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We consider the behavior of a plasma in electrical and magnetic fields which have random compo-
nents. We derive kinetic equations for the electron and ion distribution functions averaged over
the fluctuations. We determine the complete set of kinetic coefficients in the hydrodynamical
plasma equations, taking fluctuations into account. Using these equations we consider the diffu-
sion of the plasma and the damping of magnetohydrodynamic waves, and also the kinetic effect of
the strong deformation of the tail of the distribution function in a fluctuating magnetic field.

PACS numbers: 52.25.Dg, 52.35.Bj

Magnetohydrodynamics meets with a number of diffi-
culties when describing the fluxes of a nonequilibrium rar-
efied plasma; these are the consequences of the peculiarities
of plasma behavior. Part of these peculiarities are connected
with the fact that classical dissipative processes are weak.
Due to this instabilities occur easily in a nonequilibrium rar-
efied plasma and they lead to the buildup of various kinds of
waves and to the stochastization of the plasma state. As a
result the dissipative processes are appreciably intensified—
the transverse diffusion, the conductivity, the heat conduc-
tivity, and the viscosity are intensified. There arises a diffu-
sion of the magnetic field and it is sharply enhanced.

Other important peculiarities are determined by the
Coulomb nature of the collisions. Collisional dissipation due
to Coulomb collisions is negligibly small for fast particles so
that they easily gain energy in a nonequilibrium plasma-
they are accelerated. As a result there occurs so to speak a
special channel to dissipate the energy of the main plasma. If
the fast particles are sufficiently well contained their number
may become appreciable and then they contribute impor-
tantly both to the transfer processes and to the dynamics of
the plasma as a whole.

The present paper is devoted to developing methods for
describing the dynamics of a nonequilibrium rarefied plas-
ma-so to speak a generalization of magnetohydrodynamics
to the case when there are present in the plasma, due to its
instability and turbulization, stochastic components of the
electric and magnetic fields and there is an arbitrary number
of fast particles. There has in recent years been an enhanced
interest in the behavior of a plasma under such conditions in
connection with problems of the Fermi acceleration of cos-
mic rays,' the diffusion of magnetic surfaces in toroidal
traps,** anomalous heat conduction in tokamaks,*’ and the
flow of the solar wind around the magnetospheres of the
Earth and the other planets.

In §1 of our paper we derive the starting kinetic equa-
tion which describes the behavior of the electrons and the
ions in the plasma when there are stochastic components of
the electric and magnetic fields present. In §2 we consider a
collisionless plasma and in §3 a plasma with collisions. We
obtain additional terms in the hydrodynamic equations
which describe the effect of the stochastic fields on the trans-
port, heating, and acceleration of particles in the plasma.
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In a collisional plasma one can then distinguish two
components—the main plasma and the gas of the fast parti-
cles; we formulate a closed set of equations describing both
components. In §§4 and 5 we consider as example solutions
of these equations describing the diffusion in the plasma and
the damping of magnetohydrodynamic waves, and also the
kinetic effects of the deformation of the fast particle distribu-
tion function caused by the fluctuations in the magnetic
field.

§1. STATEMENT OF THE PROBLEM. BASIC EQUATIONS
We consider a plasma in a magnetic field B and an elec-

“ tric field E which contain random fluctuating components

b(r,z ) and e(r,? ) whose the amplitudes are small compared to
the main components By(r,?) and E(r,?), viz.,
B=B,+b, |e|<|E,|, <e>=0, )

E=E,te, |b|<|B,|, <b>=0.

We shall assume that we know the amplitudes of and spectra
of the fluctuations and we study their effect on the averaged
motion and the kinetics of the particles in the plasma.

The main quantities characterizing the fluctuations (the
correlation length L. and the correlation time 7.) are as-
sumed to be small compared to the characteristic scales of
the motions—the spatial dimensions L of the inhomogeneity
in the plasma and in the main fields and the times 4¢ over
which they change, i.e.,

L.<L, t.<At. (2)

When we describe the plasma we shall start from the
kinetic equations for the electron and ion distribution func-
tions:

0 7}

— +v Voo + ——(Eo+ )— +—[vx(Bo+b) ]— =S(f)

Here S(f) is the collision integral. Using (1) we write the
distribution function fin the form

j=f+of, 8fI<IFl, (4)

where f is the main part averaged over an ensemble of real-
izations of the random fields b and e, while §f are its fluctu-
ations. We then have from (3) and (4)
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HereS ;;, is the collision integral linearized with respect to F2
We can write the solution of Eq. (6) in the form

+ oo t

___c, 3..7 38,7 ’ rogr _;l'_ ’ r ot

8f = mjdrdvjdt(e(r,t)+ c[va(r,t)])
aF(r',v',t")

