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The influence of magnetic dipole-dipole interaction in isolated pairs of nuclei between sparse
spins § = 1/2 and closely spaced spins I = 1/2 on high-resolution NMR powder spectra is calcu-
lated. This interaction is restored by simultaneous mechanical rotation of the sample and applica-
tion of radiofrequency fields, thus allowing the use of the two-dimensional Fourier-transform
method for a selective study of individual dipole-dipole interactions between the nuclei under
high-resolution conditions. Under certain conditions, the effective Hamiltonian of the spin sys-
tem contains only the term of dipole-dipole interaction between heteronuclear spins, which al-
lows this interaction to be studied in pure form. In a limiting approximation and in the case of two
if fields 4., these conditions are either [A 3, — h ;| = w, or |h3 — h ;| = 20,. For the case of a
single rf field, acting only on the 7 spins, condition 4 ; = 2w, must be satisfied. The NMR
spectrum and the line shape can be used to determine the constants of dipole-dipole interaction.

PACS numbers: 76.20. + q

1. INTRODUCTION

The sharply increasing information content of NMR
methods in the study of the structure of solids is connected
with the development of high-resolution NMR, the basic
idea of which is the selective averaging of the individual in-
teractions between nuclear spins.

The selective suppression in the experiment of individ-
ual undesirable interactions can be accomplished by the
method of coherent averaging. The structural properties of
the sample are usually studied by the measurement of the
components of the chemical-shift tensor. Here the dipole-
dipole interaction between like’™ or unlike®>~” spins is sup-
pressed.

It was shown in Refs. 8 and 9 that more extensive infor-
mation on the structure of a solid can be obtained by use of
the method of two-dimensional Fourier NMR spectroscopy,
which allows us to determine such parameters as the chemi-
cal-shift tensor and the dipole-dipole interaction between
the magnetic moments of the nuclei.

In comparison with the chemical shift, the dipole-di-
pole interaction reflects more completely the space-struc-
ture features of the sample, since the connection between the
structure of the crystal and the magnitude of the dipole-di-
pole splitting is simple, being v, ~r; ~>P,(cos 6;). Along
with explicit advantages, there are also great difficulties, as
noted by Waugh.'® The problem is that the NMR spectrum
in the general case reflects the dipole-dipole interaction of
very many spins, the theoretical account of which is practi-
cally impossible.

The possibility of the use of dipole-dipole interaction
for obtaining information on the structure was first demon-
strated by Pake for gypsum,'! in which the nuclear magnetic
moments are encountered in the form of pairs. The dipole-
dipole interaction between like nuclei was investigated and
the spectrum of the single crystal and the line shape of gyp-
sum powder were obtained.
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For the study of dipole-dipole interaction between het-
eronuclei the interaction under investigation is recast in this
paper, along with the suppression of other interactions, in a
very simple form that is convenient for interpretation. By the
simultaneous use of fast mechanical rotation of the solid
sample at the magic angle and of high frequency fields, we
can selectively preserve or restore the effect of individual
interactions on the evolution of the spin system even under
the conditions of fast magnetic rotation of the sample,'>'?
i.e., under conditions of high resolution.

The mechanical rotation of the sample produces a har-
monic dependence of the spatial coordinates on the time in
the spin Hamiltonian. At fast rotation of the sample (high
frequency ®,), at the magic angle (6,, = arc cos1/+/3) with
the direction of the constant magnetic field H,, the aniso-
tropic interactions are averaged.'* The spectrum obtained in
the corresponding experiment consists of narrow lines of the
individual nuclei with different chemical shifts and does not
contain information on the anisotropy of the interactions.
On the other hand, the action of continuous rf fields'>''¢ or rf
pulses® on the sample gives rise to harmonic time depen-
dences of the spin coordinates in the spin Hamiltonian. At a
suitable choice of parameters of the mechanical rotation and
of the high frequency fields, we can obtain the synchronous
change in the spin and spatial coordinates and, by the same
token, selectively remove the time dependence of certain
terms of the Hamiltonian.? This allows us to apply the well-

_known methods of two-dimensional Fourier transforma-

tion'”'® for a selective investigation of the individual inter-
nuclear interactions under high resolution conditions, in
spite of the fact that the same interactions should be com-
pletely suppressed for recording of high-resolution NMR
spectra.

