Density of induced charge in a strong Coulomb field
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An expression is obtained in coordinate space for the density of an induced charge in a strong
Coulomb field. The treatment is based on a convenient integral representation, used earlier by the
authors, for the Green’s function of an electron in this field. The behavior of the potential corre-
sponding to the obtained charge density is investigated at long and short distances.

PACS numbers: 41.10.Fs

The measurement accuracy of the energy of transitions
between levels of muonic atoms is at present such (see Ref. 1
and the bibliography therein) that account must be taken of
the quantum-electrodynamic corrections when this quantity
is calculated theoretically. At large Z (the nuclear charge is
Z |e| wheree = — |e| is the electron charge) the Bohr radius
of the muon becomes smaller than" A, = 1/m (m is the elec-
tron mass) and the polarization of the electron-positron
vacuum becomes significant. At distances ~1/m from the
center the electric field is ~4.4(Za)-10" Oe (@ = ¢* = 1/137
is the fine-structure constant), i.e., the processes take place in
superstrong field. The calculation must therefore be per-
formed outside the framework of perturbation theory in the
parameter? Za.

Vacuum polarization in a strong Coulomb field was
first considered in Ref. 2, where the Laplace transforms, in
all orders in Za, were obtained for the induced-charge den-
sity p(r) multiplied by 7*. The first term of the expansion in Z
that corresponds to this density of the potential g () was first
obtained earlier in Ref. 3. Starting from the results of Ref. 4,
an explicit expression was obtained in the coordinate repre-
sentation for the next term of the expansion of the potential
in Za (proportional to (Za)?). The behavior of the potential
at short distances was investigated in Refs. 5 and 6 by opera-
tor methods. Computer calculations of individual contribu-
tions to the polarization of vacuum were also undertaken,
and reference to them can be found in the paper of Borie and
Rinker."

We obtain here for p(r) an expression accurate to Za
directly in coordinate space. It is convenient to take the ex-
ternal field into account in the Furry representation. In ac-
cord with the rules of the diagram technique we obtain for
plr)

p(ry=—ie Tr[G(z, 2')Y°],

Here 7° is a Dirac matrix and the tilde labels renormal-
ized quantities. The expression for the Green’s function
G (x,x') of an electron in a Coulomb field is of the form

=z, (1)

G (z,c)= j-%a(r, r'le) exp{—ie (')}, )

where the contour of integration with respect to £ passes in
accord with Feynman’s rule below the real axis in the left
complex € half-plane and above it in the right. An integral
representation was recently obtained’ for G (r,r'||), valid in
the entire complex plane of the energy ¢ and containing no
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contour integrals, in the contrast to papers by others (see,
e.g., Ref. 8). This last circumstance makes this representa-
tion convenient for applications. The transition to the limit
in (1) calls for a certain accuracy (see, e.g., Ref. 9), but the
ensuing problems are eliminated upon renormalization. Put-
ting formally r = r' in Eqgs. (19) and (20) of Ref. 7, we have

G (r, r| g)
= 4—;1;'2 ;l .Eds exp{=+i[2Zaes+2krctg ks—nv]}T;
here

T=al,/ (z) (Y’e+m)+2iZay’ (m ({n) Fk ctg ks) ),y (z),
v=[I!—(Za)*1", x=2kr[sinks, k=(m*—e*)", n=r/r,

(4)
whereJ,, (x) is a Bessel function. For the attracting-field case
considered here, G‘*' and G () define the function G in the
upper and lower complex ¢ half-planes. G+’ and G~ coin-
cide on the inteveral ( — m,m) of the real axis, as they should.
Itis shown in Ref. 7 that the expression obtained for G (r,r’|€)
has analytic properties that follow from the general theory
(see, e.g., Ref. 9), i.e., it has cuts along the real ¢ axis from

— o to — m and from m to «, corresponding to a contin-
uous spectrum, and simple poles at points corresponding to
the energy levels of the discrete spectrum. When account is
taken of the indicated analytic properties and of the struc-
ture of Eq. (3), the contour of integration with respect to € in
(2) (where we assume ¢ = ¢’ and r = r’) can be deformed to
coincide with the imaginary axis. The integration contour
with respect to s in (3) can then also be rotated to the imagi-
nary axis so that it extends from zeroto — i in G'*’ and
from zero to /0 in G ~). Making these transformations and
obvious changes of variables, and calculating the trace, we
obtain

