Thermodynamic theory of multipulse NQR experiments
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A thermodynamic theory of multipulse NQR is developed with the simplest multipulse spin
locking sequence as the example. The influence of spin-lattice relaxation is taken into account. It
is shown that the theory proposed agrees well with the known experimental data.
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In recently reported experiments ' nuclear quadrupole
resonance was observed by using multipulse sequences simi-
lar to those used in NMR. The observed echo signals atten-
uated in times much longer than the characteristic dipole-
dipole interaction time 7,. This weakening of the influence
of the dipole interaction provides new possibilities of in-
creasing the sensitivity of the NQR method,'~* as well as of
increasing the efficiency of the methods of studying molecu-
lar motions in solids.**

We note that multipulse NMR spectra were obtained
way back® in 1966, and by now mutlipulse NMR spectrosco-
py is a rather advanced field. The advantages of multipulse
spectroscopy over the ordinary one lies in the ability of sup-
pressing the dipole interactions completely or in part by ra-
pidly modulating them with sequences of specially chosen
radiofrequency pulses. A rapidly oscillating dipole interac-
tion, just as any rapidly oscillating force in classical mechan-
ics,® is weakened by a factor (v,, /@, )" times (w,, is the di-
pole-interaction modulation frequency and w,,. is the
strength of the local magnetic fields), where n depends on the
type of sequence employed. Multipulse spectroscopy is in
fact spectroscopy with adjustable line width, in which a
strong radiofrequency field is used not only to produce ob-
servable spectra, but also to regulate the widths of the indi-
vidual lines in the spectrum.

In substances with quadrupole nuclei, the dipole inter-
actions make also a substantial contribution to the form of
the observable spectra, therefore multipulse methods offer
great promise also in quadrupole resonance.

The experiments in Refs. 1 and 2 were performed by the
multipulse spin-locking method,® in which the simplest se-
quence @,-(7-@-7)" is used, where ¢ = yHt,, (H, is the field
in the pulse and ¢, is the pulse duration and 27 is the distance
between the pulses. The echo-production mechanism was
explained in Ref. 7, and the behavior of the signal over long
times was obtained in Ref. 8, where the principles underlying
the theory of multipulse locking are briefly presented and
some features of the experimental spectra of Refs. 1 and 2 are
explained without allowance for spin lattice relaxation.

Up to now the multipulse spectra excited by the indicat-
ed sequence were investigated in greatest detail by Osokin,’
and the purpose of the present paper is a consistent theoreti-
cal analysis of such spectra and a comparison of the theory
with experiment. The experiments were performed on N'4
nuclei. We confine ourselves therefore to the case of unity
spin. Although we present here a solution for multipulse
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spin locking, the method can be applied to the analysis of any
sequence. We consider a crystal sample containing nuclei
with unity spin. We assume that the electric field gradients at
different nuclei practically coincide (the scatter of the qua-
drupole frequencies does not exceed the value of the dipole-
dipole interaction). The quadrupole interaction Hamilton-
ian

Ho="/s0q[3.*—I*+n (I.>—1,%)] (1)
can be expressed with the aid of the operators'®

Ip,,=‘/21,,, Ip, 2=’I/2(Iq1r+1r1q)v IP. 8=1/2(1rz"1q2)7

2
[y, i Iy, ;]1=il,, \, 2

where p, g, r = x, y, z; i, j, k are equal to 1, 2, 3 or their cyclic
permutation, in the form’

%O=—z/smqnlz, s+2/s(ﬁq (Ix, 31y, 3)
=wo(1+1/3) I, s—/swq (Iy, s—1.. ) (3)
=—wq(1—n/3) 1, s— /s (1+n) (I, s—1 5).

Each expression consists here of two commuting terms
[Ip, i 14 s—1. 3]=0.
Let the carrier frequency of the RF pulses be
0=0,—A=—0e(1—1/3) —A,

where , is one of the three resonant frequencies of the qua-

drupole resonance. The interaction with the pulse is of the
form

J6,=I1f(t)cos wt (first pulse),

#6,=—11f(t)sin ot (remaining pulses), “4)
where lis a unit vector along the RF-coil axis and f|¢ ) is the
pulse function (the envelope of the pulses).

