Model of random phase screen in the problem of thermal self-action of light
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The two-dimensional problem of thermal self-action of light in a fixed medium is considered in the
geometric-optics approximation. An exact solution of the Cauchy problem is obtained for the given
approximation. Exact expressions for the mean intensity and phase gradient of the beam behind the
random phase screen are obtained on the basis of the solution of the Cauchy problem, i.e., the
average over a random initial phase. The same model describes also the thermal self-action of a
spatially incoherent beam. It is demonstrated that to obtain finite expressions for the mean square
intensity it is necessary to go beyond the framework of the geometric optics approximation. Some

concrete examples are considered.
PACS numbers: 42.65.Jx

I. INTRODUCTION

Propagation of high-power light beams in a medium
changes the characteristics of the latter, particularly its tem-
perature. This changes the refractive index of the medium
and as a consequence alters the light beam itself. The ensuing
self-action problems are difficult to treat analytically. They
are frequently made complicated by the fact that the charac-
teristics of the light beam as it enters the medium can be
random functions. The investigation of such problems,
called the random-phase-screen model, is the subject of an
extensive literature in radiophysics (we mention only Refs. 1
and 2 and the bibliography therein). Within the framework
of this model one describes the passage of the wave through a
thin layer of a randomly inhomogeneous medium, such that
the phase of the wave becomes randomly modulated, while
the amplitude remains a definite function. The phase-screen
model is used to describe the propagation of microwaves
through the ionosphere and the flickering of stars in the ran-
domly inhomogeneous interstellar and interplanetary medi-
um.? In addition, the propagation of a beam whose initial
phase is a random function is included among the studies of
the propagation of partially coherent beams.*

Different moments of a field are described in linear sta-
tistical radiophysics either by averaging of the model equa-
tions and solving the obtained linear equations for the field
moments, or by averaging the exact solutions. In the nonlin-
ear case, such as thermal self-action of light, averaging the
model equations leads, by virtue of their nonlinearity, to the
appearance of a coupled series of equations for the moments.
To uncouple this system and to obtain a final closed system
equation for the first, most interesting moments of the field,
it is necessary either to terminate the chain at the required
step and close the system, by introducing additional assump-
tions, or introduce additional notions, which do not follow
from the formulation of the problem, concerning the statisti-
cal character of the solution.

Averaging of the exact solutions of the model nonlinear
equations seems to be more promising. The number of self-
action models for which an exact solution for a sufficiently
wide class of initial conditions is known is, however, rather
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small. In addition, in those cases when such a solution is
known, for example in the case of cubic Kerr nonlinearity
described by an equation of quasi-optic type with local cubic
nonlinearity, there is no known averaging of the solution
over the random initial data. The model solution of the Kerr
effect was described by the inverse problem method,* and the
complexity of the problem has not permitted so far an aver-
aging, say, over the random initial phase.

It is of interest in this connection to consider a simple
model of thermal self-action of light, for which it is possible
not only to obtain exact solutions, but also to average them
in an exact manner over a random initial phase, and thus
describe the average intensity and average phase, as well as
the second moments and their spectra, for a sufficiently large
class of initial conditions.

We shall consider a two-dimensional model of station-
ary thermal self-action of light in the geometric-optics ap-
proximation. The random phase screen will be assumed to be
Gaussian and statistically homogeneous, i.e., we shall as-
sume that the initial phase of the beam is a statistically ho-
mogeneous random function with a Gaussian distribution.
We assume for simplicity that the initial average phase is a
constant. In Sec. II we formulate the model equations of the
problem and obtain exact solutions. In Sec. III we find ex-
pressions for the average intensity and average gradient of
the beam phase, of the second moment and of the intensity
and its spectrum. In Sec. IV, using the general expressions of
Sec. III, we consider the behavior of concrete beams and
compare the cases of a definite and random initial phase. An
interesting feature of the considered model is that it is possi-
ble to obtain in it moments of arbitrary order:

