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Problems of cross relaxation and dynamic polarization
of nuclei and electron-spin systems form an important part
of the theory of magnetic resonance in solids. The quantum
statistical theory of these phenomena is well developed and
is applicable to the description of a wide range of experimen-
tal data.!"> Most of the problems examined up to now, how-
ever, have usually been treated only in the lowest order of
perturbation theory, although experimental data on the dy-
namic polarization of nuclei are available® that can be ex-
plained only in terms of multispin processes that appear in
higher orders of perturbation theory. In principle, multispin
processes can be taken into account within the framework of
any quantum statistical formalism—e.g. using Zubarev’s
nonequilibrium statistical operator (NSO) method,* which is
widely employed in the theory of magnetic resonance. How-
ever, it is difficult to calculate kinetic coefficients in higher
orders of perturbation theory. Moreover, when solving such
problems it is not always obvious how to choose the subsys-
tem operators with allowance for higher order corrections.

In this paper we present a formalism that makes it possi-
ble to describe a wide range of the problems mentioned
above in a unified manner. This formalism is based on an
analogy with the so-called uniform convergence method,’
which is widely used in nonlinear mechanics.

In order to reach the most general mathematical formu-
lation of the problem, we consider a simple model: a system
of spins of two types with dipole-dipole (d—d ) interactions in
a static magnetic field H,. The Hamiltonian for such a sys-
tem has the form

%’—‘(DsSz+(l)11;+%ud+%jsd+%ssd. (1)

Here wg ; = v H,, where the y, are the gyromagnetic
ratios of the spins 7 and S, and the last three terms in (1) are
the Hamiltonians for the d-d interactions between the spins /
and 7, I and S, and S and S, respectively.

We shall use the notation?

{I+87) = 2 ol *S7;  {S*S-) =2 oSS~
i

and so on. In view of the fact that the Hamiltonian /%
containstheterms { *S ~}and {I S *}, simultaneous flips
of the spins 7 and S (flip-flops) may take place. These pro-
cesses are important when wg ~@,—more accurately, when
the difference 4 = w, — wy is equal to @, in order of magni-
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tude (w, is the line width due to the interaction), and it is
sufficient to use only the first order of perturbation theory in
describing them. However, multispin relaxation processes,
i.e., processes in which three or more spins flip simulta-
neously, may take place in the system. The structure of the
terms in the d-d interaction that give rise to cross relaxation
becomes clearly evident when Eq. (1) is transformed to a new
coordinate system by the unitary transformation

U=-exp [it(0sS.;+w.l.)]. (2)

In this coordinate system the Hamiltonian takes the form
)= Y. Humexpli(nortmos)t], (3)

n,m=0,+1 2
where the /%, are defined as follows:
Hoo= {17} + {S I} +{S*S*} +{I* [~} +{S*S-},
%10= {I+Iz} + {I+Sz}

and so on. As is evident from (3), 7°,(¢) is a quasiperiodic
function of time with the two fundamental frequencies w,
and wg. In the general case we shall have to deal with a
system described by the Liouville equation

idpldt=[J6(¢), p] 4)
with a quasiperiodic Hamiltonian 7(¢ ). It is convenient to
rewrite Eq. (4) in dimensionless form:

idp'/dt' =e [’ ('), o], (5)
where ¢t = w, is the “dimensionless” time and w, is one of
the fundamental frequencies [for example, one may take ei-
ther w; or w, for w; in (3)]. We shall assume that the condi-
tion w; ||#°| €1 is satisfied, where ||| is the “magnitude”

of the spin-spin interaction Hamiltonian in frequency units,
ie.

[[#811*=Sp 56°/Sp 1.
Further,

e=IFl/w;, I6'=36/I156]l.

Equations of the form of Eq. (5) occur frequently in non-
linear mechanics, and there are many ways of solving them.
The basic purpose of the present work is to find a transfor-
mation of Eq. (5) such that the transformed density matrix
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will satisfy a Liouville equation with an effective Hamilton-
ian that will describe multispin resonance transitions in any
order of interest to us.

In analogy with the accelerated-convergence method,®
we perform a series of canonical transformations on Eq. (5):

P =exp [e"An(¢) Jo" " exp [—e"4.(t)];  p=p"  (6)

(no summation over n!).

The present method differs from the usual variants of
the averaging method in that we do not improve the transfor-
mation of p’ by including further higher-order terms in order
to obtain an approximate expression for p’, but repeatedly
perform a transformation of the same type.

