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Cooling of the spin system of lattice nuclei as a result of hyperfine interaction with polarized
electrons is considered when the mean electron spin (S) and the external alternating magnetic field
(H,) oscillate at a frequency close to that of the nuclear magnetic resonance. The equations
obtained for the Zeeman and dipole-dipole reservoir temperatures are an extension of the Provo-
torov equations to the case of interaction between nuclei and polarized electrons. Solutions of the
equations are presented for strong and weak magnetic fields. It is shown that the degree of cooling
of the nuclear spin system has a resonant dependence on the modulation frequency of S and of H,.
In the case of an extremely weak alternating field the dependence is determined by the correlators
of the total spin of the lattice nuclei. The solution for a saturating field H, does not depend on the

form of the spin correlators.

PACS numbers:74.30.Gn

1. INTRODUCTION

Optical orientation of the electrons in a semiconductor
in a magnetic field causes polarization of the crystal-lattice
nuclei.'™® As shown in Refs. 2 and 3, this effect is the result of
lowering the temperature of the nuclear spin system by the
contact with the nonequilibrium spins of the photoelectrons.

The usefulness of the concept of nuclear spin tempera-
ture becomes most clearly manifest when the nuclei are
cooled by electrons whose polarization is modulated in time:

S(t)=S, cos .

In this case the average spin introduced into the nuclear spin
system is zero. If, however, the external magnetic field is also
modulated:

Hﬂ (t) =Hoa+H1a cos (mt+q)a) ,

the average energy change of the nuclei is generally speaking
different from zero, and this leads to cooling.*-®

At low values of the constant magnetic field (H, S H, ,
where H, is the characteristic field produced at the nucleus
by the neighboring nuclei) the theory of cooling of a nuclear
spin system when S and H are modulated was developed
earlier.® In this paper we investigate theoretically the cooling
process in the case of a strong constant magnetic field
(Ho>H ).

The cases of weak and strong fields H|, differ in that at
Hy»H, the state of the nuclear spin system is described by
two parameters, the temperatures of the Zeeman and of the
spin-spin reservoirs, whereas at H, S H, these temperatures
are equal. Thus, in the case of a weak constant field it suffices
to determine the change produced in the total nuclear-spin
energy by the contact with the polarized electrons, but at
H,>»H,; we must know the partition of this energy between
the Zeeman and the spin-spin reservoirs. (The problem is
easiest to solve for a sufficiently strong alternating field H,
perpendicular to H, and oscillating at a frequency w close to
the NMR frequency.® In this case the Zeeman and the spin-
spin temperatures-are equal in a rotating coordinate frame.)

342 Sov. Phys. JETP 56 (2), August 1982

0038-5646/82/080342-05$04.00

In Sec. 2, starting from simple phenomenological consi-
deration we find how the energy input to the lattice-nuclei
spin system is partitioned by the Zeeman and the spin-spin
reservoirs, and in Sec. 3 we present a rigorous derivation of
equations for their temperatures. These equations are simi-
lar in many respects to the Provotorov equations.’

2. PHENOMENOLOGICAL DERIVATION OF THE EQUATIONS
FOR THE TEMPERATURES OF THE ZEEMAN AND THE SPIN-
SPIN RESERVOIRS

If the spin system of the lattice nuclei is acted upon by a
strong constant (Hy,>»H, ) and a weak alternating (H,<H, )
magnetic field, the reciprocal temperatures of the Zeeman
(@) and of the spin-spin ( ) reservoirs are determined, as is
well known, by the system of Provotorov equations’:

da A o

= e—w(a ~ b) 7=+ 1=,

g

-
whered = w, — w; w, is the NMR frequency in the constant
field H,, w is the frequency of the oscillations of the alternat-
ing field H,, T\, and T, are the characteristic relaxation
times of the Zeeman and of the spin-spin temperatures to the
lattice temperature; W~H? is the A-dependent rate of
change of @ and S under the influence of the alternating field,
and ', is the nuclear-spin precession frequency in the local
field H', . We have added in Eqgs. (1) the terms J, and Jj,
which give the rates of change of the Zeeman and of the spin-
spin temperatures on account of the contact with the polar-
ized electrons. We must find the form of these correction
terms.