We write down the equation for the density matrix:
dp/dt=—l[%q+%1(t)+%d+%6+G+%ls+%B+g-v p]» (5)
where 7, is the dipole-dipole interaction of the considered
nuclei; 75 is the Hamiltonian of the inhomogeneities and
describes the scatter of the quadrupole frequencies; G is the
spin-lattice interaction Hamiltonian; 5, is the Hamilton-
ian that describes the motion of the nuclei S; . is the lattice
Hamiltonian. At |%;| S|5°,| the inhomogeneity can be
considered just as a dipole interaction. We shall therefore
regard 75 as included in 57°,.

In the interaction representation, defined by the Hamil-
tonian
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FHb,=ol,, 3_1/3‘1)0(1_*'7]) (1, s_Ix,s)+%By (6)
the equation for the density matrix takes the form
dp/dt=—i[ AL, s+36.° (t) +36:°° +51s +G*°
+G' () +F+V (), p], (7)

where the terms secular in 7, have been separated, G ‘(¢ ) is

the nonsecular part of the spin-lattice interaction, and V' (t) -

are the remaining nonsecular terms. If all the frequencies
o and Jg are different (this is the only case we consider),
s =0, for in the presence of quadrupole interaction all
the local fields will oscillate in this case with frequencies on
the order of w,,. In addition, we assume that the main contri-
bution to the spin-lattice relaxation is made by the fluctu-
ations of the electric field gradients. This makes it possible to
leave out of (7) all the nonsecular terms except G', and as-
sume that ¥ commutes with all the operators except G *°
and G'.

The interaction with the pulses and the dipole interac-
tion are given by

KT =1 (t)cosOI,, (first pulse),

1 ¢ =71 (t)cosBl,,, (remaining pulses), (8)
252 B i
%dsec= .lr—s. 2 aiip (1;,111,1"'11:.2113?,2) + Z G‘IV‘M (9)
i9kj i p=xY,2 i

where 6 is the angle between 1 and the y axis;
a;? =1— 3 cos’y4; % is the angle between the internuclear
vector r; and the p axis. If the duration of the pulses is ne-
glected, the pulse envelope can be represented in the form
F() =i () +o Z‘a (v+2kt—t). (10)
R=0
With the aid of (8) we find that after the first pulse the
initial density matrix p, = 1 — @, #°, goes over into

p+= exp (—iq, cos 61,,,) po exp (io cos 01,,,) =1+a,we (1—1/3)
®q

3

X{I,,5 cos (@, cos 8) —1, > sin (q, cos 0) } +cz,
(11)

We determine now the effective field'! o, that describes
the action of the pulses and of the detuning during the time of
the pulse sequence:

exp (—2ite.l,) =exp (—iAtl,,s)
exp (—igcos6l,,.) exp (—iAtl,s), (12)
where I, is the vector in the space {7,,; } and the modulus o,

in the direction n of the vector o, are defined by the expres-
sions

cos (2w,T) =cos((b cos 0)cos® (At)—sin® (A7),

sin (@ cos 0) cos (AT)
n,=0, n, = - 9
5111(2(1),1).
_ sin(2A7) cos*( (g cos 0)/2) (13)
’ sin (20.7) )

With the aid of the transformation
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(1+r|) (lz,s_ x,a) .

L(t)=exp (i(o,,l,,t)Texp (—i J‘[f(t’)cos 91,,2+A1,,,]dt’\’ (14)

we change over to a system of coordinates with an effective
field.!! It is convenient to represent the dipole interaction in
the form

2
e Zm", [L,n, 56 =ma6.m.

m=-2

(15)

