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The interaction between nuclear spin waves and conduction electrons is considered. It is shown 
that these processes are very important at infralow temperatures. They lead to large scattering 
probabilities and determine the establishment of the thermodynamic equilibrium in the subsys- 
tems. A theory of relaxation in ferromagnetic metals at infralow temperatures is developed. 

PACS numbers:75.30.Ds 

Research into the region of infralow temperatures has 
become quite vital of late. Cryogenic technology makes now 
possible experiments at temperatures TSfiw,, where w, 
= AS/fi is the nuclear-spin precession frequency, A is the 

hyperfine interaction constant, and S is the spin of the outer 
electron shell of the atom), i.e., of the order of lo-' K (see 
Refs. 1-3). At these temperatures, not only electron but also 
nuclear spins are ordered systems. The properties of nuclear- 
magnetically ordered substances are substantially different 
than at ordinary temperatures. Owing to the smallness of the 
thermal energy ( -  T) compared with the gap in the magnon 
spectrum, these excitation are practically completely "fro- 
zen out." The pricipal role in the heat transfer is then as- 
sumed by the nuclear spins-by nuclear spin waves (NSW). 

As shown in Refs. 4 and 5, dissipation processes with 
participation of NSW play a very important role in relaxa- 
tion at infralow frequencies. The last stage of relaxation in 
ferro- and antiferromagnetic dielectrics is determined by the 
interaction of the NSW with phonons. However, owing to 
small phase space of the phonons the corresponding scatter- 
ing probability is very low, meaning that the time required to 
established thermodynamic equilibrium in gases of NSW, 
magnons, and phonons becomes long. This is slow relaxa- 
tion. 

In ferromagnetic metals (FMM), as will be shown be- 
low, the situation changes. The presence of conduction elec- 
trons alters greatly the course of relaxation in FMM com- 
pared with  dielectric^,^^^ and influences strongly the time of 
establishment of thermal equilibrium in the subsystems. 

The NSW spectrum produced via hyperfine interaction 
has the following structure1': 

on (k) = o n - A o n  (k), (1) 

where a w n  (k) = A 'IS /he, describes the dispersion of the 
NSW, o, =we + ~ , ( a k ) ~  is the magnon dispersion law, 
hE - 0, are Curie temperatures, we = pe (H + Ha )/fi is the 
precession frequency of the magnetic moment, H i s  the ex- 
ternal magnetic field and is directed along the easy magneti- 
zation axis z, Ha is the magnetic-anisotropy field, and Z is the 
nuclear spin. Since Ao,(k)(o,, we can neglect the NSW 
dispersion when the scattering probability is determined. 

The parameters that enter in our problem are subject to 
the following chain of inequalities: 

where 0, is the Debye temperature, E, is the Fermi energy, 
and J ,  is the characteristic s-d exchange energy according 
to the Vonsovskii model7 (see Sec. 1). 

In contrast to Refs. 4 and 5, in the present paper the 
creation (annihilation) operators will be designated by the 
subscripts m, n, e, andph for the magnons, NSW, electrons, 
and phonons, respectively. The same corresponding symbols 
will label also the damping coefficients. 

1. INTERACTION OF NSW WITH CONDUCTION ELECTRONS 

We choose the interaction of the conduction electrons 
with the spin waves (magnons) in the form given in Ref. 7: 

(3) 
where in is the number of lattice sites, and ci& is the creation 
operator for electrons with spin projection a. 

Changing from the creation (annihilation) operators 
ci,+, (ci,,) of the spin deviations to the creation (annihilation) 
operators of the spin waves ti,+, (ti,,) via the canonical 
transformations 

where v, = - A (IS)lJ2/hek is the small (in absolute value) 
amplitude of this transformation and connects the spin-devi- 
ation operators with the NSW(ti& is the operator of creation 
of NSW with momentum k), we obtain for the Hamiltonian 
of the interaction between the conduction electrons and the 
NSW the expression 

A. To determine the NSW and electron damping coeffi- 
cients we can use a diagram technique. To this end we intro- 
duce the NSW Green's function 

- 
where 2,, +(T) = exp(&r)ti,, +exp( - &T) is the Heisen- 
berg representation of the NSW creation (annihilation) oper- 
ators, 

452 Sov. Phys. JETP 56 (2), August 1982 0038-5646/82/080452-04$04.00 @ 1983 American Institute of Phys~cs 452 



In the absence of the interaction (5) we have 

Q,!,'? (0') = I /  (O,,k-ima) ; (7) 
where w, = 2n-ST and s is an integer. 

The fact that the temperature region considered by us is 
determined by the condition T S  hw, ( E ,  enables us to use 
for the conduction-electron Green's functions an expression 
that is valid at absolute zero temperature (see, e.g., Ref. 9). 
As shown repeatedly in a number of papers (in particular, in 
Ref. lo), the largest contribution to the damping coefficents 
(and accordingly to the dispersion law) is made by the mo- 
mentum-space region near the Fermi surface. We can there- 
fore write for the electron Green's functions the following 
approximate expression: 

Since E, = E ( p) - crJSd, this leads naturally to a depen- 
dence of p, and v, on a .  Owing to the s-d interaction, the 
Fermi surface splits into two separated by a distance 
Ap - Jd /uF .  

