-
zinskii.> A more accurate method was later obtained by his
method to obtain a more accurate pre-exponential factor in
the asymptotic relation for the density-fluctuation correla-

tor®:

(6p (z,t=),8p(0,0) >y le»:

—3 _

G0 3‘;’21( =/40) [ den.t-na, (1)
where v, is the Fermi velocity, / is the mean free path,
n, = [1 + exp( — £/T)]~'is the Fermi function, and averag-
ing over the thermodynamic ensemble ({ ), ) and over the
random potential (( ), )is implied in the right-hand side. A
different approach”® to the problem of one-dimensional lo-
calization considers in place the density-density correlator
(1) the coefficient of electron transport to a disordered-chain
segment of length L. The transport coefficient (L ) must de-
creaseexponentially, 7' (L ) ~exp( — L /I, ),overthecharac-
teristic localization length /. . Indeed, at L>/ the following
asymptotic formulas is valid”8:

KT (L)>y|rsi=2"'n"/2(L/l)~* exp (—L/4l). (2)
In the one-dimensional case the transport coefficient deter-

mines the static conductance G (L ) of the system in accord
with the Landauer formula®

ez
GL)=—=TD)/1-TL)]. (2')
Relation (1) or (2) can thus be used to determine the localiza-
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tion length (4/ in this case). There is, however, also another
reasonable definition. A hypothesis has been advanced'®
that a suitable scaling parameter in localization is the quanti-
ty e*:
. . d > 3

{eDy=vs/l =——vpﬁ(lnT(L) v (3)
and self-averaging of the parameter £é* was proved in the
one-dimensional case for L— . We regard it is natural to
call * the localization energy (see Sec. 3 of the present arti-
cle), and call/ * = v /{e*) the scaling localization length, in
the sense of Ref. 10. For a single chain we have'®/* = [.

We consider here several models of a wire in the form of
a certain number N of elementary chains packed in some
manner or another. We assume that a certain anisotropy
exists in the wire and is due to the predominant motion of the
electron along the chains. In other words the binding energy
t between neighboring chains is assumed to be small com-
pared with the Fermi level €, (> ). In addition, the disor-
der in the wire is assumed to be quite small: />Na (i.e., £z/
N>uvg/1), where a is the lattice constant. Under these condi-
tions, the relation between the reciprocal free-path time 1/
7=v;/l and the characteristic spacing de¢ =¢,,, —¢,
between the transverse quantization levels £, becomes par-
ticularly important (generally speaking, Ade¢~t/N). The
point is that under the conditions A €1/7and N> 1 classical
diffusion takes place over short distances in the wire, and the
localization is the result of interaction of the diffusion
modes.''~"3 In this situation the principal role is played by
the so-called fan diagrams.'!"!? In the opposite pure quan-
tum limit Ae> 1/7 there is no classical diffusion and to inves-
tigate the localization it becomes necessary to take into ac-
count all possible scattering diagrams. My preceding
papers'*~'¢ are devoted mainly to this limit Ae>1/7. An in-
vestigation of the very same problem was started in Ref. 17 in
which, however, the answer for the localization length with-
out a magnetic field was obtained in the form / *(N )= NI,
which contradicts for two chains my result' /*(2)=1/
(1 — 1/m) as well as Eq. (38') of the present article (see also
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Ref. 16). Localization in wires without anisotropy (¢t ~¢£x) is
investigated in the limit A¢<1/7 in Ref. 18. We shall not
confine ourselves here to the case 4¢> 1/7, but use a much
weaker condition of the type t>7~ .

2. FORMULATION OF PROBLEM

We consider several different manners of packing the
chains into a wire and the approximation of band electrons
in the field of the impurities along the chains in the approxi-
mation of tight binding of the electron on the chain in the
perpendicular direction. The Hamiltonian is

Hml'= [ —e— —1"_d’—' +Un(x)‘l 6ﬂn'-,_t (sn-i,n'+6n+1,n' ) ) (4)

2m dz*

where U, (x) is a random impurity potential in the n-th chain,
and ¢ is the binding energy between the chain. The boundary
conditions on the wave functions ¥, (x) can be chosen in one
of two forms:

Vi1 (I) =1y (:C) =01
Pw (z) =10 () exp (ix),

the first of which corresponds to packing of N chains on a
plane, and the second to packing on a cylinder. The phase
shift y in the second case occurs in the presence of a magnetic
flux @ inside the cylinder (y = e® /c). If the magnetic flux is
not a multiple of the flux quantum @, = 7c/e, i.e., ® #n,P,
and y = wn,, the condition (4b) violates time-reversal sym-
metry.

Besides the usual potential impurities we shall intro-
duce at times into the system magnetic impurities which are
regarded as a random magnetic field H, (x). In other words,
we neglect the mutual correlations of the magnetic impuri-
ties and the quantum character of the impurity spin. This
approximation becomes valid at not too low temperatures
exceeding, in particular the Kondo temperature. Thus, un-
der these conditions the potentials U, (x) must be regarded as
matrices in spin space

Un(z) > (U0 (2) 14U (2) 65+ UV (2) 6+ Un* (2)6%) e, (5)
where U’ (x) = — pzH ' (x) and up is the Bohr magneton.
Corresponding to a rectangular wire consisting of

N = NN, chains packed into a simple quadratic lattice is
the Hamiltonian

(4a)
(4b)

1 &

Hnm:m'nx' =|—¢——— + Umm ] Gmm’anam'
[ © 2m dz? (@)

+ 8L (B, FOnirt,mer) Onans T0nm (Bnactmy FOmissm) 1 (6)
with zero boundary conditions

Prrs, ma(2) =0, m (2) =0, Py, was1 () =Pm,, o (2)=0.  (6¢)
Other boundary conditions

Prert, na () =0, 0 () =0, Py, 5. () =Vn,, o (z) exp (ix) (6d)

on the Hamiltonian lead to packing of N = NN, chains in
the form of a hollow cylinder with a magnetic flux @ inside
it.

