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The influence of penetration of a constant and alternating field into the superconducting films of 
the electrodes (banks) on the properties of individual Josephson junctions and of their chains is 
investigated theoretically and experimentally. It is found that these phenomena are of substantial 
significance despite the considerable current density in the film junctions. It is shown that the 
interaction efficiency of series-connected junctions has a nonmonotonic dependence on the dis- 
tance between them, on the chain voltage, and on the temperature; this is due to the quasiwave 
character of the propagation of the alternating electric field in the film of the superconducting 
electrodes. 
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1. INTRODUCTION 

It is known that a longitudinal electric field can pene- 
trate into a superconductor to a depth greatly exceeding the 
characteristic lengths of the superconductor, namely the co- 
herence length {(T)  and the magnetic-field penetration 
depth.' The penetration of the electric field usually plays the 
most important role at temperatures near the critical Tc. 
This temperature region is of interest also because in a cer- 
tain frequency range near Tc there exist weakly damped col- 
lective oscillations of the electric field and of the supercon- 
ducting ve lo~ i ty .~ .~  In this frequency range the propagation 
of the alternating electric field in the superconductor is close 
to wavelike. It is shown in Ref. 4 that efffects due to the 
penetration of a constant and an alternating electric field in a 
superconductor play an important role in Josephson junc- 
tions and in their chains, in which there is no concentration 
of the total current (Mercereau-Notaris junctions and oth- 
ers). 

An opinion developed that effects due to the penetra- 
tion of an electric field into the superconductor can be ne- 
glected in Josephson structures with strong current density. 
It will be shown below, however, that in film junctions such 
effects can be substantial despite the appreciable current 
density. 

We note that the penetration of a longitudinal electric 
field into a superconductor is accompanied by perturbation 
of the quasiparticle distribution. This perturbation is char- 
acterized by an asymmetric filling of electronlike and hole- 
like branches of the excitations. Nonequilibrium phenomena 
of another kind were investigated in superconducting junc- 
tions with constrictions, such as stimulation of supercon- 
ductivity by microwave radiation5; these effects are due to 
disturbance of the symmetric part of the quasiparticle distri- 
bution function, and are localized in the junction film itself. 

The present paper is devoted to a theoretical and experi- 
mental ivestigation of phenomena due to the penetration of a 
constant and alternating electric field into the superconduct- 
ing films of the banks of variable-thickness junctions (VTJ)" 
and their chains. Although the results of investigations of 
similar effects in chains of series-connected junctions were 

reported in several papers,"' the main laws governing the 
processes that take place remained unexplained. 

2. THEORY 

2.1. Single junction 

We consider first a single junction (see Fig. la). We as- 
sume that the temperature T is close to the critical 
T, (T, - T< T, ), and the voltages Vare small compared with 
A (A is the gap in the excitation spectrum). We assume in 
addition the mean free path to be small compared with ,$ (0). 
We write the general expression for the current through the 
junction in the form 

where Vis the voltage on the length I of the junction, R ,  is 
the resistance of this section, and e, is the order-parameter 
phase difference. We have separated in (1) the resistive com- 
ponent V / R ,  due to the contribution made to the current by 
quasiparticles having energies E of the order of T.2' The sec- 
ond term is the sum of the superconducting current and of 
the current of the quasiparticles with energy &<A. The actu- 

FIG. 1. (a) Chain of two variable-thickness junctions; (b) correction to the 
junction CVC, due to penetration of alternating electric field into the 
superconductor: solid line-for identical junctions, dashed--chain of 
junctions whose parameters differ little. 
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a1 form of the functional P ( p 1, which is of no importance to 
us for the time being, depends on the relation between the 
dimension land 17 = (A  / T ) " ~  6 (T) (Refs. 9 and We fo- 
cus our attention on the first term, whose dependence on g, is 
the manifestation of the penetration of the electric field into 
the banks of the VTJ. This penetration produces in the banks 
an invariant potentialp = ldx/c?t + @ (X is the phase of the 
order parameter and @ is the electric potential). The voltage 
differs therefore from the usual value &/2: 

v=ip/2- [p] , (2) 

where b] is the difference between the values of the invar- 
iant potentials at the ends of the constriction. To find b] we 
use the equation for the Fourier component p, in the 
banks'.4 