It can be easily seen that J, and J; are connected with
the energy fluxes into the Zeeman (g, ) and into the spin-spin
(g4) reservoirs by the following relations:

-1 2
Ja=q“(dEz ) —_— (-I—) f-q—aa,
aa wrl H?

dEp\ ! I\* g
=g (222) "o (L) e
SR W H

(1)
A B

— o— -—--M-'f— = y
W L,z((uoc AB) R Je=0

(2)
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where u; and I are the magnetic moment and the spin of the
lattice nucleus and the derivatives with respect to @ and 3
were calculated in the high-temperature approximation,
when

E;=— (P«!/I) *Hola, Ep=— (H!/I) 2Hz.'z[}-

To solve our problem it suffices to determine the fluxes g,
and gz connected with the polarization of the nuclear spins
by the oriented electrons.

We obtain first the total energy flux g, + gz. The hy-
perfine interaction leads to transfer of the spin of the orient-
ed electrons to the lattice nuclei. The spin flux into the nu-
clear system is

j=S/Til,1

where S is the average electron spin and 7'}, % 1 sec is the
time of longitudinal relaxation of the nuclear spins on the
electrons. If the nuclei are in a magnetic field H(z ), the spin
flux j gives rise to an energy flux

_ [ ) sy ( Hr ) 1
t)=—\—)H@®i@)=—(—)—H(@)S(?).
w0 =—(Z)BOI0=- (&) =00, B
This flux is the consequence of the work performed on the
nuclear spins by the polarized electrons.

The alternating magnetic field also performs work. The
corresponding energy flux is®

(B} HQO) (4)
g (t) (l )Tl(t)’

where I(t) is the value of the spin of the lattice nuclei at the
instant of time ¢. Since we are interested in that part of the
flux g}, which is connected with the polarization of the nu-
clei by the oriented electrons, we must determine the time
variation of the equilibrium spin added by the electrons to
the nuclear spin system:

I'(t)= j é(t-—t)j(r)dr=7%-,-. j‘ G(t—1)S(v)dr.  (5)

— o0

The time-dependent tensor G describes here the time vari-
ation of the nonequilibrium spin introduced into the lattice
nuclear system by the oriented electrons. In other words, G
is the Green’s function for the nonequilibrium spin of the
nuclei. (If the strong constant magnetic field is directed
along the z axis, we have G,, = G,, =G,, = G,, =0, while
the components G,, = G,, and G,, = -G, decrease to zero
within a time on the order of the nuclear-spin transverse-
relaxation time T,~ 10~* sec, while the component G_, (7)
decreases slowly with increasing 7, within a time on the or-
der of the longitudinal relaxation time T,.)

Using (3)—(5) we obtain an expression for the total ener-
gy flux into the nuclear spin system as a result of the simulta-
neous action of the alternating field and of the polarized
electrons:

, 1
(Gt > ={gstgu’> = ———,(ﬂ)< H(1)S(2)
T” l
dH ¢ -
+— | G(t—r)S(r)d1:> . (6)
The angle brackets denote here averaging over the period of
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the modulation of S and H,.

It can be seen even from this expression that if S and H,
are parallel to the field H, and oscillate at frequency
w>»T ', then (g, + g5) = 0. Indeed, in this case the com-
ponent G, in the integrand of (6) can be regarded with high
accuracy as equal to unity. Then

{gatgs>={gst+qu’>~SH,—SH,=0.
The change of the nuclear spin-system energy can thus be

due only to the S and H, components that are perpendicular
to H,. We shall therefore analyze hereafter the situation

. SIHIH,.