Using the formula

ea—1

d .
2 pa >=(

’ Alt) —
— AW) ), cad=[4,4],

Ca
which was proved in Ref. 6, we obtain
idp™/dt'=[" (t'), p ™1, 0

B =i[(er—1)/ca]AterFH Ve,
where 4 =¢"4, and 7 ° = 7.

We shall choose the quantities 4, so that in the corre-
sponding order in £ the Hamiltonian 27 will not contain
rapidly oscillating terms with characteristic frequencies
higher than or of the order of unity.

In the general case when #”'(t ') is a quasiperiodic func-
tion of time with two or more basic frequencies, % "(t ') may
contain not only rapidly oscillating terms, but also slowly
varying terms with frequencies of the order of €. Such terms
must be retained in the effective Hamiltonian, since, as will
be shown below, it is just they that are responsible for the
multispin cross relaxation processes.

Let us introduce two operations: an averaging oper-
ation,

— 1.
6=1im .j dtF6(t), . (8)
and an integration operation
1
iﬁ=ijdt'[%(t’)—%]. 9

It is understood that in formula (9) the antiderivative is taken
only at the upper integration limit.

It is easy to see that the operations (8) and (9) have the
properties

H—0, H#—0.
Now if we expand (7) in powers of 4 obtain
H=iA+/,i[A, A1 +V6i[4, [4, A]]+...
+HI+[A, D]+ (A, [4, # V]
—ig"An+/sie? [An, An)+Voie® [An, [An, ] F ..
+HB -0+ [An, H 1]+ 8" [An, [An, V]

In particular, the first step of transformation (6) yields

%“)=i(8A1+’/282 [A., A1] +l/683 [An [An Al] ]+ o )

+edb'+er[A,, H']+.e[4y [4y, #]]H... . (10)
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For clarity we shall take a closer look at the case in
which 77 is a quasiperiodic function with two fundamental
frequencies w, and o, (®,/w,7#k /I, where k and / are inte-
gers) so that ¥ can be expressed in the form

H (t')= Z%,.m' expli(ro,tmw,)t’]. (11)
We shall assume that the sum (11) contains a term #°,.,,, (in
general there may be several such terms) that satisfies the
condition

r'otm’w,~e.
Now we introduce the slowly varying quantity
O=eAt'=(no,+m'e,)t

and perform the averaging operation (8) only at frequencies
that satisfy the condition

no,tmo,>e¢,

so that

H (0,) =6y t+Hbrnme™. (12)

If we now choose 4, in the form

A=H=i j at' [ (t') —56]

= Z —-—1—%nmexp[i(nm.+mmz)t],
,hotmo,

n m#n’ m
e (13)
all the rapidly oscillating terms in (10) will cancel out to the
first order in £. Actually, it follows from (13) that

id,+ (6—) =0,

so that #*" takes the form
KO —e T (D) —*oe? [, Ho—IC)+e* [H, H)

Ve (5, [, - )+ [, [, H+... . (14)

Equation (14) contains no rapidly oscillating terms in the
first order; such terms appear only in the higher orders.

If we are interested only in the first approximation, it is
sufficient to retain only £#7(¢,) in (14). To obtain the next
approximation one must perform the transformation (6)
again—this time on Eq. (14). Each time transformation (6) is
applied the slowly varying terms must be singled out and the
averaging operation (8) must be applied only to the rapidly
oscillating terms—otherwise the expression for 4, will con-
tain small denominators. For example, if we take % = #y,
in place of (12), 4, (Eq. (13)) will contain a small denominator
~1/€4,. Thus, a correctly constructed effective Hamilton-
ian will depend on slowly varying quantities.

%eﬂ'=\%eff (‘0;. ﬁg‘ .. .) .
Now we shall give an expression for the effective Hamil-
tonian accurate up to terms of the ordere>. In doing this we

shall assume that resonance terms arise each time transfor-
mation (6) is applied. At the second stage we have
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P =ie* A, +HV+e*[A,, H)+. . .,

- (15)
%(e?f» - 1/2 [ﬂv gf], A2 == 1/2 [r%y % + %]“-
Similarly, in the third order we obtain
He =151, 1K, # + #/2]). (16)

Thus, an effective Hamiltonian accurate to £ has the
form

H oge = eH + o£? (K, K]+ o® (K, [H, K + FH/2]). (17)

This expression is formally the same as the expression for the
effective Hamiltonian in the classical’ and quantum® cases,
but, unlike the expression in Ref. 6, Eq. (17) has a slow time
dependence since the averaging in (17) is taken, as in (12),
only over the rapidly oscillating variables.