2. EXPERIMENTAL CONDITIONS

In the present work, we study the effect of dipole-dipole
interaction on high-resolution NMR spectra of a sparse spin
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S = 1/2 in the case of a powdered sample whose spin system
contains a large number of spins / = 1/2 in addition to the
spin S.

For the theoretical explanation of the proposed experi-
ments, we consider, as was done in Ref. 12, one single crystal
which rotates in a powder from the time ¢ = 0 with a fre-
quency @, in a strong external magnetic field H, directed
along the z axis of the laboratory system of coordinates (LS).
The axis of rotation in the yz plane of the LS forms an angle
0,, with the z axis.

We describe two variants of the experiment. In the first
variant, at the time ¢ = 0, two rf fields with frequencies w,
and w,, respectively, directed along the x axis of the LS are
turned on. They influence correspondingly the / and S spins;

H(t)=i[2H' cos w{+2H" cos w.t]. (1)

In the second variant, one HF field that influences the
spins I is turned on at the instant = 0.

The change of the state of the spin system obeys Liou-
ville’s equation

p=—iL(H)p, (2)
where
L(H)p=[H, p]. (3)

The Hamiltonian in Eq. (2) can be represented as a sum
of terms describing the different interactions in the spin sys-
tem

H=H;I+HCI+HdII+HJ'I+H;s+HCS+H,1'S+HJIS+H,-/1+H”S.
(4)
In (4), we have used the standard notation (see, for ex-
ample, Ref. 12).

3. ACCOUNT OF MECHANICAL ROTATION OF THE SAMPLE

For a rotating sample, it is useful to employ in the Ha-
miltonian spherical tensors'®?° for the description of the in-
teractions

k

H=C Y Y (-0 AT, (5)
2 gk

where A denotes the type of interaction. The tensors 4 and T’

describe the spatial and spin parts of the interaction, respec-

tively. The spherical tensors transform in the rotations in

accord with the representation of the rotation group D (a, B,

)

1.3
R(av 51 'Y) Tth_‘(aa 51 'Y)= Z‘ ThPDth(ar 57 'Y)- (6)

p=—k

Here R is the rotation operator and a, B, ¥ are the Euler
angles,

quh( a, B, Y) =e_mpdpqh(ﬁ)e~”q1
d ¥, are reduced rotation matrices.”'

The tensor 4,,, which characterizes the spatial part,
transforms according to (6) from the system of coordinates,
connected with the sample, to the LS, where the measure-
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ments are carried out:

k
A= 2 Aot 2D =10t R (8, (7

p=—F

The quantities in the LS are labeled by the index L.

It can be seen from (7) that the time dependence of the
Hamiltonian is described by the frequencies pw, .

For our purposes, we write out in greater detail the di-
pole-dipole interaction and confine ourselves in it to spheri-
cal tensors up to second rank, i.e., k = 2. The term of the
dipole-dipole interaction between the identical I-spins is
then expressed by

Hﬁ”=2 Z (=)uasir i (8)

i<j g=-2

where

i
7,7 = Z C(112; My, —q—M ) L d ) st

M=—1

C are Clebsch-Gordan coefficients.
A similar expression is obtained for the dipole-dipole
interaction between the spins I and S;

2
Hd“s= Z Z (_1)qA:<zL Tz',‘fzf

n g=—2

(9)
T Z C(112; My, —q—M) Lixe St g2,

M=—1

In Egs. (8) and (9), the tensor 4 * can be found from Eq.
(7).

Thus, expressions are obtained also for the other terms
of the Hamiltonian in the LS. These terms contain, in addi-
tion to the time independent terms, other terms that depend
harmonically on the time, with frequencies @, and 2w,.

4. SPECTRUM AND LINE SHAPE IN THE CASE OF TWO RF
FIELDS

In accord with the conditions noted above for the first
variant of the experiment, we assume that, along with the
rapid mechanical rotation of the sample, the observed spin
system is acted upon by two rf fields (1), which are turned on
at the time instant ¢ = 0, and which are applied to the spins J
and S, respectively. We consider the Hamiltonian terms that
are essential from the viewpoint of the evolution of the state
of the spin system. For this, we carry out a rotation transfor-
mation of the operators in Eq. (2):

Qv=V-'T*'RQR*T-'V*,

R*'—exp (iim,tz lz":I:i(oztS,) ,
(10)
T*'=exp (i—iG‘Z‘ ly"iiBSS,,) ,

n

VE—exp (iihe,’t Z Iz"iihe,stsz) )
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The departures of the f fields 4 ** = 0** — v, from
the Larmor frequencies w™S and the amplitudes of the rf
fields determine the effective magnetic field in the rotating
system of coordinates for both spins:

h:;'s=[ (AI'S) 24 (,YI_SHI,S) 2]'/2’ oS e‘-s=A’-S/hi}s .
After the transformation (10), the Liouville equation (2)
takes the form
0.=—i(H)p., (11)

A=H.'\H, +H; +H. S+H, +H)+H}, +H ..