The lifetime of the NSW excitations is determined by 
the imaginary part of a self-energy functions characterized 
by an increment to the NSW Green's function on account of 
the interaction (5): 

Separating the imaginary part and performing simple opera- 
tions, we obtain for the NSW damping 

To determine yne, in analytic form we use the quadratic and 
isotropic electron dispersion law in the effective-Mass ap- 
proximation: E~ =p2/2m*. The integral in (10) can then be 
easily obtained, and as a result we get 

ifJsd/2vFfi<k<2pF/fi. This means that both short-wave and 
long-wave NSW take part in the scattering processes. When 
calculating the average probability (this reduces simply to 
integration of (1 1) with respect to k ) the upper limit of the 
integration can be set equal to in fin it^.^' 

As a result 
- 

(we have used here the relation Jsd2 = hE&, ) .  
B. The damping coefficient of the electronic states can 

also be easily obtained. To this end we determine the correc- 

tion to the electron spectrum on account of the interaction 
(5). According to the standard pro~edure ,~  

where we have introduced E, = E, - aJ,. If we introduce 
the variablep, = Ip - fikl and use the fact that 

d%=2nkVk sin 0d0=2nkdkdp,,  

we can obtain after simple calculations (the dispersion of the 
NSW can be neglected in this case because Awn, ( w n  .) 

Since it must be taken into account for the NSW that 
T # 0, the summation overs was replaced in the derivation of 
(1 3) by integration over the frequencies, with introduction of 
cot(w/2T), which has poles at the points w = os = 2n-ST. 
Next, as is customary in analytic continuation, the integra- 
tion contour is rotated through n-/2 and aligned with the line 
o = w, .  Thus, separating the imaginary part in 6~, we ob- 
tain 

The remaining elementary calculations yield readily for the 
damping the following expression, which is valid in the ab- 
sence of NSW dispersion: 

((I) _ J112 lion A21S 
"fane - ctg--e(!~-~Fl -ban)- (14) 

8nvF,pF,h 2T f i 2 @ e m ~  

Comparison of ye, with the frequency ye,, calculated in Ref. 
10 shows that at in the temperature region T4T0, where 

T o r  (11s) (OD2ho,/o,) '", 

the scattering of electrons by NSW is most substantial (To is 
of the order of liquid-helium temperature). 

At typical parameter values J, -- 103K, E, 104K, 
fhn = T- 1OP2K, fh, = 10ZK, he -0.1-102K we find 
that yen ranges from 10' to 1 O5 sec- '. 

The probability of electron scattering by magnons at 
infralow temperatures, as shown in Ref. 11, is exponentially 
small. It is clear that this process is unimportant when relax- 
ation is considered in our case. 

2. RELAXATION IN A SYSTEM OF MAGNONS, NSW, 
ELECTRONS, AND PHONONS 

The equations obtained in the preceding section for the 
damping coefficients and describing the interaction of elec- 
trons with NSW, as well as the results of Ref. 4, allow us to 
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proceed to a description of relaxation in ferromagnetic met- 
als at infralow frequencies. ' 

Before we proceed to analyze the transport equation, we 
write down the inequalities that govern the scattering proba- 
bilities that enter in the problem: 

l / t , , B l / ~ , , , ~ ~  - for magnons, 

I ~ T ~ ~ > I / T ~ ,  - for NSW, (15) 

I / . ~ c . , ~ l / ~ e e ~ i / t e p h  - for electrons. 

If we use the results of Ref. 4 and the values of T,, and T,, , we 
easily obtain all these relations. For example, 

and we have used in the last relation the fact that the tem- 
peratures considered by us are defined by the inequality 
Tstiw,, and Jd2 = t iwE~F 

In the inequalities (15), l/r,, is the probability of the 
four-particle scattering of NSW by one another, 1/r,, is the 
damping of the magnons by the NSW, l/r,,, is the damp- 
ing of a magnon by an NSW with emission (absorption) of a 
phonon, 1/r, and 1/rePh corresponds to the processes of 
electron-electron and electron-phonon interaction, cited, 
e.g., in Ref. 9. By summing we can establish the following the 
time hierarchy 

Thus, according to (15), the system of transport equa- 
tions takes the form 

-*k=Lnn ( N k )  f L,, ( N k ,  n , k ) ,  

The longest time in the subsystems considered is T,,, . Rela- 
tive to this time we can set all the collision integrals equal to 
zero, i.e., Len, L,,, L,,,, L,, = 0. 