Now let us consider concrete examples.

1. Let us consider cross relaxation between the Zeeman
and dipole subsystems in a solid. This problem has been an
object of discussion in the liaterature.®® In a rotating coordi-
nate system, the Hamiltonian of the system takes the form

X (t) —_ 56,8 einmat’
n=0,%1,+2
where the ## are the operators for the secular and nonsecu-
lar parts of the d-d interaction (see Ref. 1 for the explicit
form) and o, is the Zeeman frequency (>, ). Since in this
case [t ) is a periodic function of time, the effective Hamil-
tonian will be time independent in all orders. Since

[129 %nd] ='ggnd,

while the general structure of the effective Hamiltonian in
the ath order will have the form

a cMnz.. g g
6 5t = ZI o (36a™, (56 .[96:° ", 4] ],

nybngt.4n =0 0

where the ¢""* are certain coefficients, we have
(x)
[Iz, %eff]=0.

This means that there are no resonance transitions between
the Zeeman and dipole subsystems. Cross relaxation pro-
cesses can take place only as a result of rapidly oscillating
terms in frequencies nw,,.

The transition probability calculated with such terms
contains the exponentially small factor exp( — n?w2/w?).

2. Let us consider cross relaxation in a system described
by Hamiltonian (3) for the case in which wg ~2w; (i.e., the
difference 4 = 2w; — wy is to be of the order of w,). In this
case resonance terms appear in the effective Hamiltonian
(17) in the second order. In fact, on substituting Eq. (3) and

(18)

Jo— Z Hamexpli(mortnos)t]
motnos

into formula (15), we obtain

36 = A+Be~*+B¥e,
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where

1 1
A=%oo + ——‘[%oz, %o—z] + —‘—“[%on %0—1]
4(01 20;
1
t [0, H 1]
2(1)1

1 1 1
+—[9gw, %-—w]"'—[%m %—1—1]'*' _[%—-m %1—1],
@r 3o O
1 1
= ——'[%on %—zo] 'I‘—[%—u, %-to]-
2001 Or

Here A is the secular part of the d-d interaction and B is
responsible for three-spin cross relaxation processes. Start-
ing from the general concepts of spin-temperature theory,? it
is not difficult to derive equations for the dynamics of cross
relaxation. Since [/,,4 ] =0and [S,,4 ] =0, it must be
assumed that a quasiequilibrium state with the density ma-
trix

&= (1—ou0.],—aswsS.—BaA) /Sp 1, (19)

where a,, ag, and B, are the inverse temperatures of the
corresponding subsystems, will be established in the system
in a time of the order of w; .

To derive the equations for the changes of the inverse
temperatures we use the equation for the slowly varying part

of the density matrix that was obtained earlier'®:

- 1
-E_ T_}ilf[;l_)o Zm"+ie [Vn[V—mglL

where

(20)

wa=2nn/T, n=0,=+1,=£2,...,

T
V.= —1T—-j dtV(t)e="n*,  V(t)=exp(idbt) V exp (—idb,t).

In this case ¥ must be taken as the operator
Be‘iAt+B+e—iAt’

and 5, must be taken as the operator 4, in which it is suffi-
cient to retain only #°y,.

On substituting Eq. (19) into (20), multiplying both sides
successively by /,, S,,and 4, and passing to the limit 7 — o
and € — 0, we obtain the following set of equations (the de-
tails of the calculations are similar to those presented in Ref.
10):

da;/dt=— (Cs/Z(DI) W(Zaxﬁ)x“‘as(ﬂs—' ﬁdA) )
das/dt=(cilos) W (20,0, —as0s—Bal),
dﬂd/dt= (A/Dz) W(Z-a,m,—asms— BaA ) y
where
c! =Sp I ZZ/ N k)
N=S8p 1,>+Sp S.%,

Cs=sp S;z/N,
D*=S8p (%oo)z/CszN,
1 o0
W(A)=moj Sp{VV (£)}cos At dt,

V=B+B*, V(t)=exp (idBot)V exp (—idb,t).