The transformations shown above affect exclusively the
Hamiltonian spin part determined by the spherical tensors
T, which makes it possible to use (6) in the transformation
(10).

The equation for the dipole-dipole interaction of the
spin S with n neighboring spins 7 is the following:

—2 Z E Asp (@, 6,) eimi2(e-a) e Por! 3 (Om)

n q=—2 p=-2

(—1)™ dheas, 09

Miy=—1

X Z 0(112, ‘M], —q— AMI) e—iMod
Mi=-—-1
~imshlt 1
X I;"M,e eti(gtMozt 2 (——'1) dr\, , =M (e )SlNe
N'=—1

~iNnS1

(12)
Here @, and 6, are the spherical coordinates of the spin 7;
the spin §'is located at the origin of the coordinates.
The dipole-dipole interaction between the spins [ is ex-
pressed in the following way after the transformation (10):
2 2

Ha=Y Y\ Y 43,60 opervee-o e a3, @,)

i< g=—2p=—2

X 2 C(112; My, — q — M) elaont

My=~—1
1 —irnlt
i ef
X (—0dbas, (0)) IiLe
1 , o -t
X Z (=1 dt, —-n, 0" Iie . (13)
=

For further exposition, we assume that all the frequen-
.cies are sufficiently large in comparison with the frequencies
of the local fields, i.e.,

lod, |@:]>e., k|, |ke®|>|h], (14)

where A, is the local field in the solid.

This assumption allows us to use the secular part (g = 0)
in the terms of the Hamiltonian, and to consider only those
variants of the experiment in which the time-independent
part H,, of the Hamiltonian H is significant in Eq. (11). Then
the solution of the Liouville equation is

pu(t) e~y (19)

The operator p,, describes the spin-system state at the
instant t = 0.
The terms of H can contain two types of time-indepen-
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dent components. The first group contains terms that are
constant in time, independent of the specific values
@,,h i;,h 5. The second group consists of terms which are
constant and enter into H,, only at certain relations among
w,h ﬁf,h ff In the case of exact tuning of the rf fields, when
A’ =A% =0, and atinclination of the axis of rotation to the
z axis of the LS at the magic angle 8,,, H does not contain
constant terms of the first type, except the spin-spin coupling
H 7} between the I spins. At a suitable choice of w,,h [,h 5,
we can selectively include in H, the constant terms of the
individual interactions of the nuclear spins.

For our purposes, we can determine from (12) and (13)a
set of ,,h L;,h 5 such that only the term H ; or H [}, is time
independent.

Actually, in the case

Mo +N'he S+ po, =0 (16)

the constant terms of second type contain only H %, while in
the case

(L+L Y hef+po,=0 (17)

only the interaction H 2}

The coefficients M', N', L, L' take on the values — 1,
0,1, and p changes from — 2 to 2.

We further determine next the spectrum of frequencies
of the NMR signal of the spin § in the single crystal in the
case of a time-independent Hamiltonian, which contains
only terms corresponding to H 5. This is realized if we con-
sider that the conditions (14) and (16) are satisfied and the
term H }! is small. In accord with (16), we consider two pos-
sible relations among h [, 3, and 0,.

If|hs — hy| =, wehave for H,,

H”=H;:=i Z 200, (eiwI“nS‘_l_e—iwnI;‘_‘S‘l), (18)

while under the condition |h 3, — h | = 2w,,

H,f=H;,,s= 2 ("‘20)1’31:) (e_izw"llilsu+ei2%1u"'sl—i)- (19)

Here

@pn = 736_ C, sin 20,, sin 20,=K sin 20,
(20)

, 3
Co=\1\sh/Ts}, @pn= % C. sin’® 0., sin® 0,=L sin® 0,.