We diagonalize the Hamiltonians (4) and (6) with re-
spect to the transverse motion of the electrons:

. 1 @ .
o= (—etel® =22 ) ot 00 @), @)
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wty 1 @

"™ 2m dax?
where the transverse-quantization energy levels

en*=2t cos [nn/(N+1)], (7a)

en"=2t cos [ (2nn+y)/N], (7v)

=2t cos[nin,/ (N,+1) ] +2¢ cos[nn,/ (N, +1) 1,  (7c)

e(d)

Hnmxm'nx' = (—E+E ) Gﬂini'anmx'+Uﬂﬁnxﬂt'nz'1 (6,)

=2t cos[ny/ (N, +1) ]+2t cos[ (2nny+y)/N.]  (7d)
and the matrices of the random potentials
Uy (@)= ) Uni(2)2(N+1)~
Xsin[nnon/ (N+1) Isin[nn.n’/ (N+1) 1, (8a)

Unnr (2) =Z U..(z) N-texpli2nn,(n—n’) /N1,  (8b)
Uit @)= Y, Unann (2) 2 (V1) sim[nions/ (V1) ]
wsin[nnon, '/ (N+1)12(N,+1) !
xsin[nngon,/ (N,+1) I1sin[nngn,’/ (N, +1) 1,
(8¢c)
br:«;;:m'n:' (I) = Z Unmun (I) 2(N1+1) -t sin[;rm“,n,/ (N1+'1) ]

Ny

kin[nnmnil/ (N1+1) ]I\Iz-'i exp[izﬂnzo (nz"‘nzl) /Nz] (Sd)
correspond to the packings (4a), (4b), (6¢c), and (6d), respec-
tively.

We regard as the simplest approach to the localization
problem a method based on the investigation of the transport
coefficient T'(L ). To the left and to the right of a disordered
section of length L the solution of the Schrodinger equation
with the Hamiltonian (4') or (6’) takes the plane-wave form

Pa () =4," exp (ikazx) +B;™ exp (—ikqx)
with wave vectors

k,,= (Zma)”‘—e,./vp. (7’)
The amplitudes 4 Z, BL and 4 %, B X to the left and to the
right of the disordered section are connected by the scatter-
ing matrix m:

A1 A, 1"
n =A n 9
[Bﬂ] m[B,,,] : ®l
which must satisfy the constant-flux condition
1 09r4q*
i=[A+B+1%
F=lTBT ] —1][B]
~. 1 07.1741*%
=[A*B*1tm*
(4B m [0 —1] m[B]

at all values of the amplitudes A £ and B £. The matrix 7 that
satisfies the restrictions (10) is of the form (for details see Ref.
14)

(10)

B

- (11)

. [2 ch(I/2)2

3 X sh(l/2)5
Y sh(I/2)s ] '

Y ch(F/2)5

A
where X, Y, i1, and D are unitary matrices of dimensionality N
(or 2N in the case of magnetic impurities), and I"is a diagonal
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real matrix with the same dimensionality. All the scattering
information we need is contained in the matrix
z* (ch i‘)l'i ut(sh f’)ﬁ
p*(shI)d o+ (chI)B ]

In the multichannel case the role of the transport coeffi-
cient is played by the transport-coefficient matrix T(L ). In
fact, assume that to the left of the disordered section we have
an incident flux j5 =(4 *A4)* and a reflected flux j
= (B *B)*, while to the right we have only a transmitted
fluxji = (4 *4)%,ie, B® = 0. We express 5 in terms of the
amplitudes of the incident flux 4 £:

=(A*A)*=(A*) 4+ [2(1+ch T) -] a(4) " (13)

The expression in the square brackets in (13) is none other
than the transmission coefficient matrix 7 2/(cosh I" + 1),
which was diagonalized with a unitary transformation # in
the space of the amplitudes 4,, © . Thus, the transformation #
defines N (or 2NV ) independent scattering channels for the
flux from left to right. In other words, if a flux is produced in
one, say the nth, channel the scattering process will not af-
fect the remaining channels and will be characterized by its
own transmission coefficient 7, = 2/cosh I', + 1). For a
wave traveling in the opposite direction, from right to left, a
similar relation can be obtained, in which the transmission
coefficients in the different channels remain the same, T,
and the channels themselves are defined by a unitary trans-
formation { in the space of the amplitudes B, *.

If time-reversal symmetry exists in the system, i.e.,
there are no magnetic impurities or a magnetic field, the
unitary matrices # and 0 are somehow related. Thus, in cases
(4a) and (6c) we have

W=t = (12)

- £y

u=v.

(14ac)

For the cylindrical packings (4b) and (6d), when the magnet-
ic flux in the cylinder is a multiple of the flux quantum,
D = ny®, and y = mn,, the following relations hold:

(14b)

Unn'=VUn N-n',

.

(14d)

umn:m'm'—vm,m,m',Nz—m' .

We define now the elementary act of scattering by an
impurity whose position in the lattice x, = an of each of ¥
chains is assumed random. Thus, we define the random po-
tentials U, (x). Let the amplitude for passage of an electron
through a solitary impurity be d = cos ye ~ %, and let the
probability of finding an impurity at a given lattice site of one
of the chains be g. Since we are considering weak disorder
I>Na, we can assume these to be Born impurities with ¢,
B<«1 and widely spaced, §€1/N. For the forward and back-
ward scattering mean free paths we have then respectively
I =a/qy*andl’ = a/q B> The generalization to the case of
magnetic impurities (5) is obvious:

Y Yosr = (Yoh + 107+ 1,89+ 7.07) o' (5)

A similar relation holds for 5. The mean free path corre-
sponding to backscattering is given by

IM=ga= (1ot st) =l L L L (1)
The fact that we have set the densities of the simple and
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magnetic impurities equal is of no fundamental significance,
since combinations corresponding to the mean free paths /,
enter everywhere. The matrix #(xqn,) for backscattering by
one impurity located at site x,, of chain 7, is of the form

Ynn' (Zolo)
iﬂnn' (—xono)

—'iﬁnn' (zono)'

~ ="+
i) =1+ | Y (zon)

(16)

where we have retained only the terms linear in ¥ and . For

the packings (4a) and (4b) we have respectively

Yan' (Zo720)

=—iyexp[—i(k,tka )z, ]2(N+1)-
xsin[nnon/ (N+1) Isin[nn.n’/ (N+1) 1, (17a)

Yun (Zono) =—iyN-* exp[—i(kn+ka') Zo+i2nn, (n—n') /N],

] (17b)
Bnn'(zonb)
=P exp[—i(kn—Fkn)2]2(N+1)
Xsin[mxnen/ (N+1) Isin[nn.n’/ (N+1) 1, (18a)

Bun' (Zon20) =BN~1 exp[ —i (kn—kn-) 2,+i27n, (n—n') /N].(18b)

Similar relations for the packings (6¢c) and (6d) can be easily
obtained by comparing (17), (18), and (8).