'VZpo-k,Zp,=O, 

where T, is the energy relaxation time, 0 = w/(nA '/2T), 
and D, is the diffusion coefficient in the bank film and differs 
in general from the diffusion coefficient D in the jucntion 
film because of the free-path difference. When solving (3) we 
shall assume that the bank film thickness d, < Ik, I - ' (this 
agrees with the experimental situation). This relation means 
that in the principal region of variation the potential p de- 
pends only on two coordinates that lie in the plane of the 
film, and can be determined by solving only the two-dimen- 
sional equation (3).4' The actual form of the solution de- 
pends, of course, on the relation between w, and I k, I - I. We 
consider first the case of wide banks w, )I, (I, = k ;io ), in 
which the bank can be regarded as infinite in they direction. 
When solving (3) we use coordinates u and o such that 

x='/?w sh u sin u, y='12w ch u cos U, 
O<u<n, o<u<m, 

14) 

in terms of which (3) takes the form 

with boundary conditions (au/do), = ,  , = 0. The equation 
E = - Ap(1 - i a)-'  leads to the relation 

It follows from (5) that 

where Kob) is a zeroth-order Bessel function of imaginary 
argument. Since Ik, Iw(1, the regions of the solutions (7) 
overlap. This allows us to join them and, using (6)  and (2), 
find the connection between V and p.  Before we write down 
the result, we recognize that this connection can also be easi- 
ly obtained in the case w, ( (k, I - I, when the distribution of 

p is determined by the one-dimensional equation (3). Com- 
bining these two cases we obtain 

Here In az0.58. It should be noted that when clculating b] 
in the case w, , 1 k, I - ' we have also assumed that d, - dgw. 
This restriction, however, is not very significant: It can be 
shown that a more general expression, valid with logarith- 
mic accuracy at arbitrary ratio of w and d,, will contain 
In [ l/k,max(w, d, 1. It follows from (8) that the difference 
between Vand &/2 can turn out to be substantial even at an 
appreciable current density; this leads in particular to a devi- 
ation of the current-voltage characteristic (CVC) from the 
hyperbolic dependence that follows from the known resis- 
tive model. l2  

We shall not analyze the CVC in detail. We note only 
two essential circumstances that follow from (1) and (8) and 
from the rather general properties of the functional P (p  1. If 
we assume that P [ p ] reduces at V> T- ' to a certain function 
of p, of the form Z,a, sin n g, (its concrete form for the case 
I < 17 can be found in Ref. lo), we obtain from (8) that in the 
region of the voltages V> 7; ' and Vc = I,R, the asympotic 
resistance of the junction increases and becomes equal to 5' 

R'--RN(I+ Z(0)). (9) 

It follows in addition from (7) that in a VTJ with broad 
banks, at voltages Vc < VgA, the penetration of the electric 
field into the bridges adds to the CVC a term I,,, indepen- 
dent of V, the so-called excess current. In fact, recognizing 
that at VB V, we havep = 2 Vt + p "' (p "'4 l), and obtaining 
p"' with the aid of (1) and (8) with allowance for the already 
noted properties of P ( p  1, we obtain 

wherec - 1 (c = 1 in the case P ( p ] = sin p). The appearance 
of I,,, on the CVC is due to the fact that Z (w) contains at 
large w a term proportional to Iw 1. In contrast to the excess- 
current mechanism of Ref. 10, an important factor here is 
the presence in the junction of Josephson oscillations with an 
amplitude independent of V, and the distinctive character of 
the alternating electric field distribution in the bank films. 