X ov @)

Here G is the Green function of the linearized kinetic equa-
tion:

G G e e
(e )
=8a(F, G) +6 (t—t')ﬁ(l'—r')é(v—v'). (8)

Substituting (6) and (7) into (5) and averaging we get the fol-
lowing equation for f (we shall drop here and henceforth the
bar over f):
—?-f +v B_f_ +— ¢ (
or

—[vXBo] ) of

=8(f)+Iu(h),
Iﬂ——————J‘dar av’ J.dt G(r,v,t,x', v, t)

‘ x{ Ceq(r,t)es(r', 1) >-—a—f—,(r', v, t)
avg

1 d

+ —<eq(r, t) be(r', t’))e,,s,‘v,,'v——f—,—(r',v', t,)} 9)
c v
e2 3 3 ’

+m2ce¢phvp—Jdrd J.dtG(rvtr v, 1)

—o0

{(bh(r £)eu(r', t))ﬂ+—<bh(r £)bu (', £))

XEvpulp’ 5%—]:‘(1", v, 1) }
Here £,4, is the antisymmetric unit tensor. Summation oc-
curs over repeated indexes.

The set of Eqgs. (8) and (9) describes the averaged distri-
bution function when there are collisions in the plasma and
the relatively weak electromagnetic field fluctuations (1).
Averaging was carried out over the fluctuations and their
effect was taken into account by the correlators (e eg),
(eabg), (b,bg) which are assumed to be known. We note
that these correlation functions are not independent but are
connected through relations which follow from the Maxwell
equations, for instance,

52 Sov. Phys. JETP 57 (1), January 1983

10
rote(r, £) by, £') d= — ———<b (5, )by (x', ).

The Green function G describes the dynamics of the pertur-
bation which is localized in the point r’, v’ at the initial time
t=t".

The set (8), (9) is characterized, apart from by the corre-
lation scales L, and 7., by the mean free path time and mean
free path 7,; and /,; of the electrons and the ions. We shall in
what follows consider both the case of rare collisions (a colli-
sionless plasma in the limit)

I, /L;~>oo, (10)

Ta, i/Tc”w,

and the inverse case of a plasma with a large number of colli-
sions

T.;>>T,, i Lc>>le, ie (1 1)

§2. COLLISIONLESS PLASMA

Under the conditions (10) of rare collisions Eq. (8) de-
scribes the free motion of particles in electric and magnetic
fields E, and B,,. It is clear from (9) that the solution of Eq. (8)
is important only for spatial and temporal scales 7, and L,
(we assume that the correlations decrease sufficiently rapid-
ly when L>»L_ and 7»7_). Because of the condition (2) the
fields change little on those scales and we can therefore take
them to be quasi-uniform and quasi-stationary. Moreover,
recognizing that quasi-stationary fields in a collisionless
plasma are orthogonal E;LB,, and separating the slow (r,v,?)
and the fast (r — r’, v — v, t — ¢’ = 7) variables we find the
Green function:

G(r,v,t,r',v,t")=0(1)8(2—2z —v,1) 6 (z—2’

Ux 12
—-Isin 0T — —(cos 0xT—1) ) 6( y—y’

H (074

(12)

v v
+ = (cos wgt—1) — —=sin mH‘l:) 8 (v,—v,")-
Oy (O]

X 8 (v €08 ®uT—U, Sin @gT—0:") 6 (v, sin wTHv, cos wyT—0,").

The z-axis is here taken along B,(r), € (7) is the unit step func-
tion, and @y, is the cyclotron frequency of the particle con-
sidered. Using the actual form (12) of the Green function we
can, by integrating by parts, transform the right-hand side of
Eq. (9) for the collisionless case into

Iﬂ_za— jdm jdar @ {<ear,)er (1, 1'))

+"l<eabn>e,m}6(r, V61,V )V, E)
(4

(13)
2
+ ¢ eu.pvvp j dTLh jd’r d*v {(bve,)
m*c et
1 ’ ’ ’ 4 ’ ’ ’
+ = Cbb e }f(r V)GV, LYV E),
c
where the L « are differential operators
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1 0 /]
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9 a
Ly=—
8v,+r 9z’

Using the form of the function G we now integrate over
d>r'd>v'. There remains only a single integral over d7. The
integrand in (13) then retains its form and, in agreement with
(12), only the velocities v; and the arguments of the function
f(v',r',t') are changed; one makes the following substitution:

Uy =V COS @uT—VU, Sin 0xT,

v/~ v, sin @gT+v, cos waT etc.