ﬁ(r)=i—zl]:dx Tdte"’“"f(y, 1, (5)

where

fy,t)=y %sin utlsy' (y) —2Zo cth t cos ptl.(y), 6)

y=2bR/sht, b=(2*+1)", R=mr, p=2Zaxlb,

where 7,,( y) is a modified Bessel function of the first kind.
We note that the expansion (5) of 5(7) in terms of Za contains
only odd powers of this parameter, i.e., the Furry theorem
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does not hold. Expression (5) for p(r) calls for renormaliza-
tion, which we carry out on the basis of the physically ob-
vious requirement: the total induced charge must equal zero.
It is technically convenient carry out the renormalization in
the momentum representation. By definition:

p(p)= [ drevp )

where B = |q|/m. Substituting the expression for p(r) from
(5) in (7) and changing from integration with respect to R in
(7) to integration with respect to y, we obtain

5 Y Jae o] W (H2) .

pp)=

The renormalized quantity p( /) must vanish at the point:

B =0. To obtain p( ) we must accordingly calculate the
asymptotic value of p( B ) as —0, retain in it only terms that
do not vanish as —0, and subtract the obtained asymptotic
value from expression (8). As S—0, the terms of different
order in Za behave differently. Thus, the termp,( 8 ) which is
linear in Za and is obtained from (8) by the substitution

S(»t)=fi(pit), where
fi(y, t)y=2Za[yt(z/b)* Ly (y)—cthtl,(y)], 9)

containsc,/B? + ¢, as f—0. Interms of perturbation theory,
P B) corresponds to the diagram of the polarization opera-
tor in the lowest order in interaction:
Ze ~
ﬁx(ﬂ)=‘wg’(—|qlz) (10)
and the subtraction of the terms ¢,/8? + ¢, coincides with
the usual procedure of renormalizing the polarization opera-
tor Z. Details of the calculation of p,( ) can be found in
Appendix I. For the renormalized quantity p,( 5 ) we obtain

e(Z 4 2 4\
o= 2[5 (51 155
3 B p p
2) 2
Xln( (1+4/p ), +1)]
(.1+ 4/52) I'—i
As it should, p,( B ) coincides (in the sense of Eq. (10), where
the tildes should be omitted) with the direct calculation of
the polarization operator (see Ref. 9). The potential corre-
sponding to the distribution of the charge p,, known as the
Uehling potential, is of the form

(11)

2e Zo

———-[Ko(zﬁ) 5 j

*+1
@)= 2"*] . (12)

zt (zP—1)"

here K,(2R ) is a modified Bessel function of the third kind.
This form describes lucidly the behavior of g,(r) as R—0.
The terms proportional to (Za)? in (8) correspond to
diagrams of the type of light scattering by light and contain
prior 1o renormalization a logarithmic divergence. Their
asymptotic form as fS—0 depends therefore on the regular-
ization method. If the regularization is carried out with an
upper limit imposed on the integration with respect to ener-
gy (x), the asymptotic form is ¢; + ¢, Ing, as noted in Ref. 2.
If an upper limit of the sum over the angular momenta (/) is
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imposed in the regularization, the asymptotic form is inde-
pendent of 5. After the renormalization the result is indepen-
dent, as it should be, of the regularization method. Finally,
terms of order (Za)® and higher in (8) yield a constant as
B—0. The details of the renormalization procedure are given
in Appendix I. The renormalized expression for
p2AB)=p(B)—pi(B), where p,( B) is defined in (11), is

p:(B)=— {%i Idx::fdt'jdy[ (Bysht)

I=1

Xemr GGy, 0~ () +sin (25) g0, | +2),

(13)
where
s =z (2) (L -nZ e L)
:
Q= Z.'llm{ln r(v—iza)+2i1n(v—i2a) (14)

=1

+izonp () + 22— i(Za)’};