2.2. General relations for a chain of series-connected 
junctions 

We proceed to analyze a chain of two series-connected 
junctions separated by a distance L (L)w, d,) (Fig. 1). The 
current in each of the junctions is given by Eq. (1) (with sepa- 
rate values of R, and I,,), and V, is connected with p, and 
[p] ,  by Eq. (2). To find the connection between [p],  and p, 
we must solve Eq. (3) with the corresponding boundary con- 
ditions. By virtue of the condition d, ( Ik, I - ', just as in Sec. 
2.1, it suffices to solve the two-dimensional equation (3). We 
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consider first the case of broad banks. For the sake of bre- 
vity, we assume that d, (w (this restriction is of little impor- 
tance for the final results). We represent the solution of (3) in 
the region 0 < X <L, using the methods of the theory of 
potentials'3 

w,12 

where (r = (x, y), r; = (0, y'), r; = (L, y'), and G is the 
Green's function of the two-dimensional Eq. (3) with zero 
values of the derivatives at the end points of the region 
(x = 0,x = L ). The mapping method yields for G the expres- 
sionI3 

. - 

Taking into account (1 I), (12), and the results of Sec. 2.1 we 
can find an expression for [pIi and obtain the following sys- 
tem of equations for the phases pi : 

where 

2(1-iQ) Dwd 
b  ( o )  = - 6 ( k , L ) ,  

n Dbldb 

We have left out of the expressions for a(o) and b (a) the 
indices of the quantities d, w, I ,  and dB. 

In the other limiting case of narrow banks (w, < I  k ,  I - ') 
the distribution ofp  in the banks is obtained from the one- 
dimensional equation (3), so that the calculations are similar 
in many respects to those of Ref. 4. As a result we arrive 
again at a system in the form (13), but with different coeffi- 
cients: 

2 ( 1 - i n )  D wd 
a ( o )  = (cth k,L+I)- = (ch kwL+ sh k,L) b  ( a ) ,  

kwl Dbwbdb 

It was assumed in (13) that, as is usually the case in experi- 
ment, the characteristic voltages Vc of both junctions are 
equal, and the reason why the parameters are not identical is 
that the normal resistances, and hence the critical currents, 
are different. 

2.3. Interaction of identical junctions 

We consider now some consequences of the obtained 
system, for the simplest case of identical junctions. In the 
voltage region VB V, (Vis the total voltage on the chain) the 
system (1 3) can be solved for any value of a(o)  and b (o). We 
note that hereafter, unless otherwise stipulated, we assume 
P (p ) = sin p. As a result we obtain for the CVC at V = Vc 
the expression 

where $o is the phase shift of the Josephson oscillations in 
the junctions; it can be shown to be given by 

We note that at V, < V<A the frequency of the Josephson 
oscillations lies in the region in which collective oscillations 
exist in the superconductor: At these frequencies the alter- 
nating magnetic field propagates in the superconductor in 
the form of a weakly damped wave. As already noted," in the 
considered voltage range, singularities should appear on the 
CVC of chains of Josephson junctions. We shall examine 
these singularities, using relations (14) and (15). It can be 
seen from (1 3) and (13') that the function b (o) has a nonmon- 
otonic dependence on o (as well as on the temperature and 
on the distance between the junctions), owing to the wave 
character of the propagation of the alternating field in the 
banks. In particular, at LsS we have 

b ( o )  = [ c o s ( 2 x L / k ( o ) +  O ( w ) )  

+i ~ i n ( 2 n L / ? ~  ( o )  +6 ( 0 )  ) I  1 b ( 0 )  I ,  (16) 

where 

kw=6-I-i2n/h.(o), 

Here A (w)  and S are respectively the wavelength and the 
damping length of the collective oscillations at the frequency 
o. The alternation of the signs of Im b (V), as seen from (15), 
causes the junctions (because of the interaction between 
them) to be either in phase ($o = 0) or in antiphase ($,, = r). 
At voltages V, such that Im b (V,) = 0 the sign of cos $o is 
reversed, and this leads in accordance with (15) to the ap- 
pearance of a step on the I (V) curve. In real experiments the 
current is usually specified rather than the voltage. Voltage 
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jumps should then be observed at the currents I (,t ' (for for- 
ward passage through the section near Vm ) and I !,- ,-' (for 
backward passage), defined by the relation 