3. BASIC RELATIONS

Expressions as, e.g., (2) and (3) are averaged over the
realizations of the random potential with the aid of the func-
tion W (L, Tad), which determines the probability density of
the random quantities 7, &, and § given the length L. Since
we are dealing with weak impurity potentials ( 5, y<1), the
function W (L, T ub) is described by a Fokker-Planck partial
differential equation. To obtain this equation we must define
a Markov process for T i, . In other words, starting from
the distribution density W (L, Tuv) we must find W (L + a,
7i ). Expanding the relation obtained in terms of the small
increments of g (up to the linear term), 4 T A#,and Ad (up to
the quadratic terms) and averaging over the rapidly oscillat-
ing functions, we obtain the sought Fokker—Planck equa-
tion. We thus add one lattice constant a to the disordered
section of length L. A new lattice site of one of the N chains
(say, the chain n,) will contain, with probability Ng<1, an
impurity. The matrix (12) then acquires an increment

AM(Ly=m*(L+a, ne) M(LYm(L+a, n,)—M{(L).

From this we get the corresponding increments of the ran-
dom quantities 7= 2/cosh I" + 1), #, and . We present ex-
pressions for thAe incrgments AT, A, and 4D, accurate to
terms linear in ¢ and 5:

AI‘u=Rnn+Rnn'a (19)
Bttt = ¥ {—tnnBaun+[Ban, (Run’—Ran) cth To/2

+ (1‘—61"-1) (an Sh Fm+Rn.m Sh F'n) / (Ch I‘n""Ch Pm) ]unm’}1
(20)
Apnr = Z‘ {nnBain'+ [Ban, (Run—Ran’) cth T/2

+(1=64n) (shTW R, n+sh T Re) / (ch Th—ch T 10nn),
(207)
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where we have introduced the notation

Rl=u‘§ (L+a, no) v+, B=f} (L+a, ny), §=E(—L—a, no).

(21)
It is important to note that in relations (19)—(21), ob-
tained on the basis of Eqs. (12) and (16), we did not use so far

the actual form of the matrices y(xyn,) and S (xon,), which

depends on the packing of the chains and on the coupling
]

(F.2—1) [—IR,.,.

I AL

n'skn

NLEW(L pav)_Z{

1)'/.

where the bar over the terms quadratic in ;Af(xono) denotes
averaging over the rapidly oscillating dependence on x, and
ng. Following next in (22) are terms with the derivatives d 2/
dFdu,d 2/3Fapand all the remaining derivatives with respect
to i and . Since the variables F, determine the transmission
coefficients, T, = 2/(F, + 1), even the terms retained in (22)
contain important information on the localization in various
channels. In fact, if we insert InT,, = In[2/(F, + 1)] in both
halves of (22 and integrate with respect to F, #, and 3, only
the terms written out in (22) make a nonzero contribution.
The result can be represented in the form

d
(8,.) Up/l ——vpd—L<lnT>

=v,a-*1vq< Rpu Y (TR TR T (Fn+1)/(F,,—Fﬂv)>,

n'wkn
(23)
where we have introduced, in accordance with (3), the local-
ization energies €, * and the localization lengths /, * corre-
sponding to the different channels. We now average (23) over
all N (or 2N ) channels. We rewrite first the factor that con-
tains F, and F,. in the form of two terms:

Fott  FAF.+2 1
Fn_Fn' N 2(F»'_Fn')

the first of which reverses sign upon the substitution n<n’
and therefore makes no contribution to the answer averaged
over the channels:

N"Z (e,.‘>=v,N“Z, 1/l,.‘=v,.a“‘q< Z Ror |2> —1/1.
' (24)

The important and unexpected result (24) shows that
the localization energy averaged over the realizations of the
random potential and over the channels is equal to the reci-
procal free path time and is independent of the number of
channels, of the method of packing, the chains, and of their
binding energy ¢. At the same time we expect that some local-
ization should decrease, and a localization length should in-
crease, when N or tis increased. The answer is that spontane-
ous symmetry breaking between the channels takes place,
and as a result the channels have different localization
lengths (e, *) and localization lengths [, *.'*'® In other
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energy ¢ between them. This remark applies to all the results
of the present section, which are therefore quite general.

The Fokker—Planck equation is obtained with the aid of
(19)—(21) by the method described above. It is more conven-
ient for us to deal with an equation for the distribution den-
sity of the qg\antities F =cosh I, i, and D, i.e., for the func-
tion W (L, Fud). We present the first few terms of this
equation:

Z (R 1+ Rurnl?)/ (Fa=F ) ]

n'skn

(F 2—1)"(RaR’,, +R”RM)}W+ (22)

|
words, the localization-energy degeneracy existing at £ =0

and in the absence of magnetic impurities is lifted with re-
spect to the transverse quantization index because ¢ #0, and
with respect to the spin index on account of the magnetic
impurities. One of the N (or 2V ) channels receives in this case
the smallest localization energy (¢, *) and the largest local-
ization length /, *. It is just this channel alone which plays
the principal role in the kinetic phenomena at the very long-
est wavelengths and lowest frequencies. Thus, for sufficient-
ly long samples the channel in question makes the main con-
tribution to the transmission coefficient
T=N"'2,T,=N"'T, averaged over the channels. All
this obviates the intensively discussed'®'?° question of how
to use the Landauer formula® for the conductivity (2') in the
multichannel case. The total conductivity of long samples is
determined by the very same channel with maximum local-
ization length:

(25)

no

We now renumber the channels in decreasing order of
their transmission coefficients, i.e., we have Fy<F,<...
<Fy_ . As aresult, as can be seen from (23), the localiza-
tion energy (e,*) is arranged in increasing order. This
means that all the transmission coefficients decrease with
increasing L in accord with different exponential relations
T,(L)~exp(—e,*L /vg). Thus, for sufficiently large
lengths L>v/(e¥, | — €, *) we get already the strong ine-
quality

F<F ... <Fy_,. (26)

e can simplify the relation (23):
(23')

Using this inequality, w
$go">=Ux/l, ‘—vFa"Nq< |Roo|?>,

e —vFa“Nq<|H,.,. I+ Z(IB,.,. " +iR,] 2))

n'=0

(237)

Similarly, without essentially finding the total probabil-
ity density W (L, Tubd), we can obtain an expression for the
average logarithm of the conductivity (25), Inserting
In G (L— ) in (22), integrating with respect to F, &, and 3,
and using the inequality (26), we arrive at the expression
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n G (L) >=—La~*Ng<{|Ro|*>=—L/l,". 27)

To determine the localization energies (23) as L— o it
suffices thus to calculate the correlators, indicated in (23’)
and (23"), of the random matrices # and v. At large distances
L>v:/(e¥ ., —€,*), when inequality (26) holds, the distri-
bution of # and ¥ ceases to depend on L and 7, i.e, it is
determined by the stationary distribution density W (&,D).
This can be seen from expressions (20) and (20’) for the incre-
ments 42 and AD, which cease to depend on I' under the
condition (26):

Ad=—iap+Pa,

Av=ivp—Pp,

(28)

(28')

where we have used the matrices (6 (x) is the step function)
P,..=0(n—n')Rpn—0(n"—n)Ron, (29)

b,.=0(n"—n)R,.,—0(n—n")R,. 29')

Starting from relations (28) and (29) we can find a closed
Fokker-Planck equation for the function W (i) used to aver-
agein (23'),(23"), and (27). Generally speaking, however, the
stationary density W (id) is not sufficient for the averaging of
the transmission coefficient T,(L ) or of the conductivity (25).
The inequality (26) permits simplification of this question,
too. The point is that under condition (26) Eq. (22) for the
function W (L, Fid) splits into N (or 2N ) equations for the
function W, (L, F,4d). Using the inequality (26) and inte-
grating with respect to all the variables F,. except for one F,,,
we obtain

a 9 - 7} 0 —
—— F.iD) = — 2_4) —0 2
Nq oL WQ(L, ouv) aFo (Fo 1) 0Fo IRao' Wo+... 9
(22')
a 0 ~~
——W.(L,F,
Nq oL ( uv)
6 a I 1 n—1 - e
= Fnz[ Rnnz__ nn’2 n’nz] cee .
il Zun F+1R. 1) | W+
n'=0 (22,,)

Equation (22') for the channel with maximum localiza-
tion length is already very similar to the equation for the
function W (L,F ) in the case of one chain”®:

9 .. .9

l—az W(L,F)= 57 (F*—1) 3F w, (30)
from which follows, in particular, the asymptotic form (2).7#
Equation (22') reduces exactly to (30) only if |R,|* isin fact
a number independent of # and 3, so that (22') can be inte-
grated with respect to # and d. Two cases of this kind (with-
out and with magnetic impurities) are presented below. As
an example of a correlated distribution of the parameters F,
and & or D, when it is impossible to obtain (30) from (22'), we
cite the two-channel case considered in Sec. 6. More general,
however, is the situation wherein it is possible to reduce Eq.
(22') approximately (relative to some parameter) to the one-
dimensional case (30). Thus, if we are dealing with smooth
impurity potentials forward scattering is much more effec-
tive than backward, /¥ «l. The characteristic distance I/
over which the matrices # and § change substantially turns
out then to be much less than the localization length /,*,
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since /,* > /. This circumstance permits averaging in (22')
over the fast dependences on # and 7, and obtain Eq. (30)
accurate to the substitution

l>al{Ng|Ro|®",
which agrees with Eq. (23’).

Of greater importance is the situation N> 1, when the
localization length /,* ~ N/ is again much larger than the
distance/ over which the matrices # and d vary. Consequent-
1y'¢ the localization in sufficiently thick wires with N> 1 is
described by the same equations (30), (30'), (2) (1), etc. asin a
single chain, whereas in very thin wires with N ~ 1 this is not
the case.

(30)

4. LOCALIZATION IN THE MULTICHANNEL CASE WITHOUT
MAGNETIC IMPURITIES

Having at our disposal Egs. (23'), (23"), and (30’) we can
proceed to calculate the localization length. The question is,
over which of the characteristic distances is it necessary to
average over the rapidly oscillating dependence on x,, and n,
in expressions of the type

o o
R Ry, = UnnVnmy U, Vi Vrumy” (To720) Vi (Zo0). (31)

The answer is that, since we are dealing with the nth channel,
the averaging in (31) should be over characteristic lengths x,,
of the order of the corresponding localization length /, *.
Since we shall be interested hereafter mainly in the contribu-
tion from a short localization length /,* ~ NI, we average in
(31) over distances x,~ N/.

Using (17a) and (17b) we obtain the following relations
for the packings (4a), (4b), (6¢) and (6d):

(YanVaz)® = Ve (nn’, AR)JIN (N + 1)],
('\’nn"\’;,;,')b =V (nn’, 1i1')/N?,

* c
(Ynm;m'n:’?,]‘,;._,{,'ﬁz')

(32a)
(32b)

=9%f® (mny/, i) f* (nery’, fafa’)/[N1 (N1 4 1) No (N2 +1)],
(32¢)

('V'nnmm'm’v;‘ﬁﬁ{iz’)d
= V¥* (!, faid') f° (nane’, fiafiy) [Ny + 1) N7,

where we have introduced the notation

(32d)

F(nn', i) =exp {—its (ea"+en"—ex—€x*) [Ur} [Bnmn’, 5o
FOn—n' wr=mtOnin’, mem' T Oninr, 2vany-m-w'], (33a)
P (nn’, ') =exp {—iz, (e +en—Ext—5") [Vr} Snn’, 7o,
(33b)
Ban=N=* Y expli2an, (n—n')/N1= ¥ 8,0'saur.

ng o

We can similarly obtain expressions for the terms quadratic
in 3. The essential difference is that there appear not only the
mean value BB *, butalso BB and B*B*.