2l 3l

here ¢(r) = d InI" (7)/dr. Taking the inverse Fourier trans-
form, we obtain the renormalized expression for p, in coor-
dinate space:

;@ ® B
pz<r>=%§,l!dx Jatle U@ —hw ) T (e.0)

4-"5(:)9

(15)
here y = 2bR /sinh t, s = 2bR /t, and the remaining quanti-
ties are defined in (6), (9), and (14). Having an expression for
p(r) and using the vanishing of the total induced charge, we
can write the potential corresponding to p(r) in one form or
another. Asindicated above, in some cases an important role
is played by the behavior of the potential at small R. We
present the first few terms of the expansion of ¢ (r) at
R =mr<«l:

2Za 1 b5)
v wem [~ 37 (ng =€)

A

+ =+ BHFRTDR" .. ] . (16)
where C is the ~Euler constant, C=0.577..,

v =[1—(Za))'"?,

A= —f:— Zl Im [ln I'(v—iZa)+ %ln (v—iZa)

le=t

— (v—iZa) p (v—iZa) + 2% iZaty 1) ]

2l
Py’ (v—iZa) P+v
F= ——Z —Re
Z [ 4vi—1  21(2v+1)

=1
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-] l -]
B=—27a V' L dtfo(zzat)e-“‘(ctht——z), (17)
2 v ;[ h'

l==1

820, T (/r—w) Zat \ ™
= ]—v‘ 2Z t).
D= e =) T (vt 2) j ( sh’t ) (2Zat)

Here J,and J _, are Bessel functions,

Vi

Y (1) =dp/dr=d*1n T (7) /d*.

The first term in the brackets in (16) stems from @, (r) [Eq.
(12)], and the contribution of the Uehling potential is con-
tained in B and F. The quantity de corresponds to the in-
duced point charge (6Q ' in the notation of Refs. 2 and 5) at
the origin, and contains the contribution (Za)* and of higher
order in the expansion in the parameter Za. In a different
form, §Q ' was first obtained in Ref. 2. The calculation of this
quantity is the subject of Ref. 5, where it is represented in a
form identical with (17) and it is shown that the result coin-
cides with that of Ref. 2. In our approach it is simplest to
obtain §Q ' from (13), if it is noted that 5Q ' coincides with the
limit of p,( B) as f— . In this case a part of §Q ' has already
resulted from the renormalization (the quantity £ in (13)),
and in the remaining integral the contribution to §Q ' is made
by the region x»1, so that we can neglect the unity in
b = (x* + 1)"/ this corresponds to the zero-mass limit used
in Ref. 5. The quantities Fand D are calculated in Ref. 6. Fin
(17) is identical with the corresponding result of Ref. 6, and
the expression for D is given in Ref. 6 in a more complicated
form. The first few terms of the expansion in terms in Za are
identical in (17) and in Ref. 6. The singularity (pole) of D at
v, = 5 is cancelled by an identical singularity in F (as v, =1
andR >R ), and this question is discussed in detail in Ref.
6. The coefficients B, F, and D have a singularity proportion-
alto 1/v, as v,—0 (Za—1). This singularity is pairwise can-
celled out in ¢ (r) (16), viz., B and DR "', FR and the terms
left out of (16) and proportional to R +1 afact we verified
directly. The term proportional to (Za)* in B was obtained in
Ref. 4 and agrees with the expansion for B in (17). Details of
the calculation of the coefficients in (17) are given in Appen-
dix II.

At large distances R> 1, the Uehling potential decreases
exponentially, and the contributions to the potential from
terms (Za)® and higher decrease in power-law fashion. The
nonvanishing term in the expansion of the potential at R» 1
is then proportional to R ~° and appears only in the (Za)?
term, a fact we verified by direct calculation. The result
agrees with Ref. 2 and can be easily interpreted in terms of
the effective Lagrangian (see Appendix III of Ref. 2).

The authors thank V. N. Bajer for interest in the work.