T7 

Thus, in the regime with given current, the CVC should ex- 
hibit hysteresis. The CVC singularities due to excitation of 
collective oscillations in the banks will be most strongly 
manifest in junctions with narrow banks (lk, 1 - 'sw,). In- 
deed, taking (13') into account we obtain (we write down only 
that part of the current A1 which contains the oscillating 
components) 

Dwd q A 
A I ( V )  - sh (2L/6) 

I, Dbu&db 1 V sin2 (V/o,)  +sh2 (L /6)  

cos (V/'/oL) 
'[I- ch(Li6) 

sign Im b ( V )  ] , 
where w, = (204 ) ' / ' /L,  V / m L  = 2n-L /A (V) .  It can be 
seen from (17) that at L<S the CVC have resonant singulari- 
ties at voltages V, = mu,  (m = 1, 2, ...) at which L spans an 
integer number of half-haves of the collective oscillations. In 
addition, it turns out that Im b ( Vm ) reverses sign at V = Vm , 
therefore A1 ( V )  takes the form of a step near V, (see Fig. 1). 
In the regime with given current, as already noted, one ob- 
serves not steps but jumps of the voltage and hysteresis. 

2.4. Nonidentical junctions 

Under real conditions the junctions have unequal resis- 
tances. We consider the case when the difference in the pa- 
rameters is not large, IR, - R,I <R ,,, z R ,  and the interac- 
tion between the junctions is weak, bi ~ 6 4 1 ,  ai z a g  1. 
Equation (13) reduces then to the form 

SinceAi<I,, Eqs. (18) can be solved by perturbation theory. 
In the case P {q ,  ) = sin q, such a system of equations was 
analyzed in Ref. 14, where the method of slowly changing 
amplitudes was used for the solution. In this method, the 
initial system is reduced to a system of equations for the 
phase Bi, which are obtained from pi after averaging over 
frequencies of the order of the Josephson-oscillation fre- 
quency. Proceeding as in Ref. 14, we easily obtain 

1 2 v," 
- 6, ,2= v1,2 - 2 2IR+V {Re[a(V)-cos+b(V)]  

where 

From (19) follows an equation for the phase difference $: 

'/,$+B sin $=6V, 6 V= V1- Vz ,  

- - 
Thejunctionsare theninsynchronism (8, = &)at  1SV 1 < IB I 
and out of synchronism at (SV ( > (B I. Using (19) and (20) we 
obtain an expression for the CVC: 

where 

~ o s $ ~ = [ 1 - ( 6 V / B ) ~ ] ' " s i ~ n B ,  1 6 V l ~ l B I  
cos $= 

0, 16VI>IBI 

In the case of identical junctions Eq. (21) leads again to the 
conclusion that the CVC are suject to hysteresis and to vol- 
tage jumps, even when the difference between the param- 
eters is relatively small: ISV I (max B. At 6 V- max B there 
are no jumps or hysteresis, but even in this case the voltage 
region in which the junctions are synchronized can never- 
theless still be quite large. Examination of the mutual syn- 
chronization of the junctions is therefore the simplest meth- 
od of experimentally investigating the interaction between 
them in the case when this interaction is weak. 

Our theoretical analysis has therefore shown that the 
increase of the junction resistance, due to penetration of the 
electric field into the banks, can be quite appreciable also at a 
high current density. The situation is similar also in chains of 
junctions. Then, however, more interesting singularities ap- 
pear and are due to the interaction that is produced between 
the junctions as a result of penetration of the alternating 
electric field into the banks. These singularities include vol- 
tage jumps and hysteresis of the CVC (in the given-current 
regime) in chains ofjunctions with close values of the param- 
eters, and also repeated alternation of the states (synchro- 
nous-synchronous, phases-antiphased) when the voltage (or 
temperature) is varied. 