We shall illustrate the averaging over the fast depen-
dence on x,, using as an example expression (33b), in which
the exponential can be rewritten in the form
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‘exp {—8iz,tv;~" sin [n(n—7)/N] sin [n(n+7
+y/n) IN] sin [n(n—n'—N/2)/N]}. (34)

Ifthere is no time-reversal symmetry ( y #n,)and Nisodd,
the second and third sine function in the exponential of (34)
cannot vanish exactly. The minimum values that they as-
sumeatn + 7' = Nand n — n’ = (N + 1)/2 are of the order
of 1/N. Therefore, if we want a fast dependence on x,, in the
exponential (34) at arbitrary parameters n %7, n’, i’ we must
to stipulate satisfaction of the condition

zot/ (VeN?) >1. (35)
This restriction, which takes at x,~ N/ the form
min Ae~¢/N*>1/x (35")

and means total absence of classical diffusion, is precisely
the one assumed by us in the earlier papers.'>'® Here we
obtain first the answers under the condition (35), and then
show that for the results (38), (38’) and (38") to be valid we
need the much weaker restriction (42). Thus, for odd N and
Y #mn, we have under the conditions of (35)
P (nn’, an') =8,70a"". (36)
In the presence of time-reversal symmetry ( y = 7n,) at odd
N, expression (33b) takes a different form
(36')
Similar formulas are easily obtained also for even N, when
the last sine function in the exponential (34) can also vanish.
Substituting (32b), (36), and (36’) in (31) and using at
Y = 7n, the relations (14b), we obtain

(R""'R;:}'l');,-'-nno: stnﬁan'ﬁ’/Nz, (37)
(R R2= Yy —aen

28 _8 - Y Y § l uX ou¥ 2
=7y (6,""6,",“, + 6,","r 6""" UnnUn munmun'n‘)/ N2.
m

fb (nn', ﬁﬁl) =6ﬂﬁ§ﬂ’i'+6n+ﬁ', N6n'+ﬁ, N—6n56u'i'6n+i', N.

(37)

Since the mean value (37) does not contain the matrices # and
b, the answers for y = 7n, are directly obtained"’ from (23’)
and (23"):

' =NI, 1,'=NI/(1+2n), (38)

where the last relation requires, generally speaking, satisfac-
tion of the inequality (35) with x,~/, *. We have here an
exact reduction to the problem of one-dimensional localiza-
tion and, in particular, we get an asymptotic form with /
replaced by NI.

If y = mn,, the matrix 4, strictly speaking, enters in the
expression for the localization length (packing (4b), N odd):

l.,'=Nl/(2—<; Iuo"l‘>) . (39)

Since u is a random unitary matrix, we have |u,, |~ 1/N
(for details see Appendix I) and we get the estimate

<Z |u.,,.|‘> ~N< ¥ ~4/N.

At N> 1 we get thus the approximate reduction, accurate to
the parameter 1/N and described in the preceding section, to
the one-dimensional problem. In the presence of time-rever-
sal symmetry the localization length is then'¢

(40)
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l,'=N1/2, (38)

or half the value in the absence of this symmetry (cf. Ref. 18).

In Appendix I, starting from Egs. (37') and (39) and
calculating the necessary mean values of the matrix @, we
obtained the corrections to (38'):

1,*=NI/(2—2/N+...). (41)

In thelimit of strong forward scattering ( B 2>?)itis possible
to obtain in the case of (39) for the localization length an
expression that is valid for all V:

I = (N+1)1/2. (41')

We now stop to examine whether the rather strong re-
strictions (35) and (35') are really so necessary for the validity
of the answers (38) and (38’) at N> 1. The cube of N in the
inequality (35) is necessary for the dependence on x,, to re-
main fast in the rather untypical case when all three sine
functions in the exponential (34) are small. It is understood
that the phase space corresponding to the situation in which
two or three sine functions in the exponential (34) are close to
zero is definitely small. We confine ourselves therefore to a
condition that is much weaker than the inequality (35),
namely

[In (UeN?/zt) ] “2zot/ (VeN) >1, (42)

As a result, a smooth term corresponding to classical diffu-
sion appears in relations (36) and (36’). This function, how-
ever, differs from zero in a small region of the space of the
variables n and n’, in analogy with the third term of (36'),
which gives a small correction, ~ 1/N, to the localization
length. Thus, the use of the weak restriction (42) leads to
corrections for the localization length in (38) and (28’), but
these corrections are small in terms of the parameter (42).
Since x,~ NI, the inequality (42) is equivalent in the case of
the two-dimensional packings (4a) and (4b) to the condition

[In (N*/t1)]-*te>A, (42ab)

For the three-dimensional packings (6a) and (6d), similar
reasoning leads to the restriction

tr>1, (42cd)

It is convenient here to estimate the characteristic val-
ues of the magnetic flux in a cylinder (more accurately, its
differences A® = @ — n,®) from the total number of flux
quanta at which the interchange of the regimes (38) and (38’)
takes place. This estimate can be obtained by considering the
second sine function in the exponential (34):

AD ~D,/tT,
AD ~Q,/tTN,.

(43b)
(43d)

Strictly speaking, Eqgs. (38) and (38') were obtained so
far only for the cylindrical packing (4b). At N> 1, however,
these results are universal in the sense that they do not de-
pend on the packing method. On the other hand, the correc-
tions to the answers, such as, e.g., in Egs. (41)and (41'), are by
far not universal, i.e., they depend on whether the number of
chains N is odd and on the shape of the wire cross section.