We examine now the division of the flux gg + g}
among the Zeeman and the spin-spin reservoirs. To this end
we obtain the energy flux g, into the Zeeman reservoir (g, is
connected with g, and with g5 + g} by the obvious relation
95 =9s + 9y —4a):

Since the energy of the Zeeman subsystem is

Ez=—(l»h/])HoIz

and H, is independent of the time, the energy flux ¢, is ex-
pressed in terms of the z component of the spin flux:

ga=— (“!/I)Ho].z.
Assuming that S lies in a plane perpendicular to H,, and
recognizing that G,, = G,, =0, we easily find that j, (and
hence g, ) is zero in the absence of an alternating field. If
H,#0, the precession of the nonequilibrium spin about H,
leads to the onset of

Je=— (1) [Hy (2) X T (2) 1.

The energy flux into the Zeeman reservoir is then

t
fam (—l;i)z-Tl—<H [Ro [ée-vswa]). @

The expressions obtained can be rewritten in an unusu-
ally simple form by using the complex representation for the
oscillating S and H,:

S(¢)=Re Se!, H,(t)=Re H,e™".

Then
In_ 1 [ Q; (5 8)
qrtas == (55) Re(S-toH G0)9)),
1 Wr 2 ~
o = — — Ho Hl‘ S
g 2T,,’(I\) Re (H, [H, X (0)S]) ©)

and the energy flux into the spin-spin reservoir is

1 (EL)
=" \7

X Re{ H;s_zmH,-(gr(w)sH%HO[H:X g(m)sl}.

10
Here 10)

g(o) =f G(1)e dt

-oc

(11)

is the Fourier transform of the tensor G (7).

Substituting the relations (9) and (10) in (1) and (2) we
obtain a generalization of the Provotorov equations to the
case of interaction between nuclear spins and oriented elec-
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trons. In the next section we present a rigorous microscopic
derivation of these equations, on the basis of the transport
equation for the spin-system density matrix.>® This deriva-
tion makes it possible to determine the connection between
the coefficients of the system (1) and the microscopic param-
eters of the problem.

3. MICROSCOPIC DERIVATION OF THE EQUATIONS FOR
THE ZEEMAN AND SPIN-SPIN TEMPERATURES

Let the lattice nuclei be located in a strong magnetic
field (H,>H ) and let them interact with the polarized elec-
tron and with the weak alternating field H,. Following Ref. 6
we assume that the frequency of the modulation of S and H,
is high enough (w T, > 1). In this case the spin density matrix
of the lattice nuclei can be represented in the form

O (£)=0,+,(2),
where @, isindependent of the time and @, (¢ ) oscillates at the

frequency w. As shown in Ref. 6, the system of equations for
@, and P, is of the form

i d® 7 L 5

-h——d-tl= [# w0, Do] 4 L (t, ©y) —';—F((DO)=0’ (12)
i do -
2 (10, 01411, 0. (13)

Here 77\, = 7, + 7, is the nuclear spin Hamiltonian
part which does not depend explicitly on the time, with

==Y (o, 1) /1

n

the energy opertor of the nuclear spins in the constant mag-
netic field H,, and 77 is the (truncated) part, which com-
mutes with 7, , of the operator of the spin-spin interactions
between the nuclei.” The operator L describes the interac-
tion of the nuclear spins with the alternating magnetic field
H, and the polarization of the nuclei by oriented electrons,
while the operator F describes the relaxation of the nuclei on
the electrons in the conduction band:

Leo)=—(£) ¥ 1@, 1), 0]

