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The rate of spin relaxation has been measured as a function of temperature for a positive muon in 
ultrapure specimens of copper and bismuth. The measured dependence for bismuth is compared 
with the theoretical result for coherent muon diffusion in a crystal lattice with shifted levels. 

PACS numbers: 76.60.Es, 66.30. - h 

§I. INTRODUCTION 

The diffusion of positive muons (p+ mesons) in metals 
has attracted attention because there are a number of fea- 
tures that distinguish this process from the diffusion of the 
heavier, singly-charged particle-the proton. Even early 
work in this field showed that muon diffusion was a sub- 
barrier process involving transitions between neighboring 
intersitial voids in the crystla lattice of the metal. Moreover, 
it is well known that proton diffusion is an over-barrier 
Boltzman transition between two positions with minimum 
potential energy (two voids). It was eventually found that 
muon diffusion depended on the purity of the metal. Extran- 
eous impurities distort the crystal lattice of the metal, form- 
ing traps for the diffusing muon. For most metals, even a 
small amount of impurity (10-4-10-5) leads to a change in 
the diffusion mobility of muons. This effect may also be due 
to small deformations of the crystal lattice at large distances 
from the impurity. 

Experimental studies of sub-barrier muon diffusion 
have opened up new possibilities for measurements of funda- 
mental parameters characterizing the tunneling process, 
e.g., the transition matrix element and magnitude of the po- 
laron effect. Experiments with metals containing known 
amounts of impurity are imortant sources of information 
that contribute to our understanding of the process of local- 
ization of the diffusing muon. However, the most important 
experiments at present are those in the diffusion of muons in 
ultrapure metals in which the uncontrollable effect of impur- 
ities and other lattice defects is reduced to a minimum. 

We have carried out an experimental investigation of 
the diffusion of positive muons in ultrapure specimens of 
copper and bismuth. Muon diffusion was investigated by 
measuring the variation in the rate of relaxation A of the 
muon spin. As the muon diffuses through the crystal lattice 
of the metal, the local magnetic fields acting upon it become 
functions of time, and this leads to a reduction in A. The 
maximum rate of relaxation should be observed for a nondif- 
fusing muon. It  is natural to expect a reduction in A at high 
temperatures at which there is an increase in the rate of diffu- 
sion. However, a substantial reduction in A is observed in 
copper,' even at low temperatures T <  2K. A still more com- 
plicated temperature dependence A (T)  is observed for bis- 
m ~ t h . ~  These results were obtained for very pure single-crys- 
tal specimens of these metals. The impurity density in the 

copper and bismuth specimens was - and - lop2%, respectively. The copper and bismuth specimens 
used in our measurements had still lower impurity densities. 
The experimental temperature dependencen ( T  ) for bismuth 
was compared with the theoretical function A,,,,, ( T )  that 
describes the coherent diffusion of a muon in a crystal lattice 
with shifted levels. 

The experiments were performed on the synchrocyclo- 
tron of the Leningrad Institute of Nuclear Physics of the 
Academy of Sciences of the USSR at Gatchina. 

52. EXPERIMENT 

The copper specimen consisted of seven individual sin- 
gle-crystal cylinders 10 mm in diameter and 30 mm long. 
The bismuth specimen was an annealed polycrystal with 
grain dimensions 10-15 mm. The residual resistance 
y = R  ( T  = 300 K / R  (T = 4 K )  of these copper and bismuth 
specimens were y,, = 52 000 and ya, = 900. The disloca- 
tion densities were: n,, = lo6 ~ m - ~ ,  
nBi = 10' - lo4 cm-'. The table lists the impurity densities 
measured by a mass-spectrometric method. 