We consider further the particular case of strongly

magnetized fluctuations:
T > 1. (14)

Retaining terms of zeroth and first order in (w,7.)”" and
using (12) and (14) we get a simple expression for /4 in this
limit:

Ihn= (7;_)2[ aza ( aav,

5o et 5,041 ) ]

R.."= f( Ne (e,+—:[uoxb]z )>dr,

1
Rod= j (abo>— (vy—ty) dr,

" f+—~Qapf)

Fepualu

(15)
< 1
Ray"=_ J. (nabz>7 (U,;_“uox) dT’
0

-1 1 v,
Qa:“= j'(;};( TIa( ey + T[uob]v+‘c—bx )> d‘l.',
0
-1 1 v,
Quy=— j UH@G (ect —tubl— =, )
.- 1
= j' 1<r|a (e, +—;—[uob], )> dr.

Here u, is the velocity of the plasma motion across the mag-
netic field B, equal to

w,=c[E.XB,]/B,%
The quantity Na takes on the values e, and b,, . In the coeffi-
cients R 55 and Q3 there occur integrals of the correlation
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functions {e,ez), (b,bgz) in which the argument x =r — r’
depends on the time according to (12):

z—2'=(v/ox) sin 0aTt+ (V,/0x) (cos wat—1),
y—y'= (v/ox) sin 0xT— (v:/0x) (cos 0xT—1),
z—z2'=v,T.

Henceitis clear [see (15)] that the interaction with the fluctu-
ations leads not only to diffusion in energy space (the terms
R 24) but also to a drift in coordinate space (the terms Q &5).
This distinguishes 7, /! from the usual collision integral.

We now consider the hydrodynamic macroscopic plas-
ma motion. We recognize that even rare electron-electron
and ion-ion collisions succeed in Maxwellizing the distribu-
tion function provided the average particle energy € in the
plasma increases not too rapidly, i.e.,

deo/dt<e./t., de/di<el/T, (16)
where 7, and 7; are the mean free path times of the electrons
and the ions. Assuming that conditions (16) are satisfied, i.e.,
assuming the electron and ion distribution functions to be
Maxwellian, we change from the kinetic Eq. (15) to the hy-

drodynamic equations

ON/ot+div (Nu)+div jo=0,

ou 1 1
4 = iXB,]——— Vp+R
at (uV)u Nm c[] o] Nm, VerR (1)

i

2

3 roT .
SN [_.+(uV)T] tp diva = R N—divq+jE,.

2 at m,

As usual we have assumed that the non-uniformity
scales are much larger than the Debye radius so that the
plasma is quasi-neutral, N, = N, = N. The hydrodynamic
velocity is then u = (m u, + m;u;)/(m, + m;). We assume
also for the sake of simplicity that the electron and ion tem-
peratures are equal: T,=T,=T. The quantity
p=N,T. + N, T, is the total plasma pressure, p, = N.T,
the electron pressure; jp, is the diffusion flux and R the fric-
tional force:

cz
[eusz R 4N +— euxvovkucN

Jot=—g——

By? du

1
+ 2o N— 2Dl unN ]
(4 c

(18)
R, r——z R { DN
" mamac Busnltar N ory mm,
1 e? 1 )
- TCM ]z_suoh[ On: o D“bN( u, — —eﬁh)
' 1 b e .
+ mBo 6klelk]p—prm———‘imecBo CM;NT]} ;
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j'l,’(\ 'q,.(e,+17[u.,)(b],)>d'r, k=z;, k;=(%Y,0)

D, = jo<’fln (ev+-%-[unxb]v)>d-r, k=z; n =(z,y,0),
—j(n,(e,+—1c-[uo><b],)>dr, k=y; b,=(bsb,,0)

0, k=z (19)

j' (abordr, k=z.
L]

Co=

j (nabyddr, K=y
0

As before, 7, has here two values, e, and b,;
g, =(e/m_B)NTC, is the heat flux caused by the fluctu-
ations to which only the correlation function {e,b, ) contrib-
utes. Furthermore, (¢’/m,)R ;,N is the work done by the
stochastic electric field on the plasma and causes its heating.
Ohm’s law for the longitudinal current takes the form

2

N
E,.+

Jz
—_—t ', i = zfle
7 j:divu o - V.p
ce? @ 1 jz 1
_f % [p.en+ c,-N(,——)+,.,—
Bym, 6r,{ N c * v eN G c (20)
J
XD (m= ) N}
The transverse current is defined as follows:
¢ e’ 1 9
(N B u+_“{'_‘RubN+ —
JL B(.Z[Vpx ol mB. ¢ iz
(21)

x[sarmDm:N'i_ 1 D"buJ—aN_ iD

o]}

The hydrodynamic equations are closed by the Maxwell
equations for the main fields E, and B,, i.e.,

divB,=0, rot H,=4nj/c, 22)
1 0B 4n
wn LB e (1),

The longitudinal electric field (the polarization field) is de-
termined by the quasi-neutrality equation:

div j=0.