< Hu‘ qu > ’
fomi Jumi
where u; = u(z;,x;) is the beam intensity and g; = g(z;,x;) is
the gradient of the beam phase, but the expressions for the
moments become much more complicated with increasing »
and m. Nonetheless, the operation (...) of averaging over a
random initial phase can be carried out in explicit form for
any moment of the field.
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Il. MODEL EQUATIONS. EXACT SOLUTIONS

To obtain the geometric-optics equations we shall use
the quasi-optics equations and the stationary heat conduc-
tion equation; these equations describe the effect of station-
ary thermal self-action in an immobile medium.® We neglect
the damping of the beam and take absorption into account
only in the heat-conduction equation:

dE | O'E T
et —— +9¢ TE= - ——|E)
Dimt —— +2eTE=0, ——=—I|E| (1)

Here £ = + 1, where £ =1 describe self-focusing and
£ = — 1 the self-defocusing of the beam E; T is the tempera-
ture of the medium. Representing the field E in the form

E=u"e® |E|*=u
and

neglecting the term 3 %u'/?/9x?, we obtain the geometric-op-
tics equations that serve as the basis for the analysis that
follows (g = dg/dx):

du 0 dq A dq oT
AR P PR i
Equations of this type were obtained in Ref. 7, which starts
out with a cylindrically-symmetric analog of the system (1),
and in which the damping of the beam is taken into account
in the quasi-optics equation. In Ref. 7, however, is given an
exact solution only for an initial beam with a planar phase
front. To describe the model of a random phase screen it is
necessary to know the solution at an arbitrary initial phase.
We proceed now to the plan of the solution.

An exact solution of the system (2) is obtained by using a
nonlinear transformation of the coordinates (z,x) to reduce
the nonlinear system (2) to a linear form. This transforma-
tion was obtained by applying the Estabrook-Wahlquist
method to the system (2), but it can be “guessed” directly.
The gist of the method? is an algorithm for constructing the
system, of the form

7174 U,

-a-;: = A, E = B, (3 )
such that the conditions of consistency of the system (3) coin-
cide with the equations of system (2). For the sake of brevity
we present only the result of the use of the Estabrook-Wahl-
quist method, namely the conditions for the consistency of
the system

9*T
= v @

aU dq

o T oY
- (4)
<. 115 —evual,

where ¥ is an arbitrary constant, coincide with the system
(2). Solving the first equation of the system (4) with respect to
U, we obtain

U(Zv x) = (KD (Z) —‘Yq')F (Z, z) +1q+672F(z7 x) G (Z, x) .
We have put here

F(z,z)=exp {e'{ Su(Z, y)dy}_,
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G(z2)= [ 4(z,9)u(z y)exp {—EYI u(z,8)dt dy.

The initial conditions are assumed to satisfy the relations
u (0, ) —~0,

9(z, &) >g-=riz+y, zT>—00,
q(z, ) >qi=rz 1,

x—>too,
ry, P, — const,

z—+oo, 1y P, — const;

r, and r, are determined from the initial conditions

Ir—ril= {u(0,2)dz,

K,(z) is the constant of the integration with respect to x.
We elucidate the behavior of U as x— 4 . As
X— — oo We have

Uz, z)~K,(z).
Asx— + oo,
U(z, z) > (K, (2) —Yq-) F (2, +°)

+yg.t+er'F (z, +0) G (z, +).

From the first equation of the system (2), which is simply a
conservation law, it follows that

F(z,+)=¢exp {e'y ju(O, z) dz} =F,=const.
Substituting the asymptotic forms of U as x— + oo in the
second equation of the system (4), we obtain

F) 4G (z,+
—a—zK., (z2)=1, (1—yry)Fotyr-tey’F, __f;z;__ﬁ =1.