Figure 1 and 2 show the measured temperature depen- 
denceA ( T  ) for ultrapure copper and bismuth specimens. For 
comparison, they also show the earlier measurements of 
A ( T )  for less pure bismuth2 and copper3 specimens contain- 
ing - lo-'% and of impurities. The values of A 
shown in Figs. 1 and 2 were determined from the damping of 
the muon spin precession amplitude in a transverse magnetic 

FIG. 1.  Rate of relaxation A (T) of muon spin in copper: 0-ultrapure 
specimen; 0-polycrystalline specimen with - lop3% impurity. 
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field H = 70 Oe by using the method of maximum likelihood 
to fit the experimental precession data to the theoretical 
expression 

N ( t )  =Noe-t '~( l+ae-A2Lz cos a t ) ,  ( 1 )  

where N ( t  ) is the number of decay positrons u + -+ e+ emit- 
ted in the direction of the initial polarization of the muon, 
T,, = 2 . 2 ~ s  is the muon lifetime, a is the experimental asym- 
metry coefficient of the angular distribution of positrons 
from u+ -+ e+ decays, and o = eH/m, c is the Larmor 
precession frequency of the muon spin in the field H = 70 
Oe. It follows from (1) that the muon spin relaxation rate A 
was determined from the Gaussian time dependence 
P  (t ) = e - " 'I2 of the muon polarization. The Gaussian 
shape of P  (t ) should be observed in the absence of muon dif- 
fusion. For a diffusing muon, the function P (t  ) has a compli- 
cate shape4 but tends asymptotically to an exponential func- 
tion of time as the rate of diffusion increases. For the sake of 
uniformity, Figs. 1-4 show the A ( T )  dependence under the 
assumption that P ( t )  = e-"'", i.e., in accordance with ( 1 )  
throughout the temperature range under investigation. 

The function A ( T )  shown in Fig. 1 for ultrapure copper 
was determined experimentally only at low temperature 

FIG. 2. Rate ofrelaxation A (T) of muon spin in bismuth: Cultrapure 
specimen; O-specimen with - impurity. 

T <  80 K ,  where one would expect to see evidence for the 
coherent mechanism of muon diffusion. It is clear from Fig. 
1 that then ( T )  dependence for copper with - of im- 
purity is the same as for ultrapure copper with 5 of 
impurity. Hence, it may be concluded that the muon spin 
relaxation in copper at temperatures in the range T  = 6-80 
K is unrelated to the presence of impurities with densities in 
the range l op3  - This conclusion is in agreement 
with the fact that the calculated and experimental values of 
A for copper are equal if it is assumed that, at temperatures 
T  = 6-80 K ,  the muon does not diffuse but is localized in an 
octavoid of the crystal lattice of the metal.5 

It is clear from Fig. 2  that the temperature dependence 
A ( T )  obtained for the ultrapure bismuth specimen is some- 
what different from the corresponding result for bismuth 
containing lop2% of impurities. Moreover, it is also clear 
from Fig. 2  that this difference is small and that the shapes of 
A (T) are similar for both bismuth specimens. The tempera- 
ture dependencen (T) for ultrapure bismuth emphasizes still 
further the basic features established for the less pure speci- 
men: there are two plateaus, one at T  = 20-65 K and the 
other at T  = 75-100 K ,  and A undergoes a rapid variation at 
T  = 10-20 K and T  = 65-75 K .  The differences between the 
A ( T )  obtained for the two specimens indicate that the non- 

Table I. Impurity concentrations in the ultrapure copper and bismuth specimens 
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FIG. 3. Rate of relaxation A (T) of muon spin in the alloy Bi + 1% Sb. 

monotonic shape ofA ( T )  obtained for bismuth is connected 
with the presence of the impurities, but even the maximum 
possible degree of purificationof the metal (see the table) pro- 
duces practically no reduction in this nonmonotonic behav- 
ior. Figure 3 shows A (T)  for the alloy Bi + 1 % Sb. Compari- 
son of Figs. 2 and 3 shows that the addition of I % antimony 
has a considerable effect on muon diffusion in bismuth. This 
can be seen, in particular, in the disappearance of the charac- 
teristic valley on the A ( T )  curve at T = 10-70 K. 