The set of Egs. (17) to (22) describes the magnetohydro-
dynamics of a Maxwell plasma with rare collisions in sto-
chastic fields. It is clear that in that case the fluctuations
determine both the forces acting upon the plasma and the
transport processes leading to diffusion, heating, and parti-
cle acceleration. For instance, the magnitude of the trans-
verse transport coefficient D, , determined by (19), is

D, ~vit.(b, /B,

where v, is the ion or electron thermal velocity.
We give below in §§4 and 5 particular examples of ap-
plications of the hydrodynamic equations obtained here.
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§3. PLASMA WITH COLLISIONS

We now consider the dynamics of a plasma under con-
ditions (11) when not only the fluctuations of the electromag-
netic field but also the electron and ion collisions are impor-
tant. We shall assume the plasma to be magnetized

OnTe, :>1, (23)

where 7,; are the mean free path times of the thermal parti-
cles. By virtue of (11) the conditions p,/L_ <1 and w,7.>1
are then satisfied, where p, is the Larmor radius of a parti-
cle in the field-B,. We can then average Eqs. (8) and (9) over
the gyrorotation angle which is equivalent to changing to
drift variables. We get

of of of {eED, b,?
. S B _ )
51 T Ve, T g EXBil o 2B.v,
aBo af v, {aBo
XB, 42 [ 2%
X( B ]VB")} dv, 2B, \ ot
4B 9
fo oy S [EOXBO]VBO} f
0z dv,
— i 9 + eEou. 4 )-‘j‘md:ir’ dU ! dv ’
" B, (v, ore m dv, ] J_ L
1
) 1 3f  eEy 0f
o e z, + )
X_jwdt {(b b5 (v Gt e

0
—i—(b.,te,)i —-'f—,—} G(r,v,t,v',v',t')
m 0

a +co 1
+ S f @ v, dv,” | dt’{ Cesbyd
m v, J_ 4

9 E 7}
X — <U;’ f + €L f,
ors m Jv.

a
)+~e—(e,e,> f, }
m v,
XG(r,v,t, v, v, t')+S(f).
(24)

Here v, is the velocity along and v, the velocity across
the magnetic field B, + b. We denote the left-hand side of
Eq. (24) by Df; the equation for the Green function G then
takes the form
DG=S8n(], G)+8(t—t') 8 (v.—v.") 6 (v1—v, )8 (r—r’).  (25)
In deriving Egs. (24) and (25) we have used conditions (1) and
(23), and also the additional condition

1T/ L€ (0nT:)". (26)
Because the number (11) of collisions is large, the electron
and ion distribution functions are nearly Maxwellian so that

we can linearize S; and S,, relative to the Maxwell distribu-
tion function. The integrals for S,; and S, have the form®
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where u;, are the ion and electron macroscopic velocities,
and A, is the Coulomb logarithm. We have written the elec-
tron distribution function in the coordinate system moving
with the ion velocity.

It is important that both the electron and the ion colli-
sion frequency decreases when their energy increases:
vae 32, Condition (11) is therefore satisfied only, if

e<enT (t/7..+(T))™

Since 7. »7,;(T) and €, » T, for particles with energies £ > £,
the condition which is the opposite of condition (11) is satis-
fied. The plasma is for them collisionless. This distinguishes
the energetic particles; they form, so to speak, a gas in the
plasma. In what follows we get the equations which describe
separately the main, thermal plasma and the energetic com-
ponent.

A. Main plasma

We consider the main plasma. The particle velocity in it
is of the order of the thermal velocity v,. We take it that the
drift velocity u,, €v,. The equation for the Green function G
can then be written in the form

G G

— v
9t vaz

=S(G)+6(t—t")6(xr—r")6(v.—v." )6 (v, —v, ). (28)

We give in the Appendix the detailed solution of Eq. (28). It
can be written in the form

G(r,v,t,x',v,¢t)

= Zea (e, 2", 8, 8") far (W) 4 (V) % (V) + Z Gs. (29)

a=1 B=5

Here f,,(v)is the Maxwell distribution function normalized
to unity and

0,= (4nn,t) =" (4nm,1) " exp {— (R.—u,7)/4n,1— (R —u 1) /bnet},
O=(*sm%,T) " (*/sminat) ~t exp {— (Ri—u.7)*/* %y t— (RL—u 1) */*/s%27},
6,=8, exp {—v" 1}, ;=8| mexp {—v" 1}, B6.=Bexp {—2v.1},
{ V2 — for ions, R=@E--z,y—y,2—72)
e i —
2/t — for electrons

a=(m/T) ", xs=(m/T)"vy yu=(*s)"[=/a+mv*/2T].
(30)