We find now the expression for the function G (z, + )

1—yr;— (1—yr) F,
2

+G (0, +),
o z+G (0, +)

G(z, )=

6 +=)= [ 20,020, exp {~e1 [ 0,02t} a.

If we now put ¥ =il and take the Fourier transform of
G (z, + o) with respect to A, we obtain

jG(z, +o0) e~ dp,

-

= fdhrdyQ(z, y)u(z,y)exp'{ i [r+gJ' u(z,0)dg ]} v

= [ 91 7a(2,9) 18 (T2 (2 ) 1) 4(2 ) =4 (2, 2) luar, =r.

(5)
From a careful examination of (5) it is clear that this is in fact
the sought nonlinear transformation. In fact, let us make a
nonlinear transformation of the coordinates:

(z, 2) > (z, 1), (6)
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where 7 is defined as

oT 4
r(z, x)=eT,EGa—z=n—8 j u(z,y)dy. (7)

-—c0

It is easy to show that

ar or
— I — —_— 8
Py L il (8)
Using (6) and (8) we easily obtain from the system (2) the
following system in terms of the variables z and r:

0 . _ _0g dq oz

—a—z(u )__GE‘—’ E—r, E—-q. (9)
The initial conditions #(0,r), g(0,r), x(0,r) are determined
from the initial conditions #(0,x) and ¢(0,x) with the aid of
the transformation (5). If the initial intensity profile %(0,x)
satisfies
u(0, £)>0, X, <zx<X,; u(0, z)=0, z<X,, z=X,,

(10)

where X, and X, can be either finite or infinite, we get

u(0,r)= fu’(O, ns[e ju(O, 0 de-tr|dy,

v

q(0,r)= j;yQ(Oy y)u(0, y)ﬁ[aj u(0,§)d§+r] v (11

z(0,r)= rdyyu(O, y)é [ejvu(O, C)d§+r] .

The solution of the system (9) for the initial conditions
(11) is of the form
q(z, r)y=rz+q(0, r),
dq(0,r) .z ]“

u(z,r)= [u“(O,r)—ez—a—r— 83 , (12)

rz*
z(z,r)= - +2z¢(0,r)+2(0,r).
Relations (12) describe the solution of the system (2) in terms
of the variables z and r, and to obtain a solution in terms of

the initial variables z and x it is necessary to carry out a
nonlinear transformation inverse to (6), namely

u(z,2)= [ dré(a(z,r)—2),

L

(13)

g(z,2)= [drg(s,r)u"(z,1)8(2(z,r)~2). (14)

™

Expressions (13) and (14) yield indeed the solution of the
system (2) for the initial conditions #(0,x) and ¢(0,x), where
the functions u(z,7), ¢(z,7), and x(z,r) are defined in (11) and
(12). We emphasize once more that (13) and (14) are exact
solutions of the two-dimensional model of stationary ther-
mal self-action in the geometric-optics approximation. We
proceed now to use the obtained exact solutions in the model
of the random phase screen.
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lll. PHASE-SCREEN MODEL

We assume now that at the entrance into the nonlinear
medium in which the thermal self-action takes place the
light beam has a definite intensity profile #(0,x) and a ran-
dom phase. Since the equations of the system (2) contain not
the phase itself but its gradient ¢ = dp/dx, we shall assume
that the random function ¢(0,x) has a Gaussian distribution,
a zero mean value, and a correlation function

<q(0, ) (0, y)>=0Q(z—y) =Qb(z—y), b(0)=1; (15)

Q, is the variance and (...) denotes averaging. Using the
results of the preceding section, we find the average intensity
(u(z, x)), the average phase gradient {g(z, x)), the second
moment of the intensity {u(z,x,)u(z,x,)), and its spectrum. It
will be made clear below that no basic difficulties are en-
countered when finding (q(z,x)¢(z,y)) and other moments,
but the expressions become extremely cumbersome and will
not be given here.
To find the average intensity we use (13):

<u(z, ) >=(2n)"" < j.‘drj‘° d\ exp{ir[z(z,r) —z]} > .

