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An explicit expression is obtained for the distribution function of excess quasiparticles, taking 
into account electron-electron collisions in nonequilibrium superconductors. It is shown that the 
character of the phase transition may change at a definite ratio of the electron-electron and 
electron-phonon interaction constants: the dependence of the order parameter on the power of 
the source becomes single-valued. In addition, diffusion instability and paramagnetism of the 
superconductors arise. The multiplication factor of the excess quasiparticles due to electron- 
electron collisions and to reabsorption of phonons is calculated. 

PACS numbers: 74.20. - z 

INTRODUCTION quasiparticle distribution function n(6 ) is the energy of the 
An electromagnetic field and tunnel injection lead to quasiparticles, measured from the Fermi surface). Near the 

the generation of excess quasiparticles in superconductors. transition point (A = 0), n g  ) can be represented in the 
These quasiparticles can change the character of the phase 
transitibn.ls5 Actually, as shown previo~sly,~.~ the depen- 
dence of the order parameter A on the pump power /3 be- 
comes doubly valued above some critical valuefi, , while the 
transition becomes of first order and is accompanied by the 
formation of an inhomogeneous state due to coherence insta- 
bility. The theoretical model (the so called E de- 
scribing these effects takes into account only the electron- 
phonon energy relaxation of the quasiparticles, neglecting 
the electron-electron (e-e) collisions. 

The effect of the e-e collisions on the form of the quasi- 
particle distribution function (QDF) near A = 0 (Add,, A, 
is the value of the order parameter A at/3 = 0) has been stud- 
ied in Ref. 6,'' where attention was called to the possibility of 
a change in sign of the coherent increment of the QDF at 
sufficiently large values of C (Cis the ratio of the constants of 
the e-e and electron-phonon interactions). 

In the present work we have found the explicit form of 
the QDF both analytically and numerically with a computer 
over a wide range of C and have shown that in the case of C 
that is much greater than a certain value (C,, - 6.5) the co- 
herent increment changes sign, i.e., the so-called Ne model is 
realized.'~~ 

The character of the phase transition changes in this 
case; the dependence ofA on/3 becomes single-valued (Fig. 1) 
and conditions are established for the onset of the diffusion 
instability predicted in Refs. 9 and 10, and for the corre- 
sponding inhomogeneous state. 

Suitable superconductors with C >  C,, are W, Ir, and 
Hf. Such superconductors as Ru, Ti, Os, Mo, Al, Zn, and Cd 
have high values of C ( - 2-5). 

In addition, the coefficients of quasiparticles multipli- 
cation due to electron-electron and electron-phonon colli- 
sions are found; these coefficients determine the critical 
source power /3,. 

1. BASIC EQUATIONS. STATEMENT OF THE PROBLEM 
The character of the phase transition of nonequilibrium 

superconductors is determined by the form of the excess- 

n(g )=no(E)+n , (E) .  (1) 

Here n,(f) is the QDF at the transition point 
(A = 0, p = /3, ), n '(6 ) is the coherent correction, which is 
proportional to A and is governed by the coherent factors in 
the kinetic equation. 

As shown in Ref. 3, the equation for A is 

and the sign of the quantity N, (the number of supercon- 
ducting electrons, which determines the stability of the sys- 
tem) 

is determined by the sign and form of the function n , .  Here 
2 112. & = ( S 2 + A  ) 

Upon neglect of the electron-electron collisions, n ,  is 
negative, so that dA /d > 0 [i.e., there is a non-single-val- 
ued A ( 8 ) dependence] and Ns > 0.3 

Account of the electron-electron collisions has been 
given in Ref. 6, where it was shown that the coherent correc- 
tion takes the form 

FIG. 1 .  Dependence of the order parameter on the source power8: 1- 
c<cc,;2-C= c,,, 3-c>c,,. 
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where a and b are dimensionless quantities of the order of 
unity, dependent on the matrix elements of the e-e interac- 
tion, R is the constant of the electron-phonon interaction, w, 
is the Debye frequency, EF is the Fermi energy, No(x) is the 
equilibrium distribution function of the phonons; for Sz, 
see Eq. ( 12). 