T=t—1t

x‘=iv
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As usual we have taken the z-axis along B, and 7, 7, x,, x,
are the longitudinal and transverse kinematic viscosities and
thermal conductivities (see §1). In (30) we have selected the
four main terms of the Green function which describe the
relaxation of the first moments of the initial perturbation.
Theremaining part of G describes higher moments, it relaxes
more rapidly.

Substituting (30) into (24) we get the required kinetic
equation for the plasma distribution functions. Under condi-
tions (11) the distribution function must be close to Maxwel-
lian. Indeed, to first approximation in the small parameters
l,;/L. and 7, /7. the collision integral S ( /) plays the main
role in Eq. (24). Hence, a solution of Eq. (24) in this approxi-
mation is the local Maxwellian distribution.

We obtain equations for the electron and ion densities
N, and N, their average macroscopice velocities u, and u;,
and their temperatures 7, and T}, as usual, by selecting the
first moments of Eq. (24). Using the quasi-neutrality of the
plasma, N, = N; = N, and introducing the hydrodynamic
velocity u and current j =eN (u; —u,), and also putting
T,=T,=T, we obtain hydrodynamic equations which
have the same form as (17), but the quantities j,, R,,, R are
different. We cite them for the case of not too high velocities
when u?<v3. We have

fn°=l'¢5+1'(»)+q:¢/ (*/sNT) +jes .
NmRo=0Il,4/0r 4, R,=2D,
qu=ﬂm+eEouQ¢‘lN": + % (D¢i+Q¢i) Nu,—2u,j,*m,
0

s 3 . Dy oT
Coatte, e N (1)
s Do (T aN—eE,Jv) D=+ﬁe e.edr dr,
Jat = B, '—aT o ’ J) €:€;
Ual 0 a ‘
Tsa —_T'_“'_‘(Nu:)y j(cb)=eNDu /mtBI:

B, -9
D,;-‘=:(: _[- e < 9%> ar'dr, D =:[I 0 boeddr’ dr,

+--

Qa',"=—;-jj: <b“b'> ar dr, o;‘-—j j‘ 0 (boeddr dr,

oa'= [ T (ort+ Frot') (25

Ohm’s law for the longitudinal current takes the following
form:

babs

ar’
"B,

dj. e’N 1 9
—2Z +j,diva= E,+—V,,+———
dt Javu= 0 P Bo Bra
T, a 2], d NT.
——0ap’ ——J: a :+ = Da ( _—
X{ m,,0 » Tor, S Qx'J [ "\or, m. (32)
E dj,
+£ °”N)+8D;N]+ '}—Da" S LE
m, m, m, m.B, dr,

and the equation of quasi-neutrality can be written in the
form
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8jn, /0ra=0jp,/0Tas (33)
The current j54 describes the plasma diffusion, j7,,, is the
fluctuation drift which exists when there is the correlator
{e,b, ); further, g% is the heat flux, 7, is the momentum flux
across the magnetic field caused by the scattering of the lon-
gitudinal momentum m,Nu, by the magnetic field fluctu-
ations.

The terms j, and g, describe the contributions of the
fast particles to the diffusion and heat transfer. To determine
them we must consider also the energetic collisionless com-
ponent. The next subsection of the paper is devoted to it.

The transport coefficients evaluated in Eqs. (31) and
(32) are determined solely by the effect of the electromagnet-
ic field fluctuations. Electron and ion collisions lead to the
appearance of additional fluxes which are described by well
known classical expressions.® The total fluxes are given as
the sum of the collisional and fluctuation fluxes. The longi-
tudinal transfer coefficients are then determined mainly by
the collisions. On the other hand, the transverse coefficients
can, if the level of fluctuations is sufficiently high, when

C

o e’ 1<Lc

e, ) d1:>

1
Tet

be larger than the classical ones.