3. EXPERIMENT 

3.1. Experimental technique 

We used in the experiment single VTJ made of tin and 
chains of two series-connected VTJ. The single VTJ and 
their chains were produced by scribing tin films.' The pa- 
rameters of the single junctions were: length I = 0.5 pm, 
width w = (1-3)pm, junction film thickness d = (300-1000) 
A, bank-film thickness d ,  = (2 - 5) lo3 A, and bank film 
width w, ~ 5 0 0  pm. The distance between the junctions in 
the chains ranged from 3 to 30 pm. The geometric dimen- 
sions of the junctions in the chains were estimated not to 
differ usually by more than 20%. We measured the autono- 
mous CVC of the individual VTJ and their chains, as well as 
the CVC when acted upon by mocrowave radiation of fre- 
quenciesf, = 10 and 35 GHz. All the measurements were 
made in the temperature interval 3-4 K. 

3.2. Single VTJ 

We consider those singularities of the CVC of a single 
VTJ, which follow from the theoretical relations (8) and (9). 
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FIG. 2. Experimental dependences of the differential resistance of VTJ 
CS-75 on the current at various temperatures near the critical tempera- 
ture. 

The penetration of a constant electric field causes the asymp- 
totic junction resistance R * to differ from R,. Let us esti- 
mate AR = R * - RN for the VTJ CS-75: d = 600 A, 
d, =5000 ~ , w = 0 . 5 p m , I = 0 . 5 p m , a n d D / D b  =0.5.At 
Tc - T=0.02 K and 7, = 2x10-lo sec we obtain 
I, =: 10 pm. In our experiments we dealt with junctions hav- 
ing broad banks, for which the condition I, (w, was satis- 
fied in the investigated temperature range. Taking this into 
account and using the corresponding part of Eq. (7), we ob- 
tain AR /R, ~ 0 . 3 .  Such an increase of the asymptotic resis- 
tance is experimentally observable. 

Figure 2 shows the experimental dependences of the 
differential resistnce R,(I) = dV/dZ of the VTJ CS-75 on 
the current Zat different temperatures. The upper horizontal 
line R, = const corresponds to the resistance of the entire 
sample in the normal state at T >  3.8 K. It can be seen that as 
the temperature is lowered the sample resistance is first de- 
creased as a result of the transition of the bank film into the 
superconducting state,5 and at T z  3.775 K the R,(I) depen- 
dence becomes nonlinear. The absence of a nonlinear section 
on the CVC (for low currents) at temperatures close to Tc, 
and in particular at T = T, = 3.778 K, is explained by the 
strong influence of the fluctuations. In this case R, (0) practi- 
cally coincides with the asymptotic value R,, = R *. It fol- 
lows from (8), R * depends on T, albeit weakly [inasmuch as 
the argument of the logarithm in (8) contains the tempera- 
ture-dependent quantity I,(T)], and decreases with de- 
creasing temperature. This agrees with experiment; it can be 
seen from Fig. 2, R,, at T, = 3.758 K is smaller than R,, at 
T = T,. We now estimate R * - RN from the experimental 
data. The value of R, can be obtained by measuring the 
temperature dependence of the critical current, which is 
known to be determined for VTJ near Tc by the expression 

in a wide range of I/f (0).15 Indeed, the experimental Z,(T) 
dependence varies linearly with A T.5 The value of RN deter- 
mined with the aid of (22) from the experimental AZc/A T 
turns out to be less than the asymptotic R,, obtained from 
experiment, as it should in accord with Eq. (8). In particular, 
the VTJ CS-75 has AR /RNz0.4  at T = 3.758 K, corre- 
sponding to our estimates from (7) and (8) when account is 
taken of the errors in the parameters of the VTJ. 

As for the excess current, it should be noted that in our 
experiment an excess current is indeed observed with a tem- 
perature dependence similar to (9) (Ref. 16). The measured 
I,,, , however, exceeds as a rule the theoretical I,,, (9). This is 
apparently due to the influence of other mechanisms on the 
value of I,,,. 