The function pee (x,, x2) > 0 is proportional to the differ- 
ence in the rates of recombination and creation of quasiparti- 
cles via the e-e interaction. In equilibrium, when 
no = (ex + 1)- ', pee vanishes fjust as pef ). For the case C( 1, 
realized for a number of superconductors (see Ref. I), the 
influence of the e-e collisions on n, can be negle~ted.~ If, 
however, C >  1 it is necessary to take into account qe, , which 
is determined by the function no(x) that satisfies the follow- 
ing equation (here, for simplicity, we have set No(x) 
- - 0, pef = 1)": 

m 

(I-no (x) )Si-no(x)S-=Q(~), B= J ~ x Q ( x ) .  (10) 

,S> = 5 dxl(r - ~ , ) ~ ( 1  - n,) + 5 d:c1 (w- x , ) ~  r21: 

L(X) 0 

~ = a ~ / a ~ ~ ,  %=no ( x i ) ,  ( x )  = { x!i3, Z: 

account of the reabsorption of phonons [N(x)#O] by inte- 
grating (10) with respect to x: 

- 
0 0-XI 

$, = 1 dxl dxt(x1-k 32)' {no(xl) no ( ~ 2 )  

0 0 

Here N (x) is the nonequilibrium phonon distribution func- 
tion. 

2. QUASIPARTICLE-DISTRIBUTION FUNCTION 

It has been shown earlier6.'* that the function n,(x) is 
very close to the equilibrium value n, in the range x S 3. At 
x 2 3, the falloff of no[x) with the energy becomes slower. In 
this range of interest to us, the integral of the e-e collisions 
can be represented in the form 

Sec=noSee-- (l-no)See+=i/zxzno ( x )  -3 J dx, (xi-x) no (xi)  

with accuracy to terms of order (x)-~. Then Eq. (10) takes the 
form 

Analysis of Eq. (18) shows that at energies x <Z, 

we can neglect the e-e interaction, and at x > 5 we can neglect 
the electron-phonon interaction. 

In the case of a broad source 

[which is realized for a high-frequency electromagnetic field 
and tunnel injection to the symmetric junctions (SiS junc- 
t i o n ~ ) ~ ]  the solution of Eq. (18) has the following form: 

a) at w > Z (here and below, w=w/a, ' I 2 )  

We obtain the expression for the critical power&, with Here 

O<x<3, 
3<x<B, 
8 4 x 4 a .  

710 ( a )  esp  (o-x)  , a<x<m. 
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The solutions (22) at 3 <x < w are identical with those 
obtained previously in Ref. 7, since the case w < f represents 
account of only the electron-phonon interaction in the solu- 
tion of the kinetic equation. 

The solutions (21) are essentially different from (22), 
since in the case w >f there is an energy interval f < x < w ,  
where only e-e interactions are operative. Here we must 
solve the following equation [see (17)l: 

The boundary condition for (23) has the form 

no (%>a) =O. (24) 

The boundary condition (24) is connected with the fact 
that the rapid exponential decay of no(x) behind the source 
makes a small contribution to the equation in comparison 
with the slowly falling power-law solutions at x < a ;  there- 
fore, we can neglect no(x) behind the source with high accu- 
racy. 

We shall show that behind the source (x >a) no(x) de- 
cays exponentially. In this energy region, the e-e interactions 
are responsible for the formation of the QDF since the prob- 
ability of absorption of a phonon by a high-energy quasipar- 
ticle followed by "overshooting" it behind the source is 
small (-n;(x), x)  1). The principal term in the distribution 
function is due the interactions between quasiparticles with 
energy x - 1 and quasiparticles with energy x - w .  The prob- 
ability of the remaining e-e interactions is proportional to 
ni(x), where x) 1. 

We keep in (10) those terms that describe the most prob- 
able energy relaxation processes in correspondence with 
what was said above. We set no(x) = n,(x) at x - 1 and inte- 
grate S* with account of no(x)(l, x>l ,  where we obtain 

no (x) =no (a) em-=, x>a. (25) 

The function no(x) has been found numerically as well, by 
solution of Eq. (10) for the case of a broad source. 

Figure 2 shows the QDF for various values of the pa- 
rameter C. It is seen that the QDF falls off more slowly than 
n, atx > 3. The numerical solution agrees with good accura- 
cy with the theoretical dependence (2 1) over the entire range 
of variation of x [at x > o, the numerical solution also falls 
off exponentially, just as in (21)l. 