It follows from the vanishing of the first collision inte- 
gral that the electron system keeps up with the nuclear sys- 
tem, i.e., after fast "bosonization" of the NSW gas 

with a chemical potential & (t ) #O and a temperature T, , the 
electron temperature Te becomes equalized practically in- 
stantaneously with the nuclear temperature T, . The charac- 
teristic time of this equalization is -T,,, and during this 
time the chemical potential c, (t ) of the NSW also tends to 
zero. 

The next stage is Tph -tTn (with the electrons as inter- 
mediaries). The characteristic time of this equalization is 
-.r,,, . Next, owing to the interaction of the magnons with 
the NSW, the magnon temperature T,-tT, within a time of 
the order of T,,. Their chemical potential in this case is 
lrn(t)#O. 

The approach f ,  (t )4 is described by the equation 
- - 

n ' k = L m n p h ( n k ,  Nr, f k )  ; (I7) 

here 

If (17) is integrated over all k, straightforward but rather 
cumbersome calculations yield the equation 

where 1/r- l/rmnph; its solution is 

here Cis the integration constant and is determined from the 
initial conditions. In the derivations of (18), which describes 
the final stage of the establishment of the thermodynamic 
equilibrium, we have assumed that tiwe ><, , and this made 
it possible to obtain so simple a differential equation. As seen 
from its solution, the characteristic time of the final estab- 
lishment of the equilibrium is - T,,, . According to Ref. 4, 

where c, is the speed of sound, y is the magnetostriction 
constant, andp is the density. It can fluctuate in a very wide 
range. The most typical values of T,,,, are of the order of 
minutes. 

Thus, thermodynamic equilibrium is established in the 
system with the temperature of all the subsystems, which is 
equal to the temperature of the nuclei. 

The cause of the relaxation described by us here is, natu- 
rally, the presence of the conduction electrons. In Refs. 4 
and 5 was considered relaxation in ferro- and antiferromag- 
netic dielectrics. The time of the ultimate establishment of 
thermodynamic equilibrium in them was characterized by 
the interaction of the NSW with phonons. This time is very 
long. Depending on the various constants contained in the 
answer, it can vary in a very wide range, from hundreds of 
hours to dozens of years. 

In the case considered here we were interested only in 
the establishment of the internal thermal equilibrium in the 
sample, and were not interested in its connection with the 
helium bath (it is understood that the sample was cooled in a 
helium bath). This case is of interest because the role of the 
thermostat is assumed not by the phonons, as is usually the 
case, but by the NSW gas with its own temperature T, . 

Thus, the conduction electrons interacting with the 
NSW contribute to a rapid relaxation of the magnon and 
phonon subsystem temperatures to the temperature of the 
nuclei. This is the fast relaxation. 

The author thanks M. I. Kaganov and I. M. Suslov for 
helpful discussions. 

"It may be questioned why no account is taken in the NSW dispersion of 
the contribution from the indirect Ruderman-Kittel interaction of the 
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nuclear spins with one another. The point is, as shown in Ref. 6 (Chap. 4, 
Sec. 1) that the contribution from the Suhl-Nakamura interaction great- 
ly exceeds the Ruderman-Kittel interaction. It cannot be neglected in 
the calculation of the electron kinetic characteristics, for it becomes 
substantial. 

2'Since the integral with respect to k converges well on the upper limit, the 
integration region can be extended to infinity when calculating the cor- 
responding probability. 

'A. Ya. Parshin, V. P. Peshkov, B. G. Elizarov, and A. I. Shamov, Pis'ma 
Zh. Eksp. Teor. Fiz. IS, 44 [JETP Lett. 15, 30 (1972)l. 

'B. S. Dumesh, ibid. 23, 17 (1967) [23, 14 (1976)l. 
'B. S. Dumesh, ibid. 24, 167 (1976) [24, 145 (1976)l. 
4S. 0. Gladkov and M. I. Kaganov, Zh. Eksp. Teor. Fiz. 80, 1577 (1981) 

455 Sov. Phys. JETP 56 (2). August 1982 

[Sov. Phys. JETP 53, 811 (1981)l. 
'S. 0. Gladkov, Fiz. Tverd. Tela (Leningrad) 23,2613 (1981) [Sov. Phys. 
Solid State 23, 1575 (1981)l. 

'E. A. Turov and M. P. Petrov, Nuclear Magnetic Resonance in Ferro- 
magnets and Antiferromagnets, Wiley, 1972. 

'S. V. Vonsovski, Magnetism, Halsted, 1975. 
' S .  0. Galdkov, Fiz. Tverd. Tela (Leningrad) 20, 1969 (1978) [Sov. Phys. 
Solid State 20, 1137 (1978)l. 

9E. M. Lifshitz and L. P. Pitaevskii, Physical Kinetics, Pergamon, 1981. 
''A. B. Migdal, Zh. Eksp. Teor. Fiz. 34, 1438 (1958) [Sov. Phys. JETP 7, 

996 (1958)]. 
"L. E. Gurevich and B. E. Nedlin, ibid. 45, 576 (1963) [IS, 396 (1964)l. 

Translated by J. G. Adashko 

S. 0. Gladkov 455 