3.3. CVC of chains of junctions 

Figure 3 shows the family of CVC of the chain D3 at 
various temperatures. It can be seen that the observed CVC 
of the chain are on the whole similar to the CVC of a single 
VTJ (see Fig. 5 of Ref. 5). With increasing voltage, a number 
of singularities appear on the chain CVC, in the form of 
abrupt increases of the differential resistance R,. The vol- 
tages at which the singularities appear, however, do not lie in 
the voltage regions corresponding to singularities due to 
penetration of an alternating electric field into the supercon- 
ductor. Figure 3 shows at T = 3.52 K also the influence of 
microwave signal of frequencyf, = 10 GHz. It can be seen 
that when the microwave signal is applied the CVC acquires 
Josephson current steps at voltages: 

V,=L1'2nfe (n=l,  2, 3 . .  .), (23) 
with the steps horizontal at small n and inclined at n 2 8. The 

I; mA 

FIG. 3. Family of CVC of a junction chain at various temperatures. CVC 
for T = 3.521 K at different levels of microwave power of frequency 
f, = 10 GHz. The inset shows the dependence of the experimentally ob- 
served difference 6i, between the critical currents on At = ( T, - T ) / T , .  
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appearance of a step with n = 1 at low microwave power is 
evidence that only one VTJ of the chain has gone into the 
resistive state, at least at the currents corresponding to the 
voltage V, [Eq. (23)] at our value of the frequencyf, . Indeed, 
under the action of a weak microwave signal the CVC of the 
chain, after several steps, resumes the autonomous form. At 
currents I >  900pA the CVC undergoes a new change coor- 
responding to formation of an inclined symmetric step. This 
form of the CVC of a chain acted upon by a weak mocrowave 
signal is evidence that when the current is increased above 
the critical value only one VTJ (which we number I), with 
the smaller critical current, goes over into the resistive state, 
and the second junction is still superconducting. Further in- 
crease ofthe critical current (I > I *,, = 900pA at T = 3.52 1 
K) causes the second junction to go over into the resistive 
state. The inset of Fig. 3 shows the temperature dependence 
of the quantity Si,(T) = 2(12 - I,, )/(I,*, + I,, ). It can be 
seen that as Tis lowered Sic decreases and approaches at low 
temperature the value 0.2 that follows from our estimate of 
the difference between the parameters. Similar results were 
obained in experiments on chains of indium junctions in 
Refs. 6 and 7. 

Let us analyze the considered case (I,, < I  < I % )  with 
the aid of the system (13). Then 
p2 = po + Sp2, Sp,< 1, Sp, = 0. The connection of po 
with the current is determined by the relation 

which is obtained after time-averaging the second equation 
of (1 3). For P (q, ) = sin p i t  follows from (24) that the second 
junction becomes resistive at a current 

The physical reason is that the penetration of the constant 
electric field of the first junction into the banks produces in 
the second a normal excitation current IN even at I& = 0. AS 
a result the superconducting current flowing through the 
second junction is only a fraction of the total current 
(I - I,). The second junction therefore becomes resistive at 
a current I ,*, = I,, + IN >Ic2 . When the polarity of the bias 
voltage in one of the junctions is reversed [ V  -+ - Vin (23)] 
a decrease of 1% compared with I,, will be observed. This 
was indeed observed in experiment.6s7 As seen from (23), the 
excess of I: over I,, turns out to be proportional to b *. In 
our experiment it was found, however, that Sic near T, ex- 
ceeds the estimate (23). This may be due to the following 
circumstance. As seen from the system (1 3), the presence of 
Josephson oscillations in the first junction leads to oscilla- 
tions of the phase in the second. It is known that in junctions 
of length 1 > 7 even small oscillations of this kind increase 
the critical current of the second junction at temperatures 
close to T, (Ref. 17) [max P (q,,) > 11. This stimulation of the 
second critical current of the second junction by the alter- 
nating electric field of the first can also delay the transition 
of the second junction into the resistive state. We emphasize 

FIG. 4. CVC of a chain in which mutual synchronization of the Josephson 
oscillations is observed, at two values of the temperature. 

that the stimulation can increase I,, substantially even if the 
interaction between the junctions is weak. 