We present expression (33a) averaged over x, under the
condition (33):
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fo(nn’, nn')
=850 5+ 00 8nwt 27 {(2—8n7—077") Ontnr, n41074mr, w1
— (1=8n, (w+1y/2) Onwbn'58un-}. (36a)
Relation (31) now takes the form
(R Bz )* = 12(8,28 = + 8,28 = + . . J/IN (N + 1)],(37a)

nn n'n’ nn’ n'n

where we have used the relation (14a) and the three dots
denote the terms ~ 1/N that stem from the expression in the
curly brackets of (36a). These terms are estimated in analogy
with (40). Thus, for chains packed on a plane we get the
answer (38’). The same results (38) and (38’) are obtained (in
principal order in 1/N) when (32¢) and (32d) are used for
three-dimensional packings. Just as before, by foregoing the
condition (35) and changing over to the restrictions (42cd) we
arrive at universal corrections that are small in the param-
eter (42cd).

5. MAGNETIC IMPURITIES AND MULTICHANNEL
LOCALIZATION

It can be stated right away that the influence of magnet-
ic impurities of general form reduces to two effects. First,
they eliminate the time-reversal symmetry. Second, they lift
the degeneracy in the spin index of the electron, leading
thereby to a doubling of the number of channels. Even these
general considerations allow us to write down a correction
equation for the localization length'® (cf. Ref. 18):

I =2NI. (38")

Deviations from this result can occur on account of the
strongly anisotropic character of the magnetic impurities. A
difference is obvious, e.g., for Ising magnetic impurities
(¥x =7, =B. =B, =0). In this case all the matrices are
diagonal in the spin indices and the results for nonmagnetic
impurities remain in force if account is taken of the change of
the mean free path (15). A different formula is obtained also
for magnetic impurities in the form of plane rotators (y,
=B, =0). A feature of these impurities is that they leave
the Hamiltonian (4) or (6) real (if y = 7n,), i.e., they do no
violate the symmetry with respect to complex conjugation of
the wave functions.

If the system contains magnetic impurities, the ampli-
tudes ¥ and 8 must be regarded as spin matrices (5’). The
averaging in Egs. (32) is not only over the impurity position,
but also over the direction of the random magnetic field. Itis
necessary to make in (32) the substitution
V2 Yoo Vi =271 (o + ¥a® -+ 7, + 1.7 60,5

+ 27 «Yoz + sz _sz - Yzz)

x X, . vy
X GSEO'S'S' — (Y02 —_ l’xz + Vyz - Vz2) 0-0

ss s’s’

+ (VOZ - sz - sz + Yzz) GZ'Gz‘r}- (44)

s$8 8’8

It follows therefore that the simplest case of Heisenberg im-
purities is the model (4b) under the conditions /, =/,
=1, =1,,y #mnyand Nis odd, when we obtain, using (37)
and (44), the result (38") even at N~ 1. In the general case of
magnetic impurities, when I/, #/, #1,, the terms in the
curly brackets of (44) add a small correction, in terms of 1/N,
to Eq. (38”), in analogy with the reasoning of the preceding
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section. For Heisenberg impurities /[, /, = [, =, we have
obtained in Appendix II the following expansion, which
makes more accurate the result (38”) at y s£mn,, at odd N,
and in the absence of forward scattering (/' = «):

L' =2NU/ {1+3(a/2)%/[ (2N)*—11+ .. .}, (45)
where
o=("'=L") /[l + L +4 (L) '] (46)

The expansion of (45) is in powers of & and is valid even for
N~ 1.Eq. (45) shows directly how the universal answer (38")
is arrived at when the number of chains is increased.

We consider now the multichannel case without a mag-
netic field, but with magnetic impurities in the form of plane
rotators (y2 =72, B2 =B, v, =B, =0), when it is con-
venient to rewrite (44) in a somewhat different form:

VY Yrr=4"" (Vo> +31s%) (853045 +8.:584%)
F47 (Vo> =) {(8eabarzr+843:8413) (—1)*** +48,,:05 (1—0843) }.
(47)
Substituting this expression in (37) or (37a) and retaining
only terms of principal order in 1/N, we obtain

1*=2N/ (I,-*+31,). (48)

Since the mean free path (15) is equal here to /= 1/(/; "
+ 27 7 1), the result (38) does not agree with (38”).

Relations (38”) and (48) should go over into (38') if the
effectiveness of the magnetic impurities is greatly decreased,
a—1. Under these conditions a tendency appears toward
degeneracy of the localization energies in channel pairs that
differ only in spin. We were unfortunately unable to calcu-
late to correction proportional to N (1 — a)'/?, to expression
(38), i.e., to track the instant when the spin degeneracy is
lifted. The difficulty here is that one must deal with two
channels that can in principle not be uncoupled. To estimate
the characteristic value (1 — ). at which the interchange of
the regimes (38’) and (38”) takes place, it is necessary to use
the following approximate considerations. Change of the
symmetry of the matrices # and v from the case (38) to (38”)
requires one act of total scattering by magnetic impurities in
at least one of the N channels. Therefore the distance over
which this takes place is equal to /,, /N, where /,, is the scat-
tering mean free path for the magnetic impurities. If the
scale /,, /N exceeds the localization length, /,,/N>[¥(N),
the symmetry of the matrices # and D cannot change before
[ ¥(N) is formed, i.e., the regime (38’) takes place. We thus
obtain the estimate (cf. Ref. 18)

(1—a) ~1/N2

6. TWO-CHANNEL LOCALIZATION

It is of interest to consider in greater detail two-channel
localization, which does not reduce generally speaking to the
one-dimensional situation. We shall not find the behavior of
the mean value (T (L )}, whose asymptotic form does not co-
incide here with Eq. (2). It will be much simpler to calculate
the scaling localization length /¥. Two-channel scattering
occurs either in two chains with potential impurities, or in
one chain in the presence of magnetic impurities. We consid-
er first the former case.
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For two chains, both models (4a) and (4b) are equivalent
apart from a certain redefinition of the binding energy ¢. At
N = 2 the localization length is specified by expression (39),
as can be easily verified by using relations (23’), (32a), and
(32b). For a sufficiently long disordered segment L3>/ we can
obtain with the aid of (28) and (29), by the method described
above, a Fokker-Planck equation for the stationary distribu-

tion function W (&) of the random parameter
& = |uge|* — |uo;|* This equation is of the form

d ody, 2

L -gy) 2 (1+ 2+ z) =0.