B. Kinetic equation for the fast particles
For the fast particles we have the following relations

Te, i(f) >1,, le, s(f) >Lc1

' where 7, (fast), /,; (fast) are the mean free flight time and the
mean free path of the fast particles. Using also the fact that
the scale of the main fields L» L, (2), and retaining in (25)
the main terms we get the following equation for G:

s .
19-C—}+ v, —?=6 (t—t") 8 (v.—v.") 6 (v —v,") 8 (r—1").
ot 0z

VgD Ur=>Ugy,

(34)

Its solution is obvious. Substituting (34) into (24), using (2),
we get

1 7] eE,, 08
Dj=8 +._.( — ){
=5 B, v Org m  0v,

! o
0.1 B,

a 1 e af
+ — Yaz
av,)_'f lv.l m ¢ v, }

7} e
X(Uz—'l'—EoB
org m

e d g 1 a e [/}
i 2 : +__ —_—
m dv, UB, |v.| (v ars Eo v, )f
1 e of
R (33)
=Tl m av,}

qaﬁ=| vl J. <babﬂ>1,v R dr, q«:u=lvzl J. <baez>1,v R dr,
) 0

g..=lv.l f(e,e,),,, <dt, (o,B)={z,7},
L]

where the subscripts of the correlators of the fluctuating
fields indicate their dependenceonthetimet — ¢’ = 7and on
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the coordinate z —z' =v,7S L., L. is the longitudinal
correlation length. Equation (35) is the required equation for
the fast particles and as vg,, v R L./7, the coefficients ¢
are independent of v, and are determined solely by the am-
plitude of the electromagnetic field fluctuations.

The fast particles make additional contributions to the
heat flux, the particle flux, and to the pressure, namely,

+o +o 2 +o0
= I vidv, qi= jv—”%—fdsv, P = %L- j vif d°v. (36)

The distribution function of the main plasma deter-
mines the boundary conditions for Eq. (35), being expressed
in terms of the flux of the run-away particles.” Hence, Eq.
(35) forms with the currents (36) a closed set of hydrodynam-
ic equations and at the same time is itself defined by the
currents through the boundary condition.

We have thus obtained the complete set of equations
describing both the main plasma and the fast component.
Below, in §§ 4 and 5 we shall give some examples of a solu-
tion of problems described by these equations.

§4. DIFFUSION OF THE PLASMA. DAMPING OF
MAGNETOHYDRODYNAMIC WAVES

As an example we consider the simplest problem of
plasma diffusion. We put B,=const, u,=0, j=0,
T = const, and determine the diffusion of the plasma across
the magnetic field caused by the fluctuations in the field b. In
a one-dimensional geometry we get from (17) and (31)

oN_ o {o. (iﬂ_iNEo,) -D '——N}

ox my my

(37)

it oz

where D & = 8,4D, B, (we assume that the fluctuations are
isotropic) and the D {;, are determined by Egs. (31).
Using the quasi-neutrality Eq. (33) we get from (37) with

the given accuracy
7} AN
= (er —) :
ox oz

61\/_ﬂ D.D,

O

0t D,m(+D§m¢

When the correlator (b2/B}), . changes slowly as

‘compared to @ (r',t’') the ambipolar diffusion coefficient

D, is

aml
Dy =< bz/Boz>o,o (Uﬂz/’\’u) ~{b*|B* Niy.

Here v,, is the ion-electron collision frequency and 7, the
longitudinal kinematic viscosity. In the general case, how-
ever, D,.., depends strongly on the form of the function
(b 2/B g )r',t‘ .

Asasecond example we consider the damping of Alfvén
and magneto-sound waves. To do this we linearize the set of
hydrodynamic Egs. (17), (31)—(33) with respect to Ny, Ty, By,
assuming j, =0, u, =0, E, =0, B, = const. Substituting
the perturbation in the form « e~ *" into (17) we get

DD,

N—N,(ku) =ik *
0] o(ku) =ik, D.mtDim,

(NoT+ToN),

Nomimu=kp+—-4-1:—n[BoX[kXB]]——i( g+;2) ( %O)Nom.-
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mB=—[kX[uXBo]]+c[kE,X_§—° ,

1)
D.D,
— _YNTHN,T),
D.m+D.m, No( o tIVoT)

ikp m, _ .
E.= _e—No_ mgdu

—g oT—T, (ku) =ik, 6 (38)

where

400 o

c.———kl j j(@,, )(Bo > d*r' d,

eu)< o > & dr.

For the sake of s1mp11c1ty we have in the set of Egs. (38)
written down only those terms which give imaginary correc-
tions to the frequency.