3.4. Mutual stimulation of the junctions 

At currents I >  I 2  both junctions are in the resistive 
state. Penetration of the alternating electric field into the 
superconductor leads to an interaction of the junctions, 
which causes under certain conditions mutual synchroniza- 
tion of the Josephson oscillations in the chain. Figure 4 
shows for two values of the temperature the CVC of the 
chain D,, where such interactions are most clearly observed. 
It can be seen that a weak microwave signal produces on the 
CVC of this chain steps at V = V2,, , corresponding to double 
the frequency in (23). Since the step observed at low micro- 
wave powers is symmetric relative to the autonomous CVC, 
it can be concluded that the processes in the chains are syn- 
chronous,18 i.e., that mutual synchronization takes place. 

Experimental data on chains in which the junctions of 
close parameter values are shown appear in Fig. 5(a). Here 
marks the distances between the junctions in chains in which 
steps at V = V2, are produced by weak microwave power, 
and 0 marks distances at which there are no steps. Figure 5a 
shows also the results of an investigation of the mutual syn- 

1 J . .  -- - I -  . - - - 
4 8 f2 a 

FIG. 5 .  Results of an investigation of the effectiveness of the interaction 
between junctions with slightly different parameters, at a fixed tempera- 
ture At = 0 .025  and at a voltage V = f , / 2  (f, =. 10 GHz). A--chains in 
which inphase synchronization is observed, 0-antiphase synchroniza- 
tion or none, A, O-the corresponding data taken from Ref. 8. 
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chronization of tin junctions, obtained by others at the same 
temperatures and voltages in the course of registration of 
Josephson rad ia t i~n .~  It can be seen that the interactions of 
the junctions in the chain have a nonmonotinic dependence 
on the distance between them. This is in good agreement 
with our theoretical results. The dependence of the junction- 
interaction effectiveness on the distance between them, ob- 
tained in experiment at T, - TzO. 1 K and f, 10 GHz, is 
shown in Fig. 5b. Since the condition A (Tused in the theory 
IS not satisfied at these temperatures, the experimental wave- 
length is smaller than the theoretical. It can be seen from 
Fig. 5 that the appearance of steps at V = V2, and the in- 
phase increase of the Josephson radiation power8 are ob- 
served in those ranges of L in which B > 0. The mutual syn- 
chronization is here in phase ($,,~0) and, as shown in Ref. 
19, a weak microwave signal produces steps at V = V2, . In 
the case of antiphase synchronization (B < 0, rC, = T )  this 
does not take place. IB I decreases with increasing L, the dif- 
ference between the junction parameters exceeds max IB I, 
and there is no mutual synchronization at L>S. This, too, 
takes place in our experiment. 

Finally, a few remarks concerning the chain-CVC sin- 
gularities due to the interaction between the junctions. In 
our experiment we did not observe the chain-CVC steplike 
singularities described by Eqs. (14) and (16) even for junc- 
tions with close parameter values and operating in the syn- 
chronous regime. The point is that to observe such singulari- 
ties it is necessary to satisfy the very strong inequality 
16V l(lB 1. This condition was not satisfied in our experi- 
ment. At the same time, to observe mutual synchronization 
ofthejunctionsit suffices to have JSV I -max IB I. Themutu- 
a1 synchronization makes it therefore possible to assess the 
interaction of the junctions even if it is weak (B is small). We 
note that for better observation of the singularities (14) on 
the CVC in the case of weak interaction it is preferable to use 
an additional mutual-synchronization mechanism, say via 
electrodynamic coupling of the junctions. l4 

The authors thank V. P. Koshelets for help with the 
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' I  Variable-thickness junctions consist of a narrow film (constriction) con- 
nected to thicker and broader films called banks. 

2' We use e = f i  = k, = 1 (k, is the Boltzmann constant). 
''The expression for the current depends, generally speaking, on the junc- 
tion width w (Ref. 11). We shall assume w to be small enough to be able to 
neglect the dependences of all the constriction parameters on the coordi- 
nate perpendicular to the current direction. 
4' We disregard the voltage drop A V in the bank region in which the cur- 

rent flow becomes two-dimensional. Allowance for A V leads to a small 
(independent of T and o) change in the resistance. 

'I Expression (9) determines also (at Isw) the asymptotic resistance of 
Dayem junctions, for which it is necessary to put d ,  = d in (8). 

6'By "resistive" we mean here the state with @:#0. 
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