As was mentioned above, W is the probability for three-spin
cross relaxation processes.
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Now let us consider the case in which the condition
3w; — ws ~w, is satisfied. In this case the resonance terms
appear only in the third order. On substituting Egs. (3) and
(18) into (16), we obtain

(8) res . .
6 Sy = Aot At et

where
1 1
4 =—(;1?[%-m [%-107 %—u] ]+m[%—m [%—m %—1—1]]
1 1
+ ‘_—2[%—207 [%—207 %n] ]+'——7[%—10, [%—201 %01] ]

+——[9@’—zo, [56_10, 5601] ]+ [%-zo, (00, B-1i]1.

The equations for the inverse temperatures can now be
written down in complete analogy with the first case. In this
case four-spin processes will be the most effective in cross
relaxation.

Let us employ the formalism developed above to de-
scribe experiments on the dynamic polarization of nuclei.?
In this paper we have investigated a system having spins of
three types: proton and deuteron spins with the Zeeman fre-
quencies w; and w,,, and paramagnetic impurities with the
frequency w ~wg + pw,; + aw,,, where p takes the value
+ land + 2, and d takesthe values + 1 and 0. To describe
the dynamic polarization of nuclei under these conditions
one must resort to higher orders of perturbation theory. Our
formalism substantially simplifies the calculations. Let us
first consider the case in which p, d = + 1. We shall write
down the part of the dipole-dipole interaction Hamiltonian
that can contribute to the effective Hamiltonian in a rotating
coordinate system; it has the form

H(t)= ZS,.‘(e“""vf.‘.—’ li++3_i”"v,“i_‘)l.~‘) A
+ S ey My e )
X
£ (pioaty M a4 p—ioyt T ar
+ ) Ii(e“ra;; Mit+e“x'a; M)
W ACAS A fy

+ Ze““"*“’“”c,-gz) M+ Z‘e—‘(“l*'”u"c;z’I;‘M,-' ‘
1, iJ
+ (0) (e:(ou—wu)il +M +e—'(w1—wu)’] -M. +)
2
+ 2 Sl szsn (@, (108§ eitsm1tg )
(21)

Here S, 1, and M are the electron, proton, and deuteron spin
operators, respectively.

In this case the resonance terms appear in the effective
Hamiltinian in the third order. On substituting (21) into (16)
we obtain

’-"“_2 {Apaexpli(0—ostpo,tdox)t]

pd
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+4,..exp[—i (0—wstpostdox)t]},

(M) (1) Iy (M)
p d—E ( Unj + pd W1Qi; Wnj
4(1)M ((1) (Ds) 4(1)1(([)'_(1)5)

micl(j i (gni+lnj)
12 (0—ws)?

There are also time-independent secular terms, but because
of their complexity we shall not give them here.

It follows from the general principles of nonequilibrium
thermodynamics that a quasiequilibrium with the density
matrix

={1—os (0s—®)S:—a;0 ], —rwrM,—pE,}/Sp 1.

will be established in the system in a time of the order of w ;-
In analogy with the case treated earlier we can easily obtain a
set of equations for the reciprocal temperatures:

) S.-17M

1

d cic
—ai = —E '—"-. Woalas(0s—o) —apo—oxdwrtpAy,q]

- E (as—as"),

pial s (05— 0) =0 —aydwa+BA 4]

da, =§1 CsCar W
dt — nw;

p.d
—;—' (al_BL) ’

daM CsCr

‘jd—[—= d Wp alas (05— 0) —ap@~ax doyw+BAp.q]

4

——(ax—fo),

dp A

dt = =2 —i W, s (0s—o) =0 p®—an Ao +PA ]

24

5 (-50),

where ag, @,, and a,, are the reciprocal temperatures of the
electron, and deuteron Zeeman subsystems, respectively; 8

is the reciprocal temperature of the d-d pool;
Ap, i=0—stportdos; as"=pLos/(0s—0);

1

Wp;d = ——-—Nj dt cos At Sp (V,,;.,V,;d(t) ) ’

CiCsCx.

Vs, a(t) =exp (id4't) Vy; aexp (—idbi't);
Vopa=ApatAzs =Sp(964')*/ cscrculV;

Ts, T, Ty, and T, are the spin-lattice relaxation times of
the corresponding subsystems; and

¢s=Sp S.*IN;  ¢,=Sp I.’/N;  cu=Sp M;*/N;
N=Sp S.2+Sp I,*+Sp M 2.