APPENDIX |

We transform the quantity p,( 8). To this end, making
in (8) the substitution f—f;, where f,( y,¢ ) is defined in (9), we
sum over / with the aid of the relation

Z‘ llzz (y)=l/6y11 (!/),

le=q

(L.1)
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which can be easily derived by using the integral repesenta-
tion for I,,( y) (see Ref. 10, Russ. p. 972). We obtain thus for

pi(B)

2eZa

p:(B)= 5 : dx:j dy:“ dtsin(&;b}it—)

2
xer o [ Zwh)-ehinm]. 12

Consider the first term in the square brackets of (I.2). Its
integral with respect to ¢ is

jdtte l’““sm(ﬁyzb —)=arctg(25) ( (1+-f—b22-)12) .

(L.3)
The integral with respect to y is of the form (Ref. 10, Russ. p.

686)
- B2\ _ 4
oj'dy on(y)Ko( (1 + 4b,) ) = (L4)
The contribution of this term to p,( ) is thus
(L.5)

8e(Za) . B
e jd:cx arctg( Zb) .
0
Here x,» 1. To regularize the expression we have restricted

the region of integration with respect to energy (the latter
corresponds to the variable x). If we put

(lﬁy sht)

1n(bysht) ﬁyshtj-d (L6)

2b

the integration of the second term in (1.2) is carried out simi-
larly and for 5,( 8) we obtain®

8eZ B b d
p. ()= dox{—amtg(m)) Eim}

(L.7)

The renormalization reduces now to subtracting from the
integrand in (I.7) the first two terms of the expansion as
[—0; these terms are proportional to 1/ and to a constant:

p:(B)= Seia fdx[ﬁi: (arctgé-?——-p_ +£)

b 2b  24b°

_Z%?:{g(1+(fs:/2b)2 ~H(zﬁ—bs)z)] :

All the integrals in (I.8) are already convergent and x,, can be
replaced by « . Elementary calculations lead then to expres-
sion (11) for p,( B).

We now renormalize the terms of order (Za)® and high-
er. We must calculate the asymptotic form of these terms in
(8) as B—0. We note that the contribution of In B appears in
the asymptotic form of the terms proportional to (Za)?® fol-
lowing the method, indicated in the text, of regularization
from the region t~pB, I~1/8, y~1/B2. In this region the
integrand in (8) takes, after subtraction of the terms linear in

(L.8)
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Za,theform — y~'sin (Byt/2b) g( y,t), whereg( y,t)isde-
fined in (14). We write p,( ) in the form

ﬁz(p)——-z jd:c j‘dt dy

l=1 0

x{[e—vch'sin("ys B2 (1w, 0-1w0)

+sin( Pyt )g(y,t)]-—sm( byt )g(y,t)}
(L9)

The integral of the expression in the square brackets in (1.9)
converges, and its limit as S—0 is obtained by replacing
sin( By sinh ¢ /2b ) and sin ( Syt /2b ) by their arguments. We
represent this limit (which does not depend on ) in the form

e El[ml(l)+mz(l)], (L10)

l=g

where w,(/ ) corresponds to the contribution of the term pro-
portional to g, and w, (/) to that of the term proportional to
(f—f,)- The value of w,(/ ) is calculated in elementary fash-
ion by first integrating with respect to z and then with respect
to x and y. We obtain

02(1) = (Za)’/3T. (I.11)

When calculating w,(/ ) the integrals with respect toy are
evaluated with the aid of (I1.4):

o(l)= J‘ (27 Jdt [— —sin pt — ;i (e~ cth t)—Za cos pt cth te™"

2
+ZatZ z = @ (e=*1oth £) +Zas cth te-" ] (L12) |
After integrating the terms with the derivative in (I.12) by
parts with respect to # it is easy to integrate with respect to x:

sin(2Zat)

= (L.13)

o= dt[ Zaett — e"“‘] ctht.

If w,(/)in (I.13)is differentiated with respect to Za, the ensu-
ing integrals can be evaluated with the aid of (IL.13). Inte-
grating with respect to Za with allowance for the obvious
boundary condition ,(/) = 0, we obtain at Za = 0

0. () =—Im [ln I‘(v-—iZa)+%—ln(v—iZa)

+iZa(1pl)+%?- . (L.14)

Substituting ,(/) (I.14) and w,(!) in (I.10) we obtain

o = — £2. Renormalization calls for subtraction of this con-
stant from p,( ) (1.9).