If we record only the signal of spin .S, we can limit our-
selves in Eq. (15) to that part of the density matrix p5 which
characterizes only the S spins. Let the spin system at the
instant of turning on the radiofrequency fields be character-
ized by the initial density

ps5=DS,+ES+FS,. (1)

Then, after the transformations R, 7°and V¥, in the case
of exact tuning of the rf fields, this part of the density matrix
is transformed into

oS =ES,—DS+FS,. (22)

From (15), we obtain the matrix elements of the density
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operator on the basis of the eigenfunctions of H,:
(va (t))m"=e—“2mn (povs)mm (23)

Where Epn = (Hef)mm - (Hef)nn
In accord with (22), the signal S (¢ ) induced in the detec-
tion coil and oriented along the y axis of the LS, is

. d
S()~ = Sp(Si° (1) (24)

In the case of only one nearest spin/ (n = 1, v, =wp),
taking into account the transformation (10), the exact tuning
of the rf fields, and the expressions (22), (23) and (24) for the
density matrices, we obtain the following for the signal from
the spin S under the condition |h 3, — h ;| = w,:

d
S(t) ~ E[F cos @5t cos ke;°t cos o pt

+D cos w5t sin h.;5t cos ©pt—E sin ©°t], (25)

while under the condition |h3, — hl| =20,

d
S(t)~ E[F cos ©5t cos h.;5t cos wp't

+D cos ®°t sin k.5t cos op t—E sin o5t]. (26)

Fourier transformation allows us to obtain from (25)
and (26) the expression for the frequency spectrum of the
observed signal.

As follows from Egs. (25) and (26), the spectrum of the
spin S depends on the initial polarization of the spin S, on the
parameters of dipole interaction, and on the orient of the
single crystal relative to the external magnetic field.

The dependence of the shape of the spectrum on the
initial polarization under the condition |h 5, — h ;| = @, is

a) at D, E, F #0, the spectrum contains 5 lines at the
frequencies

— S — —n5-
Q=0 +h. S+, (ﬂxn,lv—'ﬁ)s_hefsi(ﬂn, mv—(l)s,

b) at F #0, D #0 but E = 0 (magnetization in the zy
plane), the spectrum consists of 4 lines at the frequencies
Wy @11 @11 @1 5

c) at E #0 but F D = 0 (the magnetization directed
along the x axis) we have in the spectrum a single line at the
frequency o°.

Under the condition |4 3, — k ;| = 2w,, the signal is ex-
pressed by Eq. (26) and the spectrum is the same, only w,, is
replaced by wp.

The NMR spectrum of a powdered sample is a superpo-
sition of lines from all its constituent single crystals.

With account of the dipole-dipole interactions only
between nearest neighbors in /-S pairs, the line shape in the
spectrum of the powder under the condition
|h 5 — h 1| = , was obtained by us in Ref. 23:

{1—[1—(o/K)?1"} "+ {1+ [1— (0/K)*]"} " .
272K [1— (w/K)?]"

Under the condition |k 3, — h ;| = 2w,, we obtain the
line shape in the form

1
2L(1—w/L)"’

I(o)= (27)

I(0)= (28)
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where, according to (20),
3 st _ 3 st
K——6- e sin 20, L—E s sin® 0. (29)

The line shapes obtained from (27) for the condition
|hS —hl| = o, and from (28) for |k 3 —h | = 2w,, are
shown in the figure.

In the spectrum of the powder, besides the case when
the initial magnetization is directed along the x axis, a pair of
lines appears symmetric about the frequency w® appears.
The centers of the lines are located at the frequencies
ws + h 3 and wg — k3. In the figure, » denotes the depar-
ture from the center of the line.

We can determine with good accuracy the constants K
and L characterizing the dipole-dipole interactions between
the spins  and S from the line shapes.

5. SPECTRUM AND LINE SHAPE IN THE CASE OF A SINGLE
RF FIELD

Along with the mechanical rotation of the sample, one
strong radiofrequency field with frequency , is turned on at
the time ¢ = 0 and acts on the spins / and is directed along the
x axis of the LS:

H (¢) =i2H' cos o,t.

In this case, we can use the formulas obtained in Sec. 4
with account of the fact that the amplitude Hg and the fre-
quency , of the radiofrequency field are equal to zero.