93. THEORETICAL DESCRIPTION OF MUON DIFFUSION IN 
BISMUTH 

The experimental functions A ( T )  shown in Fig. 2 for 
bismuth can be described qualitatively within the frame- 
work of the theory of diffusion of particles in nonideal crys- 
tals that was developed in the last few years."' According to 
this theory, in a strictly regular crystal at T = 0, sub-barrier 
tunneling of particles between neighboring equivalent inter- 
stices leads to motion within band width zA, where A is the 
transition amplitude and z is the number of equivalent inter- 
stices in the nearest coordination sphere. The band width for 
muons turns out to be very small: zA (O in all cases O is the 
Debye temperature) and, as a rule, zA < T. For finite T, the 
interaction with phonons is found to slow down the diffusion 
process. However, even for small T(O, relative fluctuations 
in the energy levels in neighboring interstices begin to exceed 
the bandwidth. This leads to the dynamic disturbance of the 
band motion. A coherent transition (in which tunneling oc- 
curs without the excitation of phonons) will then effectively 
occur only at a time of random coincidence of the levels. As 
the temperature increases, the probability of such a coinci- 
dence decreases, and this leads to a sharp reduction in the 
diffusion coefficient with temperature T. At low tempera- 
tures, noncoherent diffusion (in which tunneling is accompa- 
nied by the excitation of phonons) turns out to be negligible 
in comparison with coherent diffusion. 

In a nonideal crystal, the situation is essentially differ- 
ent.' The small width of the coherent band ensures that, in a 
relatively large region around an individual defect, the ener- 
gy levels in neighboring interstices are shifted by an amount 
exceeding zA. Evan a tlow densities of defects, the regions of 
this statistical level shift are found to overlap, which leads to 
the localization of the majority of the muons at T + 0, and 

this occurs mainly in regions well away from the defects. It is 
precisely in this wasy that one can explain the observed lo- 
calization in bismuth for T <  10 K. 

As the temperature increases, dynamic level fluctu- 
ations can effectively compensate for the statistical shifts, 
and this opens up the possibility ofa coherent transition, and 
thuseliminates the localization. In contrast to the ideal situ- 
ation, diffusion will now increase with increasing T, and this 
will occur at a very high rate. It is precisely this picture that 
is observed in bismuth at temperatures in the range 10-20 K, 
and thisis reflected in the very rapid reduction in the rate of 
relaxation A (see Fig. 2). 

When the dynamic level shift begins to exceed the static 
shift, the increase in temperature should lead to a slowing 
down ofcoherent diffusion, just as in the ideal crystal. This, 
in turn, should result inan increase in depolarization, i.e., an 
increase in A, which is, in fact, observed for T >  65 K. Paral- 
lel channels of diffusion and classical over-barrier diffusion, 
should become important as the temperature increases 
further. Both these channels lead to an activated increase of 
the diffusion coefficient. For this reason, the localization of 
particles due to the dynamic level shift at Tz75 - 100 K is 
replaced by activated delocalization, and this is observed for 
T >  100 K. 

In the genral case, the reciprocal of the lifetime of a 
muon in an individual elementary cell can be written in the 
form 

where the first term represents the departure of the muon 
from the cell as a result of coherent diffusion, and the second 
represents a noncoherent and classical jump. When the stat- 
ic (&) or the dynamic (0 (T))  level shifts exceed the band 
width, the temperature dependence of l/r,,, is given by 

where 

In this expression, k is the Boltzmann constant and ,.$ is a 
numerical parameter of the order of unity. Expression (4) is 
determined by the mean square relative level fluctuations, 
which are dominated in this particular temperature range by 
two-phonon processes (the above expression was obtained in 
the Debye approximation). The sum in (3) is evaluated over 
the nearest equivalent (in the ideal lattice) interstices. The 
quantity E in (3) is a certain average level shift, evaluated over 
the nearest coordination sphere. In principle, E will vary 
from point to point in a nonideal crystal. 

At sufficiently low temperatures at which 0 (T)(E, we 
have 
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It follows from this expression that the temperature depen- 
dence rmh (t ) is a universal function at low T. The nature of 
the distribution of defects (level shifts) is eventually repre- 
sented by a certain E,, averaged over space. When T<O, we 
have 1/rCoh a T9. Conversely, for 0 (T)>E, 

This expression is independent of whether the crystal is non- 
ideal or not. 