We substitute for x(r,z) its expression from (12) and take the
definite terms outside the averaging sign:

u(z,2)>=(2n)~" [dr j:dk oxp {m [’—f; +2(0,r) —z] }

X<exp{irzq (0,7)}>. (16)

We consider separately the averaged term, using (22):
<exp{irzq (0,r)}>

= <exp{-i}yz jhdyq (0,»)u (0, y)G[ e f u (0, l_‘,)dc+r] }>

Xy

= (vexp {i fq(O, yIny,z M dy }>

where we have put

n(y, z,r,A) =Azu(0,y) 8 [3 fu(O,C)dl_',-i-r].

—o0

(17)

We recall that u(0,x) satisfies (10). In this case we obtain
directly

<exp{irzg (0, r)}>=exp{—'/:A*2’Q (z(0, r)—y(0, r))}

=exp {-—1/20022A,2}, (18)
We substitute this expression in (16) and integrate with re-
spect to 4. We obtain an expression for the average intensity

2n)-" ¢ [rz¥/2+2(0,r) —z]?
- - dr.
u(z, x)> 207" _f exp{ 520, } r
Transforming in (19) to integration with respect to the initial
variable y = x(0,7) we obtain the final expression for the

average intensity

(19)

V. M. Or'khov 272



<u(z,x)>
0 ppesp (= [ 2 (e fu0 00
ty—z ]z(zzzoo)-‘}dy
(20)
The function
Gi(z,7;0,y)
(2:1) 0

-~ [( e fu0, 0at)+y-z] (200}
' (21)

can be interpreted as the “probability Green function” of the
system for the average intensity

(z,2)>= [u(0,9)Gi(z,2;0,5)dy.
It follows from (19) and (20) that the average intensity

(u{z,x)) is everywhere a finite smooth function. The spec-
trum of the average intensity can be easily shown to be given

by the expression
2 Xs
k2 } j dzu (0, )
Xy

Xexp{ik[mﬁ-;—z—(r‘—e } u(Q, y)dy)]} .

We obtain now an expression for the average gradient of
the phase:

S (z, k)=exp {—

{q(z,1)>

=(2n)-" < Fdrj dhg(z,r)u~"(z,r)exp{ir[x(z,1r)—z1} > .

Using (12), we get
4
<q (Zi T) >= P""
P,

=(2n) "%z j‘ dr.f dir (u“ 0,r)— E;—) e <exp{irzg(0,1)}>,

T4

T2 ) a
P,=—(2n)~"ez* I dr jdkre’“" <-—i(£%t)— exp {iAzq (0, 1) }> ,

P,

= (2m)~f drfan (5 (0,71= 75~ )eq (0, Pexp (ihag (0,1,

Ti
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P,

=—(2n) "¢z J. drj dne'“"< q(0,r) q( exp{tkzq 0,r} > .

We have put here
N=N (3, r, ) =rz*/2+z (0, r)—z.
Using (18), we can easily show that
<q(0, r) exp {irzq(0, r)}}>=irzQ, exp {—'/.Qcr’z%},

<_6_q_(30__)__ exp{ihzg (0, r) }> =0,

< ©,r )‘9-"(0 )exp{ixzq(O,r)}>=0.

Thus, P,
obtain

=P, =0, and for the average phase gradient we

{q(z,2)>

_(2;3,,," j r(w, r)——z) (r~Nexp{ 2 Q}

Transforming, as in the case of the average intensity, to inte-
gration with respect to the variable y = x(0,7), we obtain for
the average phase gradient

(q(z,z))=%%)o|_7'h]:[ 1———u(0 y)]

x[—g—(r.—e}u(o, z;)d;) —y+:c]
X exp {—[ %( n——s} 20, ;)dg) +y—z]z(2z20.,)“} dy
B 22)

We find now an expression for the second moment of
the intensity

u(zx) u(z.2,) >

=(2n)"~ '<.”drdp‘”d}udp.exp{z)»[x(zi,r) —z,]
+iplz(z,p)—2:1) )

=(2m) ! j"j‘ drdp ﬂ‘ dh dpe™t ¥ (exp{irz,q (0, r)

Ty

+iuz.q(0,p)}>.