We then obtain from Eq. (12) for the secular part of the
dipole-dipole interaction between the spins / and S:

Hiy = l/-* ZI Z Aszp (9:9,) ein/ep e POr! 4 po (Om)

n  p=—2

—imnl ¢
ef

X Z (— )M dlprg (01 € ™ Sho. (30)

M=—1

Here we have not taken into account the time-depen-
dent oscillating terms with the high frequencies o’ and »°.

The term of the dipole-dipole interaction between the
spins 7 and H I, was obtained previously (13). According to
the assumption (14) for @,, we must consider only those vari-
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ants of the experiment in which the time-independent part
H_; of the Hamiltonian in the Liouville equation (15) is im-
portant:

Hef=Hcs+HdvIS+Hdv”+Hcv1- (31)

In contrast with the case of two rf fields, the terms of the
chemical shift, H § and H!,, remain here. We assume H’, to
be small in the ﬁrst approximation when determining the
signal of the spin S. The quantity H S contains oscillating
terms which depend on the time, with the frequencies w, and
2w,. According to assumption (14), the frequency w, is large
and these terms need not be taken into account. Then

= 1/3 Sp{0® }&°S),.

To obtain H,, from Eq. (31), we use (30) for H 5; and (13)
for H .. Summation over all possible terms in H (6 differ-
ent combinations of coefficients), satisfying the condltlon
(17) for the coefficients upon satisfaction of 4 [, = w,, and at
exact tuning of the rf field, leads to the expression

H,——a0 Sy, +i¥2 ZA&),.' (691, el ") S,

+Z Amnz,(eziw'“li21111—1+e_2iw"'lnnlttl)y (32)
n<l
wherea =1—1/3 Sp{o°},
Cn
Ao’ =—sin 20,=Msin20,, C,=11" (33
2Y2 I’
,_ 3 . h
Bow'=—Cuusin* O, Co =’r 3 (34)

Athl, = 20, and after summation of all terms (4 differ-
ent combinations) satisfying the condition for the coeffi-
cients (17), we obtain the following for H /

b3 9 'Yl *h

i =——— ——sin®0,, sin® 0., sin 20
1672 o r.’

X{e‘ﬁw"' Lo ]y + 11" 11,") —e?iom (110"111—1"“'111‘—1110')}‘- (35) -

In the case of exact tuning of the rf field, cos  / = 0 and
the term H % = 0. This makes it possible to investigate the
dipole-dipole interaction between the spins 7 and S in pure
form.

The effective Hamiltonian under such conditions is ob-
tained in the form

He1=—amsSm+V?? ZAQ)" (e_izw"lun—‘eﬂw"liil)Slo, (36)

®,=(C,/4) sin*6,=N sin®0,. (37)

The effective Hamiltonian (32) and (36) can easily be
diagonalized. As a preliminary, we diagonalize R ’, which is
equivalent to changing to the rotating system of coordinates:

R'¥'=exp (*itae®)S,. (38)

As earlier, we obtain from (15) the matrix elements of
the density operator on the basis of the eigenfunctions of the
effective Hamiltonian H; these elements are expressed here
by Eqgs. (32) and (36).
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Taking (24) into account, the expression for the signal
from the spin S for an isolated /-S pair (the deviation of the
frequency is Adw, = 4w,) has the form

St)= j——{2 cos(Aast) [F cos(awst) +E sin(aw®t)]}.  (39)

Under the condition A / o= = 2w, 4w, is given by Eq. (37),
while under the condition 4/ s = O, it is given by Eq. (33).

The frequency spectrum of the observed spins is ob-
tained from (39) by a Fourier transformation. If the initial
magnetization is located in the xy plane, the spectrum of the
single crystal contains two terms at the frequencies
o = aw’ + Aw,. A single line appears in the spectrum of the
powder, with center at the frequency aw®. The line shape is
expressed also by Eqgs. (27) and (28) which were obtained for
the case of two rf fields, the only difference being that the
constant K in Eq. (27)isreplaced at h ! s = @, by M according
to Eq. (33), while in Eq. (28), the constant L is replaced by N
according to Eq. (37). If we take into account the substitution
of the constants, the line shapes shown in the figure can be
used to determine the constants M and N of the dipole-dipole
interaction between the spins 7 and S.

In conclusion, I express my sincere gratitude to Acade-
mician of the Estonian Academy of Sciences E. Lippmaa for
posing the problem and for useful advice. The author grate-
fully thanks E. Kundla for many discussions of the results
and for a number of valuable suggestions and A. Olivson for
useful critical remarks.
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