2amn ~ 5
+ Y S5 i (1) [T {170},

afy

F“(oo)=i4 Y oalLr 170011, (14)

amn

Here S, (¢) is the time-dependent y projection of the average
spin of the oriented electrons; £,4, is a unit antisymmetric
tensor of third rank, and {I;® | =1;® + PI,. The coeffi-
cientsa,,, in (14) depend on the hyperfine interaction and on
the time of the correlations of the orbital motion of the elec-
trons.”"® The bar over the operator L in Eq. (12) denotes
averaging over the modulation period T = 27/w of the elec-
tron spin and of the alternating magnetic field.” (Here and
elsewhere we assume for simplicity that the magnetic field
has the same value for all the lattice nuclei.)
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Since the operators 7%, and 5, commute with each
other, the density matrix can be described within the spin-
temperature concept with the aid of the two temperatures o
and S of the Zeeman and the dipole-dipole reservoirs, respec-
tively. We shall seek the equations for these temperatures in
the high-temperature approximation, when

O, =1—06.—BH. . (15)

Substituting (15) in (12), multiplying the right- and left-
hand sides of the resultant equation by 57, , and calculating
the trace over the quantum numbers of the nuclei, we obtain
an expression for the derivative da/dt in terms of a and S.
An analogous operation with 57, yields an expression for
df /dt. The behavior of the temperatures a and 3 is then
described by the system

de _(I\*i Spo.L(t,®) Yo
@ l_*:) h H2Spl? MN LT

ﬂ_(LY i Sp#dL(t. @)
ar agpTE

wy ) B H;'2Spl.2
p_ H:?
TN H.” ; o (16)

where }z is the operator of the z projection of the total spin of
the lattice nuclei; MV is the total number of the nuclei;

Hy/*=(I/u;)*Sp 5./*/Sp I ,*N;
I 2 - ~
HL2= (‘p—') ( 2 Amn Sp[%d’, Ia-n] [[G-m%d’] ) /
I

2Sp ffz Amm.

m

The second terms in the right-hand sides of the system
(16) are proportional to the traces of (#°,F) and (7, F).
They correspond to the heating of the Zeeman and of the
dipole-dipole reservoirs by relaxation on the electrons. The
first terms in the right-hand sides of these equations describe
the rates of change of the Zeeman and dipole-dipole tem-
peratures because of the interaction with the alternating
field and the polarized electrons, with

Sp L (¢, ©.)=Sp HxoL (t, ©,)—Sp F6.L (¢, y).

Calculations similar to those in Ref. 6 lead to the set of
Eqgs. (1) with the following parameters:

1 1 1 1 A
T~ TR T T E
" (17)
1 2 .
W= (%) Re (H,*, gH,),
where
L sp DT
gap(m)—f————spizz e dr (18)

—o

is the Fourier transform of the correlators of the projections
of the total spin of the lattice nuclei, and the dependence of
I on 7is given by the usual expression
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I (1) =exp (iH#yot/h) I, oxp (—iHxaT/h).

In the considered case of a strong constant magnetic
field, the essential components of the tensor® g [Eq. (18)] are
connected with one another by the simple relations®

Exx =8y =18 yx=—1gxy-

This makes is possible to rewrite the generalized Provotorov
equations (2), (10), and (11) in a simple and compact form:

do _L{ 4Re(iH 'S, ge) }
it T, «

B hH,
A
)
(O]

dg 1 (I Re[H,S,(1+2iAgw)]
T T a: ')

(19)

it T
224 (l)oA A
+|H1+'z (T)Re gxx'(l)—,z' (a—-—(—o—oﬂ) .

L
Here 4 = w, — w; 0, is the NMR frequency; w; is the fe-
quency of the nuclear-spin precession in the field H ;, and

S, =(S.+iS,)/V2, H,,=(H.+iH,)/[y2

are the complex amplitudes of the components of S(z) and
H,(z), which rotate around H,, in the same direction as the
precession of the nuclear spins.

To conclude this section we shall show that the cooling
of the Zeeman and spin-spin reservoirs has a resonant char-
acter. Indeed, the rate of cooling of the Zeeman reservoir is
proportional to g, (@), and consequently decreases rapidly
with increasing difference 4 = w, — w (at large values of 4
we have 2g,, =~i/4 ). The rate of cooling of the spin-spin re-
servoirs contains terms 4g,, (H,-[H ¥XS]) and can become
appreciable far from the resonant frequency. However, the
relaxation of the spin-spin temperature under the influence
of the alternating field is determined by the large parameter
w4 /w3, which causes the spin-spin reservoir temperature
to increase just as rapidly with increasing deviation from
resonance. The most intense cooling of the nuclear spin-spin
system takes place thus when S and H, oscillate at frequen-
cies close to the NMR frequency.