(23)
We have put here
N.=N(zy, 1, x)=rz;#/2+z(0, r)—z,, N.=N.(z., p, 22)

=p2,2/2+z(0,p) —
Considering the averaged term, we can find
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<exp {irz,q (0, r) +ipz,q (0, p) }>
—exp {—'/:Q Mz +2bApz.ztp'2:"] )
b=b (.'L' (01 T) -z (01 p) )'

Substituting the last expression in (23), integrating with re-
spect to A and y, and changing to the integration variables
1 =x(0,r)and y, = x(0,p), we obtain for the second moment
of the intensity

_@m) 1(0,y.)u (0, y2)
<u (s, 21) u (22, 2,) >= 2200 J;jdyi dy. ‘[ 1—b2 (y1—ys) 1"

<o (g [(5) -2+ (5) 1Hes

In this case N, and N, take the form

(e u(0,0)dt) +y.—a,

X,

N =

2

i (Tr‘s Jy:u(o,g)d@) ty,—x,;  b=b(y,—y.).

N,=
2
X,

At z, =z, = z the expression (24) takes the form

(u(z,zy)u(z, z,))

(2n)‘

o [jonan "R

N3#—2bN,N;+N;? ] (25)

X e"p{ T 2220, (1-b9)

A function of the form
(2n)
Zizon

1 Niy\? NN,  (N;\*
<ol <[(2) 22 ()
o~z *[(5) 220+ (3) ]}
can be interpreted in analogy with the function (21), but now
already as a “two-point probability Green function” of the

second moment of the intensity, in which case we have, natu-
rally,

Gl (Z, Z, 01 .l/) = J‘GZ(zv T, 22, X2 0’ Y, 07 yz) deq

If § u(0,x)dx = 1. The spectrum of the second moment of the
intensity is equal to

Sz(zl! 2y, kh kz)

. x'
—exp {~Leeiathin) } [ dun0,0)80,92
Xy

[ 1_bz] =

Gz (Z‘, T4y 23y T3y 01 yh Qy y3)=

Xexp {ik,M,+ikzMg—Q (y1i—y2) kikzzizz} ,

M,’=y,+%‘z (r,-exj':u(o, g)dc),

M2=y2+%22 (rz—s fu(o, {;)dg) .

X
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If, using (25), we consider the mean square of the inten-
sity, we obtain

<(u?(z,z)>
(Zn) ”d dy, u(O[ih)Zz(](l y2)
(Ny—N,)*+2N,N,(1—b)
xexp {_ 270, (1-b) }

We make the change of variables:
y=y1—Y: Y="/(y:ty,).

We obtain then the following estimate for the mean square of
the intensity

W (z,2)>~ [d¥u(0,Y)g(z,Y) [ dy(1-b(y)) "

X exp{—ZZQMy—:bZ(y)T} '

g(z, Y)~exp {—N,N,/2*Q,(1+Db) }.