From (38) we find the dispersion relation for the Alfvén
waves

o=cak.ticak,*5,(m.c/8ne*N,),

where ¢, = By/(4mNm,)"/? is the Alfvén speed, and also for
the fast and slow magnetosonic waves

2 k‘z
, k2T, 2(ca*te,’) —ca’k,’/ K ]
+7ldeL(Dom.‘ [ (1/‘ (CA2+Caz) z_cAzc‘ZkIZ/kZ) " !

where ¢ = $T /m, is the sound speed.
The behavior of the damping rates y, for the Alfvén

-1,
0 v
/]

8
5
y
2

| |
0.5 Iy 0.5 l/a

B 1O T O

w2y
W'

0+

[ |
0.9 l_/a

FIG. 1. Damping coefficients for the Alfvén waves, ¥, , fast magnetosonic
waves,y ., and slow magnetosonic waves, ¥ _, as functions of u = k,/|k |
for fixed |k |. Because of the symmetry the graphs are given for 0 <y < 1.
The parameters were chosen as follows: a) &,(m, ck /8me’N,) = 1;b)and c)
€4 =5 (1Dy /3T /m )k = 1.

57 Sov. Phys. JETP 57 (1), January 1983

wave and y, for the fast and slow magentosonic waves for
fixed |k| is shown in Fig. 1.

§5. THE FAST PARTICLE DISTRIBUTION FUNCTION IN THE
PRESENCE OF A TRANSVERSE TEMPERATURE GRADIENT

We now consider the fast particle distribution function
described by the kinetic Eq. (35). We assume that the main
magnetic field B, in the plasma is constant and directed
along the z-axis, while there is along the x-axis, at right an-
gles to B, a temperature gradient, T (x). It is well known,'°
that when the temperature gradient is directed along B,
there occurs in the cold plasma regime a strong enrichment
of the fast particle distribution. This effect is called thermal
runaway. Such an effect does not occur in a direction at right
angles to B, if there are no fluctuations. Here we show that
when there are magnetic field fluctuations present there oc-
curs also a strong enrichment of the fast distribution func-
tion in a direction at right angles to B,,. The reason for this
effectis thatate > g, =~ T.(7,/7.)*'* the fast electrons are not
contained by the main plasma and move independently of
the thermal ones. They then diffuse the magnetic field appre-
ciably faster than the slow ones.

In the case considered here we can in Eq. (35) neglect
the quantity (e/m,)E,, (df /dv,) compared with v,(df/dr,),
since

We assume here that E, is the polarization field, i.e., ep /
T~ 1, where @ is the polarization potential. Under the indi-
cated conditions Eq. (35) takes the form

1 9*f

—Q—+S 0, 39
lou] Zz g+ (D= (39)
where the quantity g, is given by (35). We introduce
Dg= <b;;):> Lyevs, u=|vl/ve, A=z(Dq/v(T0))™",
’ (40)
L=v:/v(Ts), t=T/Ts, %=(Dgq/Lyv(Ts))",

where T, is the temperature of the thermal electrons, v(T})
the frequency of their collisions. Here x <1 is the small pa-
rameter of the problem. We consider the fast electrons. We
make (39) dimensionless, using the form of S(f) given for
that case in Ref. 10. We get

watw () e a5

of
+ —=0.
ulul 75

The distribution function depends here on three variables,
f=f(A,uu), while ¢ is a given function of 4 [see (40)],

m=0v,/v
We change to the variables 7 = x4 and g = »*/34 In-
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troducing f= e~ ? we get the equation

dp w00 e 09 { de .
— —_ iy ¥ LN P L S 2 —_
Zgag(i 2'ntag)+4xtgagz B
99 \* LK)
+ 1_ ’ (_) - —n ' }
(=) (50 ) —(-w) 3
dp\* d’¢
+ ’ :”[—( ) ]= 41
glplx = + == 0. (41)

By analogy with Ref. 10 we look for the solution of Eq. (41)in
the form

o=n""@ot+x " "pte.t ... .

In first approximation in the parameter x ~'/> we have
' 09, 0\ (‘"‘P«)2 '
= SEL I — t.—_. = —_— . 42
Po=0s(g,7), 255 (1 2 ag), e\5. ) (42)

We now assume that the plasma temperature T changes
from T, as x— — oo to T, as x— + oo (we shall assume that
T,> T,). If we consider the solution at distances large com-
pared to the scale on which T, changes to T',, we can take this
change to be a sudden one, i.e., assume that

1, <0
t(1)={t,, ©>0 (43)

We introduce the variable y = 2dp,/dg. Equation (42) with
t (1) given by (43) admits the self-similar substitution { = 7/
g>'? after which it takes the form

iﬂ-=[y(1—ty>1"'+3c7"§~[y(1—ty)1"n (44)

dg

We must add to Eq. (44) the boundary conditions following
from (43)

y=1A/t, at {=o, y=1 at {=0. (45)

The solution of Eq. (44) satisfying the conditions (45) is

t= [y(i—tly) ] —'Iz{‘/z (y’—i) =it (y’—i)}.