7 -8 (1 e) wE=0 (49)

The solution of (49), satisfying the conditions
1
wE>0, [awE)=1,
-1

is obviously

W () =(1+28*/1")"/{2 arctg [ (1+2p%/y*) ~"] (1+2p*/y*+E") }.

(50)

Averaging in (39) with the aid of the distribution function
(50), we obtain the localization length:
} .51

ﬂz (1+252/72)Ih

* = = + —_—
L (N=2) l/{1 2y 4arctg[ (1+2p%/y%) "]
We present two limiting values of (51) for weak and strong
forward scattering:
I/ (1—1/xn),
lo. (N=2) — { ( JT)

U (1=1s),

pr<y?

ﬁz>>,Yz’ (5 1 ')

The first of these values was obtained by us earlier,'* and the
second is obtained in accord with the result (41’). As can be
seen from (51) and (51’), the localization length in the two
coupled chains depends on the forward scattering amplitude
B, this being a new feature compared with the one-dimen-
sional situation and with the case N> 1. For numerical rea-
sons, however, this dependence is quite weak. As already
noted in Sec. 3, in the case of strong forward scattering
(B *>» 77 thedistribution function W (L,£ ) the stationary dis-
tribution (50) at distances L ~I/ = a/q B2, much shorter
than the localization length /¥ = 2//3. This reduces the
problem to that of one-dimensional localization (after substi-
tuting/—2/ /3) and yields, in particular, the asymptotic form
(2). For an impurity potential of general form ( 82~ %?)local-
ization in two chains is described by equations that cannot be
reduced to the one-dimensional case (for details see Ref. 14).

We consider now magnetic impurities in one chain.
Here, as in the preceding section, the localization depends on
the assumption that the magnetic impurities are anisotropic.
We consider first the case of isotropic Heisenberg impurities
vz =v2 =72 B: =P} =P2), when it follows from (31)
and (44) that

Roo R, = 279,28.:8 = + (Vo? — 7+?) SerS5:

o (52)
where we have introduced the unitary matrix S=iap+.
Thus, to calculate the localization length in accord with (23’)
we must find the mean value of |Syo|? = (1 + 7)/2. The equa-

tion constructed for the stationary distribution function
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‘ 2
' lo.= {l_’+ _—

W (n) with the aid of (28) and (28’) takes the form

d 3a

d 2
g (= ){(1—an) %+—}W(n)=0, (53)

2

where the parameter a is defined in (46). The solution of (53),
which satisfies the condition

1
Wn)>0, [dnw(n)=1,
-1
can be easily obtained
W(n)=a(1—a’) /{2 (1+a)“— (1—a) "] (1—an)®}.  (54)
We thus obtain for the localization length the expression
81\ 1—(1—a?)™
*(N=1)=2l + {1+ —) ————} ,
i 1)2/{1 (1 W 2—a

which agrees at €1 with the expansion (45).

To complete the picture we consider also the case of
magnetic impurities in the form of planar rotators (2 = ¥Z,
BZ =B v, =B, =0). Since the Hamiltonian is real, we
have # = D*. Using this circumstance we obtain

IRoo t= ('Yoz+'Y:2) - ('Yoz_'sz) 2,

We seek the equation for W (¢ ), as before, with the aid of (28)
and (29):

(55)

= Iuoouoi‘—uoo‘uot I .

d 2 d _ _9%2 =
E“_wd; [1—a(1-28) JW (2) =0,

where a is again defined by (46). A solution of this equation,
satisfying the positiveness and normalization conditions

(56)

faew)=1,
is

W(§)=(

[1—cl
20,

) {wa(22)] 0-saai}

(57)
Using thedistribution function W ({ ) we obtain the following
expression for the localization length:

llo—l_ls—ll'Ix(l‘—i+2/l:!)'la -1
I/ arctgl (L~'—L*)"/ (L' +2/17)"]

Ifl,> I, the arctangent in (55) and (58) is replaced in natural
fashion by the hyperbolic arctangent.

We note that the results (55) and (58) for the localization
length in one chain with magnetic impurities contain the
mean free path / ¥ for forward scattering by magnetic impur-
ities. Just as before, at /£ ¢/ the problem becomes equivalent
to the one-dimensional one.

(58)

7. CONCLUSION

We have considered multichannel localization of an
electron in a conductor. It is assumed that the transverse
dimensions of the conductor are smaller than the mean free
path. When the number N of channels is large, localization at
the largest distances (lowest frequencies) is described by the
same equations as in the purely one-dimensional case. The
expressions (38), (38') and (38”) obtained for the localization
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length do not depend at N> 1 on the shape of the conductor
cross section.

The central point is the statement (34), that the localiza-
tion energy (reciprocal localization scaling length) averaged
over the channels is a constant quantity independent of the
model and of the number N of channels. We advance the
hypothesis that this statement holds also for three-dimen-
sional samples. Then Anderson’s transition from localized
to delocalized states would have a somewhat different char-
acter than previously assumed in the literature. In fact, if we
go with respect to a certain parameter from localized to delo-
calized states, condition (24) remains in force at all times but
an increase takes place in the splitting of the localization
energies corresponding to different channels. At a certain
value of the parameter of one of the channels, the localiza-
tion length becomes larger than the sample size. At this
point, which would correspond to the Anderson transition,
the localization length in the remaining channels remains
finite. With further increase of the parameter, the number of
channels in which the electron is delocalized will increase.
These channels, however, do not contribute to (24). There-
fore channels with localized electrons must exist on both
sides of the transition point. The situation is analogous to the
percolation transition, on both sides of which there are clus-
ters of finite dimensions. These considerations help under-
stand the experimentally observed [21-23] absence of a min-
imal metallic conductivity.