In the coordinate system defined by the transforma-
tions (14), the equation for the density matrix takes the form

dp/dt=—i[ 0.1, T3+ O () S+ (t) '+ (1) K. -
+y* (£) B +HGC (L) +G (1) +F, pl, (16)
where G = LGL — 1. The transformation (14) was chosen
suchthat L (2k7) = 1. @ (¢ )and y (¢ ) are periodic functions of
the time with period 27. The solution of (16) is formally simi-
lar to that of the problem of multipulse spin locking in NMR
and considered in Refs. 11 and 12. We present here only the
main results.
At 0,>0,,, =~1/T, there is established in the system
after a time ¢~ T, the quasiequilibrium

qu=1'—aeq("er—ﬁee‘ygdo'{'i/ﬂeqma (1+n) (Is—1ss), (17)
where a.,, B.,) and 7., can be obtained from (11) and from
the condition that the corresponding quantities are quasi-
integral, i.e., they do not chnage over times t =T, (Trp + Q,
=Tr 5eq 0,0 =01, X3, L;—1.;):

Qeg=—0lo 2e (1 - %) cos (g, cos 6—arccos ns),

Bea=0, Yeq=0k0. (18)
It follows therefore that during the time =T, the signal
decreases [the observed signal, as can be seen from (8), is
proportional to Tr p I,,, i.e., to an,]. For example, for
#, cos @ = 7/2 the magnetization decreases like n,?> com-
pared with the initial one. The further evolution of the den-
sity matrix consists of slow changes of a, 3, and 7.

To find the rates of these changes, we separate with the
aid of a canonical transformation'? the slowly varying part
of the density matrix

ps=U ()pU"(2),

U (t)=exp (12 U.(t) ) ,

n=1

(19)
(20)

where the operators U,, U,, ... depend periodically on the
time with period 27 and are chosen such as to exclude from
the equation for pg the rapidly oscillating terms of order
@1oc s T 1c 5---- The slow evolution of pg describes thus the
damping of the magnetization (i.e., the envelope of the echo
signal), and the periodic transformation (20) describes the
shape of the echo.

The equation for pg contains only secular (relative to
the n axis) terms and resonant multispin terms'?:
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—_ = 1 0 imat/t n —imat/t -n
- [o),l,,+%,, +Z (/<R m4g=imat/sR, ~n)

+UG U +UC U+, ps] . (21)
The term R,, " describes a process in which 7 spins absorb m
quanta of frequency 7/7. It becomes effective upon satisfac-
tion of the resonance condition

(22)
For example, at @ cos @ = 7/2 and 4 = 0 the four-spin-reso-

nance condition is satisfied and the corresponding resonance
term takes the form

Ri=/ 0 [H2[62, F6:1]. (23)

We have left out of (21) for simplicity small multispin secular
terms which are of no importance in our problem.

The resonant processes are taken into account in ana-
logy with saturation theory.'® The spin-lattice relaxation
can be treeated in standard fashion,'*'* wherein G ' gives the
spin-lattice relaxation determined by the spectral densities
of the motions at the quadrupole-resonance frequencies,
while G** gives the analogous relaxation at frequencies of
the order of w, and w,,.. The contribution of G’ can be ex-
pressed in terms of the probabilities W, of the relaxation
transitions between the levels / and k of the quadrupole nu-
cleus in the lab (the frequency w, corresponds to the pair of
levels 1 and 3, and W, = W,;). Asaresult we obtain fora, 3,
and y the following system of equations:

no.=mn/7.

da On"
a = 2’ F,» (a - m—' B) _a{”az (‘/2W1z+2Wu+l/sza)

@Oy

F1,2 (Wt 3W s+ W) +T4, "} Hyns —=(—/, W+ Was)

®e
’

Faums S (it 2 ) Wik 2Wt (=th 2 ) W)
e v @y
d m")? e -
_p = F,» (0) ) ( b a—ﬂ ) —Tu; p, (24)
dt 2 m"
) loc
dY — ®e 1 1 3 3
——=ans—; (=Wt /2Wzs)-“{( [ W 12t/ s Was)
dt @y

+a, {(/+/3—) Wt (%—vz%) W}
v

@y
where
(25)
F,," are the transition rates determined by the multispin res-
onant processes

Om"=0.—mn/nt,

oo

2
Fp—=—" S dt{Gr (t)emont +cc.},  (26)
Sp IU, 19
Gu® (t) =Sp{Ru" cxp(id6.'t) Rn™" exp(—id6s’t)},  (27)

o', = (1/3)wy(1 + 7), T,, is the spin-lattice relaxation time
in the “rotating” coordinate frame and is determined by the
spectral density of the motions at frequencies on the order of
o,, and T, is the time of the spin-lattice relaxation of the
dipole-dipole reservoir.
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FIG. 1. Dependences of M,, (1) and of M, (2)on AT at¢,/27 =0.2.