Weshow in Figs. 2, 3 the functions y(g/7*/3)and In f(g)in the
cold plasma regime. It is clear (see Fig. 2) that the effective
electron temperature T = 7,/y for low energies equals T}
and for high energies is everywhere close to the temperature

1
9/c%

FIG. 2. The electron effective temperature y as function of g/7*/3
{t, =0.1).
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FIG. 3. The change of the distribution function from cold to hot (¢, = 0.1;
7 = 30). Along the horizontal axis we plot — In f(g).

T, of the hot plasma. The graph of Fig. 3 shows how the
distribution function changes from cold to hot. The asymp-
totics on Fig. 3 satisfy the following analytic expressions:

q’o'l-’ﬂ =

2t,

1-:, ) '/'

{5 ()3l

The authors are grateful to L. P. Pitaevskii for useful
discussions.

3
q)oll-vw =°§"+_2"T% (

APPENDIX
We consider the equation

96 | v,%(zi = S(G)+8(t—t')8(r—1") 8 (v,—v,") § (v.—v,").

We write G in the form
G=fu(V)x(r, v, ),

where f,,(v) is the Maxwell distribution function normal-
ized to unity. We introduce
400

= j e~y d°r;

-0

and we get

] ~
'Fxti + ikzszh=Lxh7 (A 1)

where the operators L and S are connected through the rela-
tion:

FuLxn=S (faXn),

while the operator S(f) is defined in (27). The term
ik,v, <I,;/L_ in Eq. (A.1)is by virtue of (11) a small correc-
tion so that we shall consider it to be a perturbation. As the
form of the operator L is different for ions and for electrons
we introduce G,; = f5/y... When determining y; and y,
we shall assume that

(Ta—'Tt) /Te, (<11 (ue_ul)/vr<1- . (AZ)
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We consider, to begin with, Eq. (A.1) for ions. In zeroth
approximation in the parameters (A.2) and in /;,/L_ we have
the following eigenfunctions and eigenvalues:

Mi=—Vz, A3i="Vz,
X=1, ga=(mJT)"v,, xsi=(m/T)"v,,
= (2/3) " ["'s/z+miU2/2T] .

We then can find corrections to the A; caused by the inhomo-
geneity. The first order correction caused by the inhomoge-
neity gives

7\,5-;=—2V2,

) 5
Aigr,2,3,6=—1ku.

In second-order perturbation theory we find

= hmZ <alik, v,|(3>

80 >4

<Blik,v,|a>,

where

Bldlad= [ fu (@)1 (0) Adxa (W) .

The corresponding values A ® are connected with the classi-
cal transfer coefficients found in Refs. 8, 11, and are equal to

@ @ _ M k2 A= %]\2}; k2,
m; ;
2 %
e __ & T k2
M 3 Nm, '

where 7, is the longitudinal viscosity, x| the longitudinal
heat conductivity. When we take in Eq. (A.1) into account
the terms caused by drift we find corrections proportional to
k2; we find

Ay=—tku—n,k, —nok 2, Ag=—iku—v,—*/s(n.k.*+n.k,?),
Api=—iku—v,—n, k2 —n.k
M= tku—2va—2s (e sk ).
Here
’K‘=u"/lvm,~, x2=u_L/Nmi’
(A.3)
n‘=n”/Nmi7 n2=nl/Nm,'.

We now consider the equation for the electrons. We
take the first four orthogonal functions as for the ions and
expand the operator L,, + L, in terms of them. Such an
approach is here analogous to the hydrodynamic approxi-
mation. We obtain the modes corresponding to the hydrody-
namic relaxation:
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M,=O, }vz_sg=—2/'['g, Me=—2vz,

m, 2
%1e=1, X2,3¢ = (’—“) Vy,VUy,

T
2\ 3 m.v?
=) -2 2
xe (3)[ 2 " Tar

The calculation of the corrections to the A, caused by
the inhomogeneity is similar to the procedure of calculating
them for the ions. We can thus write for the ions and the
electrons the eigenvalues A; and A, in the form

A =—iku, o~ R

A =—iku, (—v i =y (" ks kL2,

M,l =_l:ku.'{—'\’z‘i—n:"k,z—n;" kf,

A =ik, =29, (" kA K 7).
We can thus write the solution of Eq. (A.1) in the following
form [see (29)]:

G(rr',v,v,¢t)

= Y MM 8, 1)+ Y 6,

=1 p=5

(A.4)

where the functions @, are given by Egs. (30).

The first four terms in (A.4) correspond to the relaxa-
tion of the main moments: of the density, momentum, and
energy. As we consider hereafter the solution of (A.1) for
times 7.»7,;, (11), the largest effect on the fluctuations is
due just to the first, hydrodynamic terms.
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