Our hypothesis contradicts thus the statement (see [24]
that localized and delocalized states cannot coexist at a given
energy, and predicts the presence of localized wave functions
in the metallic phase. A possible experimental test could be a
search for localized paramagnetic centers near a metal-insu-
lator transition on the metallic side. These singly occupied
centers usually arise>*** near the Fermi level on account of
the weak Hubbard repulsion of electrons in one localized
state.

APPENDIX |

For the packing 4(b) at y = mnyand odd N the localiza-
tion length is given by Eq. (39), which contains the mean
value (|4, |*). The Fokker-Planck equation for the distri-
bution function W (L, |u,,, |*)is constructed under conditions
(26) with the aid of relations (28) and (39). In the principal
order in 1/N<1 there is no correlation between |u,, |* and
the other matrix elements, and the equation for W (L, |u,,, |?)
becomes closed:

N 7]

-——W L nn' 2
e or 7 e leen 1)

02
={a (1)
Inserting |u,, | in both sides of this equation and integrat-
ing we obtain
( l—l+i)_‘.~d-<lunn'lz>=N_"‘< |unn'|z>-
v dL
We obtain similarly the relation

|t 2+ (Nlum.vlz—i)}W. (AL1)

alunn'lz

(AL2)

1\'d
. il 19 =2N-1C |l 2> =<z 4. (AL3
2 (z + z') dL<|u,ml> 2N unn?> =t 14). (AL3)
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The stationary values of the averages takes in this approxi-
mation the form

Qltane [D=N-HON),  {|tgn:|*>=2N*+0(N-3). (AL4)

When // ¢/ we can obtain the equation

2
0 (lunnl®)?
a

——— J]2—

which is valid even at N~ 1. The stationary mean values
(an [D=N"",  |tan |*>=2N"*(N+1)"* (AL6)

are obtained just as before. Expressions (AI.4) and (AI.6) for
the mean values (|u,,, |*) lead to the results (41) and (41’).

d
NZIEEW(Lylurm'lz)-:{ (lunn'lz_lunﬂ'l‘)

(ALS)

APPENDIX II

In the simplest model (4b) with odd N and y #mn, the
Heisenberg magnetic impurities (/,#/, =1, =1,) lead to
the following elaboration of relation (37) in the absence of
forward scattering:

Rpo'Hg‘;, = (v02 + 3y,2) (2N?)™L
X{ﬁpgép,,;. +a/(2—0) Z U5 (V:,‘—),)*} , (AIL1)

where the index p corresponds to the set (n,s), a is defined by
(46), and we have introduced the matrices (i = x,y,z)

i i +
Uoo'= E Uns nis0si83Wngsa,n’s’y

8.8

¢ i 4
Vpp'= Uns,nisi0sis3Uniszn’s’s

whi,c\h areAunitary, Hermitian, and have zero trace,
Sp U = Sp V = 0. We note also the commutation properties:
O'U+0°0'=26,1. (AIL2)

The localization length follows from expression (AII.1):
lo'=2N1 / {1+a(2—-a)“<2 UOO‘VW">} . (AIL3)
i

To determine the correlator (2, UL, Vi, ) it is necessary to
construct an equation for the distribution function W (U, V).
With an aim at inserting in this equation the quantity
3, UL, Vi, and integrating next over all the random varia-
bles, we present here only those terms of the equation which
make a nonzero contribution to the result:

Y (o

. 0 . .
Uit Voo ) [2N~a/ (2—a) 2( UaiVad

2N-—14

N . 62

TV )]+ 2—a) o

+), UnWib )| 2o s
0,0 =1
(AIL4)

2N~-1 .
x Y UiV Y UaVii . .}W_(UI?) —0.
p,p =1 i

We thus obtain the relation
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<Z" Uo'Voik > —a[2N(2—a) ] <;{ Uso'Voo! ( Ui Voo

2N—1 2N—-1
+ Y UaVi) + Y USVuUVd |y (ATLS)
0,0 =1 P,p" =1

We assume now that @ €1 and obtain the first correction
to the localization length (38”). For this purpose it suffices to
calculate the correlator in the right-hand side of (AILS5) at
a = 0. The equation for the function W (U,¥ )ata = 0, while
much simpler than at @ #0, is still quite cumbersome:

Z{( agf,p b+ —o— e V,,p)[zzv+ 600'2—1 ]

ipp’

+5_‘,[(1 __5 600600)

jep’

92 . 52 “
U UL, e av:,p.ovz- o) )
02
b ULV (5,5 + 6, 6-,——6,-)]}
0Upp'0V’3‘-), oo’ 2 op 0P’ o0 0'p
w (0, V)=0, (AILS)

where we use the notation

f(U) Upo (6w+69 o’ 696’_69’6)
~Usw Up’;;r—Up%aniv+Z (85 5UsoUns+85 Ui Uso).
Py

‘Inserting the terms from the curly brackets of (AILS) in
(AIL6) and allowing for the commutation relations (AII.2)
we can verify that only the terms with i =j and p = p’ re-
main in the sums over i and j and over p and p’. We introduce
the correlators

<K1>=<Uoinpoi Vooinai>1
Ky =< U’ |*| Vo' |*

(K> =(U,s'Upp'| Vo' |22,

and rewrite the mean value (AILS5) in the form
2N—1

<Z‘ UW*VW*> =3a(4N)"{((U00V.,0)2>+;‘ <K,+K,>}.

(AIL7)

Inserting in succession K, K,, and K in (AII6) and inte-
grating over all the variables we obtain the system of equa-
tions

ANCK > =—<K, A4NC{K)=(UyU,>—<K>—Ky,
2NLK>={| U |>—<K>,
from which it follows that
(K + K= (2N<| Uop | —<UoUge?) [ (2N)*—1].

Summation over p in (AII.7) leads now to the relation
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(Sony

=3 (4N) U2V +[2N (1= Uss?) + U1/ [ (2N) *—11D.
(AILS)

From (AIL6), just as in Appendix I, it is easy to find the
simplest mean values:

U= 2N+1) ", UV >=<(Us**

Ultimately the expression for the sought correlation takes
the form

(L owva) = T

The first term of the expansion of the localization length
(AIL3) in powers of « is thus given at N~ 1 by Eq. (45).

+0(a?). (AIL9)
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