4. ANALYSIS OF RESULTS

Although it is easy to obtain a general stationary solu-
tion of the system (19), the expressions obtained for @ and
are unwieldy and not very perspicuous. We confine our-
selves here therefore to an analysis of two very simple situa-
tions, when 1) the alternating magnetic field is weak, so that
WT,, <1, and 2) H, is so stroag that WT,;>1.

Let WT,, «1. Then

4
a=——Im(H,;"S;g),
hH,s (20)
_ 21 Re[H1+.S+(1+2I:Agxx)]
Wr A '

It can be seen that the temperatures of the Zeeman and di-
pole-dipole reservoirs are different. Their values are deter-
mined by the correlators of the total spin components of the
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lattice nuclei. As a rule there are no known explicit expres-
sions for these correlators. Equations (20) make it possible to
find their values from an analysis of experimental data.
We consider now the second case, when WT),,. Then
ae By 2
(O3]

__211-! Re(H,,"S,)
IR &2+ (0—w)?’

B (22)

where @, is the frequency of the Larmor precession of the
nuclear spin in the field H, .

In this case the nuclear-spin correlators do not enter in
the final answer. The dependence of the dipole-dipole reser-
voir temperature on the modulation frequency of S and H,
has a clearly pronounced resonant character. The maximum
cooling is reached when the modulation frequency equals
the NMR frequency. The half-width of the resonance curve
is determined by the value of the local field H, . The tem-
peratures of the Zeeman and of the dipole-dipole reservoirs,
just as in the case of saturation of the nuclear magnetic reso-
nance, differ by the factor 4 /o, = (v, — ®)/w,. Thus, for
cases when the modulation frequency o <, or > w, the
signs of the Zeeman-reservoir temperatures are opposite. At
exact resonance (@ = w,) this temperature becomes infinite
(@ =0).

We now compare the results of the theory developed
above with the equations used in Ref. 5 to describe the cool-
ing of a nuclear spin system in a rotating coordinate frame
(RCF). It is known’ that on going from the lab to the RCF
the dipole-dipole reservoir temperature remains unchanged,
but the Zeeman temperature changes by w,/(w, — w) times
(@rcr = awy/4 ). Thus, in the case of a sufficiently strong
alternating magnetic field we have agcg = Brcr =8, and
the temperature of the nuclear spin system in the RCF is
given by (22). The only difference between this equation and
the result of Ref. 5 is that the denominator of (22) does not
contain the squared amplitude of the alternating field. (We
recall that all the calculations were carried out in the approx-
imation H,<H, , and this is why the denominator of (22)
does not contain the term H }, which is small compared with
H?).

If, however, the equalization of the Zeeman and of the
dipole-dipole temperatures is rapid enough, the simple for-
mula of Ref. 5 can no longer be used to describe the cooling
of the nuclear spins in the RCF. In this case the cooling must
be calculated with the aid of the system (19) or its RCF ana-
log. The simple relations (20) are valid for extremely weak
H,.

The authors thank V. P. Zakharchenya for interest in
the work, and V. I. Perel’ and V. G. Fleisher for helpful
discussions.

'Since we seek a solution of the problem for the case of strong magnetic
fields (H,» H, ), we need retain in the operator %"y, in contrast to Ref.
6, only the truncated part %, (Ref. 7). —

2'We note that we can neglect in the operator L the terms containing the
electron spin.®

' We recall that the cooling of the nuclear spin system at H,»H, is due
only to those components of H, and S that are perpendicular to H,. We
are therefore considering the case when H,1H,,1S.
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