In the intermediate region, for which 0 (T)-E, the ef- 
fective dependence of 1/r,, on Tis not universal and is very 
sensitive to the procedure used to average over the distribu- 
tion of the level shifts. With increasing Tand, hence, increas- 
ing A (T),  transitions with larger E come into play, so that 
averaging should lead to an effective flattening of the depen- 
dence of 1/rCoh on Tin this intermediate region. This may be 
the cause of the flat region on A (T)  in the temperature range 
20-65 K in Fig. 2. 

In the quantitative comparison between theoretical and 
experimental results, we have ignored the precise averaging 
procedure and have simply adopted a fixed value E = E,, in 
(3). We assume, for the sake of simplicity, that l/r,o,,oh was 
determined by a single channel of activated motion, so that 

The theoretical function A,,,, (T )  shown in Fig. 4, to- 
gether with the experimental data, was obtained by taking 
r (T )  in accordance with (2) after extrapolation of the time 
dependence of the polarization of the diffusing muons 

pdiR ( t )  =exp [-2oZzZ(e-I!'- l+tl t)]  (8) 

to the Gaussian function 

G ( t )  = e ~ ~ [ - ~ : ~ , , t ~ ] .  

The value a = A (T  -+ 0) = 0.155 ps-' was adopted in 
accordance with the experimental value of A for T <  10 K. 
The parameters E/L$, Zd */land U, v were found by compari- 
son with experimental data. Each pair of parameters was 
determined practically independently of the temperature de- 
pendence A ( T )  in different temperature intervals. Thus, 
comparison with the high-temperature reduction in A (T)  
gave: 

U =  (1470+70) K ,  v=lOi' '*'.' s-' .  (9) 

The corresponding comparison in the temperature range 
O< T <  100 K gave 

It is important to note that these parameter values are self- 
consistent. In fact, if we suppose that f -- 1, we find from (10) 
that A - K, so that T >  E,, )zit, as assumed in the deri- 
vation of the theoretical relationships. The numerical value 
of E,, is in qualitative agreement with the high purity of our 
bismuth specimens. If we suppose that the relative level shift 
at the average distance between point defects can be approxi- 
mately described by9 

t? - eoC", 

where E, is of the order of 1 eV and Cis the defect density, we 
obtain 

c<Io-~ .  
This estimate is in agreement with the experimentally estab- 
lished disappearance of the valley on the functionA (T) when 
1 at.% of antimony was introduced into bismuth (see Fig. 3). 

The high value of U in (9) indicates that the high-tem- 
perature muon diffusion is bismuth for T >  100 K is predo- 
minantly of the classical over-barrier type. The assumption 
of sub-barrier noncoherent diffusion for T >  100 K would 
result in a very large polaron effect. It is well known that 
polaron narrowing of the band width is described by 

The factor @ ( T  = 0) can be estimated8 from the activation 
energy for sub-barrier noncoherent diffusion (@ = 120 K) 

FIG. 4. Comparison of experimental and theoretical functions A (T) for 
the ultrapure bismuth specimen. The solid curve represents the theoreti- 
cal function A,,,, (T)  with parameters given by (9) and (10). 

This value of @ ( T  = 0) cannot be reconciled with a reasona- 
ble value of A, if we recall that A - K. 

It is important to note that attempts to take into ac- 
count the polaron band narrowing have not led to reasonable 
improvement in the agreement between experimental and 
theoretical values but, on the contrary, have led to 
@ (T = 0) < 1, within the framework of the converse prob- 
lem. It is also noteworthy that Y is less than the standard 
value. It is possible that this is connected with the complex 
potential relief typical of a muon in the elementary cell of 
bismuth. 
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Thus, the experimental and theoretical pictures are, to a 
considerable extent, consistent with one another. On the 
other hand, the above simple variant of the theory with a * 

fixed value of E, does not provide a quantitative description 
of the observed flattening of the function A ( T )  in the tem- 
perature range 20-65 K (see Fig. 4). A more rigorous analy- 
sis will be necessary before we can verify that explicit 
allowance for the spatial distribution of the level shifts, 
which is responsible for the flattening of the function A ( T )  
(see above), will provide a quantitative description ofA (T)  in 
the intermediate region. 
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