These equations do not include the effect of the alter-
nating field in the lowest order since experimentally® the
frequency mismatch greatly exceeds the electron line width,
ie., |0 — ws|>6w. Assuming that the electron width dw is
considerably greater than the nuclear width, we can obtain
the following estimate’ for W, ;:
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WP;d(O) ~Sp(Vp,d) /amCJCsCuN.

For simplicity we shall consider the case in which there
is no bottleneck effect. Then, since W, , is small, we can put
a = a% and =B, in Egs. (21). On solving the second and
third of Egs. (21) for the steady-state case under the assump-
tion that w,; w,,>6w, we obtain

W®s CgCuTIWp.d
A= -
=k 1+ Wyacs (el stcals) (22)
s cicsT MWr;d
= (23)

d(!)u 1+W,:¢Cs(CITM+CuT1) ’

Now we shall consider various limiting cases. Assume
that W, scsc; Ty > 1 and W, yesep T > 1. Then
(OF] 1 (OF] 1
) an:ﬁl‘ . .
por 1+eiTw/cxT, dox 1+exl/eiTu

=P

Here two limiting cases are possible: a) ¢; T, /¢, T;>1, and
b)c; Ty /cp T, <1
In case a) we have

5 os cuT: B s
ar= ’ Ay=PL—5—.
1=pr por Tx M=pPL don
If further,

CITM/CMT1>'(01/0)M7

the proton inverse temperature will be smaller than the deu-
teron inverse temperature (i.e. a,, > a;).
In case b) we have

a ﬁ s o ﬁ Ws C:Tu
1=pL+=—" M=pPL 5
Or ! d(l)M CMTI !

ar=>ox when cITM/cMTI<mM/(1)1.

We can also treat other limiting cases in a similar way,
staring with Egs. (22) and (23).

The experimental values® of @, and @, are much
smaller than their maximum values. This may be attributed
to the fact that saturation was not achieved in the experi-
ment, i.e., the conditions

Cschqu; dy csCMTJWp; <1,

were satisfied. If we also take account of the fact that the
experimental conditions were such that the condition
w,, <Owg was satisfied, we obtain

a:=ﬂa(ms/P(0:) chMTI(WP; +1+Wv; —t)’

0w =Pr(0s/0x) csC:Tae (W, 11— Wy, _).

It follows from this that
ar OuCuT: (Wp:+i+Wr;—t)

[¢AY3 - pm;c;TM(W,,;“—W,;_‘) ’
On substituting the experimental values® of @;, @y, €5, and
¢, into this equation we obtain

Ty/Tu~10

Such a large difference between T; and T, may be attri-
buted to the fact that w, is approximately five times larger
than 8w, while the Fourier transform of the electron-spin-
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relaxation function falls off more rapidly at high frequencies
than the usually assumed Lorentz curve.

Now we shall consider the case in which w ~wg + 2w,;.
In this case the part of the d-d interaction Hamiltonian of
interest to us has the form

2 : +) i § : =) i -7 -
H' = bu ) ezZm,tI‘+Ih++ bik ) e 12@,!1‘. IA
i ik
Wy . .
— S (ermerg e is),

In analogy with the previous case we obtain

#7° =A4 expli(0—0s*20,)t]+A* expl—i(0—0s+201)1t],

where
A=:F‘/a(1)1b$:.) gni ((D—ﬁ)s) -ZS"-I‘d:Ihd:.

Without writing out the entire set of equations for the in-
verse temperatures, we note that, as in the preceding case,
the conditions @ = a% and B, = B, are satisfied. It is there-
fore sufficient to write down only the equation for a;:

igl—- =4 fi W[asl’ ((Ds—(!)) =Fa;(ox+ﬁl,A]— L(ar—ﬁr.) N
dt or TI

A=(D—’(l)si2(l)[, V=A+A+,

asL=BL(|)5/((os—(1)), W(O)~Sp (Vz)/ﬁmCICSN'

On solving this equation for the steady state case we obtain

ws csI'/W
=4p; — —
=t T

Since the experimental increase in the proton polarization is
very small,? it must be assumed that the condition ¢ T, W<1
is satisfied, so that

a1=:|:51. ((05/(01) CsTIW.

In conclusion, we note that nuclear polarization due to
multispin processes has also been observed in recent experi-
ments involving B active nuclei.!' To explain these experi-
ments, the authors of Ref. 11 used ideas similar to those
developed on Refs. 6 and 12.
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