We consider now the contribution of the last term in

P2 B) (1.9). After substituting r—¢ /y we integrate with re-

spect to y and x. We obtain (we denote the contribution of

this term by y ):
3% t
(Za)®  dt sin( il ) (L15)

r Jt
0

1
E+D7

1
zezu

ap
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where x,> 1 is the upper limit of integration with respect to
x, and /> 1. If we let x,— o at fixed /,, we obtain

_ e, )321
L™ 1

le=1q

(I.16)

If, however, we let /[;,— « at fixed x, and take the sum and
the integral, we get for y:

2$o ) + ].
B

It follows from (I.16) and (I.17) that at any regularization
method the quantity y is completely eliminated by renor-
malization, and we arrive at Eq. (13) for p,(8).

3
2

x=——§£—(za)3 [ln ( (1.17)

APPENDIX I

We calculate now the coefficients B, F, and D. We con-
sider the contribution made to these coefficients by the po-
tential @, () that corresponds to the charge distribution p,(r).
The asymptotic form of @,(r) as »—0 is uniquely connected
with the asymptotic form of drg,(r)/dr. Using the Gauss
theorem we have

_1_arq;2(r)=V=—4—n jdr'pz(r’)r’ﬁ(r’—r). (IL1)
me Or me :

The terms arising in p,(r) as a result of renormalization (g
and £ in (15)) make no contribution to the sought coeffi-
cients. For the sake of brevity we omit also f;( y,¢ )in (15), and
defer to corresponding subtraction of the terms linear in Za
to the end. We can then represent V" with the aid of (15) in the
form

L

l=tp

j: j’ } e~V cht(G(i)+G(2)+G(3))
0 0 0

EV“’+V‘2’+V<”,- (1L-2)
where
GO=1(y, O —o(y, ),
GY=[fo(y, )—1(y, )19 (H—ysh1j2b), (IL3)

G¥=1o(y, )0 (ysht/2b—R), fo =y sin (pet)ln'(y)
—Hocos (ot) cth tlr(y),

the function f( y,¢) is defined in (6), u, = 2Za, and f; is the
limit of the function f as x— o0 . We use below the values of
the integrals (see Ref. 10 Russ, pp. 722, 962, and 967):

J‘ dy Izv (y) e~V ch t=e_2vt/sh t,

dz (cosar—cosa)

(1 _1.2) v+
cosa

(—v ——;—) [J_v_i(a) (i) VH—P—(_—J] (IL4)

and expressions obtained from (II.4) with the aid of the re-
currence relations for the Bessel functions. Integrating G

!

2
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in (I1.2) with respect to y and then with respect to x we ob-
tain, using (I.14),
) +1] .
t

L1t t
=R __ —2vt
VW=BW=—y, ;:l——v [‘[dtlu(p.ot)e ( I
(IL.5)

Asr—0 we have V?—0, and the contribution of this term to
the coefficient D is determined by the region y<1. We ex-
pand the Bessel functions and integrate with respect to y and
x, retaining in the sum over / the term with / = 1, which of
highest order in 7 in this expansion. We obtain for D ?

8 L(*/2—v)
v (4v2—1)T (2v,12)
sin pot ]

X J;slif't [(%t) L'(—w)

The contribution of ¥® to F is determined by the region
x> 1. Weexpand f — fyat x> 1 in powers of 1/x and replace b
in the expression for G ” in the argument of the ¢ function by
x. Integrating with respect to x and y we obtain

= I 7 cth? ¢
F“)——E:—— dt -Zv'[ %t s t(tht+ )
l=14\72—1;“ M Rl 2v

+ (sin pot+pot cos pot) (14+2v cth t) ] .