The system (24) shows that the observed signal propor-
tional to a is in the general case the sum of three exponentials
and contains a dc component.

We consider first the case when spin-lattice relaxation
can be neglected. Equations (24) show then that when the
resonance condition (22) is satisfied and the quantity @ and
the magnetization proportional to it attenuate exponentially
to zero. On deviation from the resonance condition the re-
laxation time increases and the magnetization attenuates ex-
ponentially to a certain constant value. The signal damping
decrement is determined by the amplitude of the corre-
sponding resonant term. It is proportional to 7, and 7, re-
spectively for three- and four-spin resonant processes.

It was found in Ref. 9 thatat g cos @ =7/2and 4 =0
(the four-spin resonance condition) the damping decrement
in single-crystal NaNO, is proportional to 7.

To obtain the signal from a polycrystal it is necessary to
average over the orientations, i.e., over the angle 6.

The echo-signal envelope for a polycrystalline sample is
not exponential and its characteristic damping time depends
strongly on 7. At ¢ = 7/2 and 4 = 0, for example, it is pro-
portional to 774,

Under these conditions, the signal from NaNO, powder
was described in Ref. 1 as a sum of two exponentials with
relaxation times proportional to 77 5.

The spin-lattice relaxation at n;#0 (4 #0) leads to the
appearance of an undamped stationary signal. The station-
ary value of @ can be obtained from (24) and from the condi-
tion da/dt = df /dt = dy/dt = 0,

Xst = %{ (20,10, ) Wit20,Wist (20,120, ) Was
, , —W,+W
+[ (0, 20, ) Wt (= 0,1 /20,") WZS]W}

X {ZF:;; + n32 (VeWie + 2Wig + /e Weg)

+ néz (”"12 + 3Wys + Wzs)

( Z F',i.u»"n)z

Lol m _ng® (Wi — Wza)zJﬂ
o Z F::l ((')21)2 -+ (D?IOKT;(} 2 Wt Wos ‘
n,m

(28)
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This expression shows that if the relaxation is deter-
mined by a multispin process, i.e., |F}, |>| W |, the station-
ary value of the magnetization is small and can be approxi-
mately expressed as

My ~auwenans| Wa|/ | Fr| (29)
(M, = n,w,.a,). In our case, when the attenuation of the
magnetization is determined by the spin-lattice relaxation,
the equilibrium value of the magnetization can be compara-
ble with the initial one, and its dependence on the parameters
of the sequence can be expressed in the form

M ~n.ny/ (1+bn,?), (30)

where the coefficient b6 depends on the probabilities of the
transitions that enter in (28). Expressions (29) and (39), with
(13) taken into account, show that M., is a periodic odd func-
tion of A7 and reverses sign when the pulse phase is changed
by 180°. This behavior was obtained in experiment.®

It should be noted that Egs. (13) are valid at not too
large values of 4. At large values of 4 it is necessary to take
into account the finite pulse duration ¢,, and calculate more
accurately the direction of the effective field. The depen-
denceof M, on 4 then takes the form of oscillations that are
damped at 4 ~ ¢, . A qualitative dependence of M,, on A7
at ¢,,/2m = 0.2 is shown in Fig. 1. Also shown there is the
dependence of the quasiequilibrium value of the magnetiza-
tion M,,, observed after a time of the order of T, on 47 at
@, cos @ = /2. These dependences agree qualitatively with
those obtained in Ref. 9. Some discrepancy in the behavior of
M., may be due to deviation of the initial pulse from 7/2.
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The proposed thermodynamic theory describes thus
satisfactorily the experimental data published to date.

In conclusion, the authors thank D. Ya. Osokin for
helpful discussions and V. V. Laiko for help with the work.
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