We recall that b (0) = 1. For the correlation function, which
behaves near zero like

b(y)=1—-y, y’<d, (26)
we obtain

J-dy(i—bz) ~ exp{ - —ﬂon_y(zi:ﬁ}
~ exp{

4z210 }j‘dy'

This means that the exact geometric-optics value of the
mean squared intensity behind a random phase screen with a
correlation function of the type (26) has in the case of ther-
mal self-action a logarithmic singularity everywhere at z> 0
for all x and for any admissible profile of the initial beam
intensity. To obtain the final value of the mean square inten-
sity we must go outside the framework of geometric optics.
We shall not deal here with these questions. We refer only to
an investigation® of a linear medium, where an expression
was found for the mean squared intensity in a randomly in-
homogeneous medium in the quasi-geometric-optics ap-
proximation. The result contains a term the form Ind,, is a
small quantity, and can be interpreted as the minimum ad-
missible area of the light tube. In the linear case® we have
d, = 2Ly/kl? where k is the wave number, / is the microscale
of the inhomogeneity of the medium, and L, is the length of
the route. In our problem, apparently, to obtain the final
value of the mean square of the intensity we can introduce a
similar small parameter.

We note also that if the correlation function b behaves
near zero not like (26), but is of the form

b(y)=1—y*, n=2,
this corresponds to the random function ¢(0,x) being a ran-
dom quantity:

B
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and we obtain a situation that coincides fully with the defi-
nite case, when ¢(0,x) = 0.

IV. EXAMPLES OF CONCRETE BEAMS

In this section we consider briefly the behavior of con-
crete beams in the phase-screen model for thermal self-ac-
tion, and compare them with the case of a definite initial

phase.
Consider a rectangular beam with intensity profile
—o(i—lzl); e@={ ¥ =
u(O,z)— ( =iz )1 \Z O, ISO * (27)

Everywhere in this section we consider the case of symmetri-
cal temperature, i.e., we assume that 7, = — r,. This means
that we disregard deflection of the beam in the nonlinear
medium. In the definite case, i.e., when ¢(0,x) = 0, we obtain,
using the results of Sec. II,

4 2) = (e =2lal),  (s,2)= (28)

z22—2¢

The beam, as can be seen from (28), retains its rectangular
form, and in the case of self-focusing (¢ = 1) the intensity
becomes infinite at z = V2.

We see now what happens when ¢(0,x) is a random func-
tion with a Gaussian distribution, zero mean value, and cor-
relation function (15). Using (19) or (20) we can obtain

T 1_ 2/2 RT
<u(Z,I))=(_2£)_J:fxp{_ [( ezzzzqzy ZC] }dy

zoo'h
In the case of self-focusing at z = v2 we find
u(3z, 2)>|=yi=(nQo) ~" exp {—2*/4Q.}.

As Q,— w this expression tends to a 6-function. The average
intensity on the beam axis is
2 |2—ez?|
(2, 2) Hemo= e i eon”

The spectrum of the average intensity is of the form

Quk*z*\ sin k(1—ez/2)
S*(z”‘)=2exp{— 2 } F—e7/2)

Investigation of the integrals in (19) and (20) for more
general beams is a rather difficult task, and the use of a com-
puter is preferable. For a beam whose initial profile is of the
form

u(0, z)=(1—2*)0(1—|z|),
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a computer was used to calculate the integrals (20) and to
construct the beam-intensity profiles for different values of
z. Both in the case of self-focusing (¢ = 1) and in the case of
self-defocusing (¢ = — 1) a stratification of the beam was
observed, similar to that noted in Ref. 10. A numerical inves-
tigation of the two-dimensional problem of thermal self-ac-
tion was carried out in Ref. 10 on the basis of Egs. (1), with
the initial field a random function with a Gaussian distribu-
tion.

V.CONCLUSION

The reported investigation of the model of a random
phase screen in the problem of thermal self-action of a light
beam was based on solution of the Cauchy problem of the
system (2)—a two-dimensional geometric-optics approxi-
mation of the thermal self-action problem in an immobile
medium. It turns out that the system (2) is used, in addition,
to describe entirely different physical effects.!!!2 In Ref. 11
it is considered as a one-dimensional Newtonian approxima-
tion of general relativity theory, and in Ref. 12 almost the
same system is used to describe one-dimensional motion of a
plasma with cold ions. Consequently the results of the pres-
ent paper can be used not only in nonlinear optics.
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