3. CALCULATION OF THE COHERENT CORRECTION 

The solution (21) and the numerically calculated n,(x), 
were substituted in q~,, (5). The results are shown in the table. 
It is seen that the numerical values of pee are close to the 
values calculated with the help of (21). We note that pee 
depends weakly on Cat C-C,, . The point is that the form of 
no(x) undergoes weak changes when C increases in the inter- 
val of x that are significant for p,, (0 < x < 5 )  at C- C,, (it 
can be shown that the contribution of the QDF to Cpee at 

FIG. 2. Dependence of the quasiparticle distribution function on the ener- 
gy atA = 0;x  = l / ~ ; ' ~ .  I-C = 0; 2-C = 7.7,9.1, 11.9; 3--equilibrium 
QDF-n p 

x > G is of the order of(;,-'( 1). Therefore we obtain approxi- 
mately from (4) 

q=l-Cq,.=l-0.15C. (26) 

We then obtain the result that the function p ,  and conse- 
quently, n,, changes sign at C = C,, ~ 6 . 5 .  It therefore fol- 
lows from (2) and (3) that dA / d  P <  0 (i.e., A ( P ) becomes a 
single-valued function) and N, < 0 (i.e., the appearance of a 
diffusion instability and of paramagnetism is possible). 

4. MULTIPLICATION COEFFICIENTS OF THE EXCESS 
QUASIPARTICLES 

For the quasiparticles created by the source transfer 
their energy to the electron gas and to the lattice. In the first 
case, the energy of the quasiparticles is expected in the in- 
crease in energy of the existing quasiparticles and in the cre- 
ation of new ones, thereby increasing the total number of 
quasiparticles. This process is characterized by a quasiparti- 
cle multiplication coefficient re,. In the second case, the en- 
ergy of the quasiparticles is expended in the creation of non- 
equilibrium phonons, which manage to reabsorbed during 
their life in the superconducting film, and which also create 
new quasiparticles with a multiplication coefficient ref The 
total multiplication coefficient2' is r = re, + ref. 

The critical powerPC depends on the multiplication co- 
efficients of the quasiparticles, re, and ref: 

where 

TABLE I. Values of the expression p,, calculated numerically with the 
help of the function (21). 
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q,, calculate 0.10 
according to 
(21) 1 0.11 
q,, , calculated 
numerically. 

0.11 

0.11 



[compare Eqs. (27)-(29) with Eq. (16)l. Here N (x) is the distri- 
bution function for the nonequilibrium phonons, which sat- 
isfies the corresponding kinetic equation (Refs. 2 and 8). The 
function N (x) for the case A = 0 and T = 0 (Tis the tempera- 
ture) has the following form13: 

where a, = A , / u ~ ' ~ = :  1.7 and for y see below. 
Substituting Eq. (2 I )  and (30), we calculate (28) and (29), 

retaining the principal terms (which depend on a). We then 
have for a broad source: 

Here y is a parameter that characterizes the relative prob- 
ability of reabsorption and departure of phonons from the 
film: 

y = ~ e s / T ~ r  (32) 

where T,, = 4d /s ,  d is the thickness of the film, s is the speed 
of sound, 

'CB-'=JC~AOOD/~EF. 

The quasiparticle distribution function itself depends 
weakly on y,I4 therefore the solutions (21) obtained at y = 0 
are valid even at y #O. The case y( 1 corresponds to a thin 
film. It follows from (31) that in this situation ref depends 
linearly on y. In the case of a thick film (y> 1) ref does not 
depend on y: 

In the case w <2 (33) coincides with the results of Ref. 7 
(since this is the case when the electron-phonon interaction 
is taken into account in the solution of the kinetic equation). 
In the case o >Z the coefficient re, depends linearly on w,  in 
contrast with Ref. 7. 

Equation (31) and (33) are valid also in the case A #O, 
since the principal role in the multiplication coefficients is 
played by the quantity no@) at higheLenergies, wherexsd / 
a l / 2  

1 ' 

Recently, MitsenI4 measured the multiplication coeffi- 
cients of the quasiparticles of lead films. The results agree 
with good accuracy with the calculation carried out using 
Eqs. (3 1) and (33). 

"The e-e collisions were taken into account in Refs. 7 and 8 for the case of 
weak pumping, when (A, - A )/A,< 1. 
There is a misprint in Ref. 2-in Eq. (23) r, rf should read re + rf. 
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