D@¥=—

(IL6)

J v‘(p’o )_

(IL7)

Only the argument of the ¢ function depends on x in G
integrating with respect to x we have

V(s)=—25dt§db(1—_) 2R oth tf, (2;3:’ t),'

le=g 0
(IL8)

where we have changed over to the variable v = y sinh ¢ /2R.
Recognizing that

I dtj dve—®Rv ctb tf ( 2Rv t) =0,

0

we can represent ¥ in the form:

vo— L YTl jdv((1__) ~1)- jd}

=1 0

(IL9)

2Rv
Jo- thtlv( )]
X [ Ho € *\sht/1’
2Rv 2Rv
o=/, (== . . .
o ( — t>+p,octhtlz (Sht) (IL.10)

The integral of @ in (I1.10) makes a contribution to D that is
determined by the region Rv/sinh #<1 and a contribution to
F (the region v> 1). These contributions are equal to

DO—_ 8 L'(C/o—wv,) dt sin (pot)
av? (4v—1) F(2v1+2)‘ ['(—v,) (sht)>™’
(3) 2 © cth®t
=— dte 0 0
“Z’ j te [p. (cos pot— 1)(tht+ o )
—sin pot (1+2v cth t) ] . (IL.11)
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To calculate the asymptotic forms of the terms in the
square brackets in (II1.10) as »—0 it is convenient to match
the values of ¢ in the integral with respect to v from zero to
unity and the values of v in the integral with respect to v from
unity to infinity. We obtain ultimately for the contribution
of this term:

!
B®=y, Z—, ==Y

v
l=1 =1

(IL12)

Summing now the individual contributions, we obtain
B=B"4+B®and D=D® 4+ D®. In the expression for
F=F® 4 F{ 4 F$ we can integrate with respect to 7 by
using Ref. 10 (Russ. p 376)

[t (i- ctht ) —p(v) —In () + (I1.13)
/ t 2v
To obtain (16) and (17) we must subtract from the obtained

expression the term linear in Za and add the asymptotic
form of @,(r) (12) as r—0

i () ~— meZa. [2—(1n—1—0——5-) +—”2——B], R<1.
F11

(IL.14)

The constant in the terms proportional to R in (I1.14) cancel
out exactly the subtraction terms for B + FR. As for the
term DR ", its part linear in Za takes the form D,R 2, and it
was not subtracted explicitly in (17), for this would be an
exaggeration of the accuracy of this formula.

We proceed now to calculate the coefficient 4 (16). As
indicated in the text, it is convenient to calculate it from
expression (13) for p,( B ), by taking the limit in the latter as
B— . The value of £2 was obtained in Appendix I, where it
was also shown that the contribution of the integral with
g( .t )to(13)is cancelled by the last term in the expression for
0. The contribution to the remaining integral as f— o
should come from the region x> 1. Taking into account the
relation (I1.9), satisfaction of which ensures in fact the con-
vergence of the integral with respect to x in (13), we can then
represent this contribution in the form

2w, r. ¢ rdy
A,=?Zl.!'dx‘£dt§—?
X [sin(@% —y shtsin(i)] .

z T

(IL.15)

We have again left out here f; and shall subtract the terms
linear in Za at the end. The integral with respect to x in
(I1.15) is evaluated in the form

Jar sn () -asin ()] =amn -

— y cosh t)] fo( y,t ) can be rewrit-

eV °n tfﬂ (y’ t)

—ysht. (IL16)

The expression sinh[# exp(
ten in the form

d
shite=V 2 Y, (y,t) = E(Sh tsin (pot) ylov(y) e
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——%(chtsin wotly(y)ev et Y). (I1.17)
Next, integrating by parts and using (I1.4) and (I1.13), we
obtain

4 , .
A=— - Zl Im[ (v—iZa)$(v—iZa)

lemi

+iZop (1) +iZady’ (I) |; (I1.18)

the terms linear in Za have already been subtracted here.
Adding 4, to the remaining contributions we arrive at 4 of
Eq. (17). We emphasize that the divergence of the individual
contributions to the considered coefficients in the summa-
tion over [/ is fictitious and drops out from the final equa-
tions.
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"Weputfi=c=1.

2 The results that foll ¥ are valid at Za < 1. The case Za > 1 calls for a
special analysis; it becomes necessary, in particular, to take into account
the finite dimensions of the nucleus.

31t can be assumed that the contour of interation with respect to s in (1.6)
and accordingly in (I.7) does not go through zero, and the bypassing
method turns out hereafter to be immaterial.
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