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The coefficients that determine the neutron heat transfer and diffusion in the crusts of neutron
stars are calculated on the basis of a solution of the Boltzmann equation with allowance for
degeneracy. Exact expressions are obtained for the cases of strong and weak degeneracy together
with interpolation formulas valid for all values of the degeneracy parameter.
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1. INTRODUCTION

The processes that take place in the solid crusts of neu-
tron stars are very important for their observational mani-
festations. The crusts cari crack, this providing an explana-
tion for the observed glitches in pulsar periods." When a
neutron star is formed, a nonequilibrium layer can arise in its
crust, this layer consisting of superheavy (4 =~ 300—400) nu-
clei which form a crystal lattice and free neutrons moving
between them.?> The matter density in the region of the non-
equilibrium layer is in the range ~10'° <p < ~10'? g/cm>.

The neutrons in the nonequilibrium layer form an al-
most ideal degenerate Fermi gas. Because of the strong gra-
vity force, the neutrons diffuse into the star. To investigate
the diffusion, it is necessary to know the neutron transfer
coefficients in the crystal lattice formed by the nuclei. The
present paper is devoted to calculation of the neutron diffu-
sion and thermal conductivity coefficients under the given
conditions on the basis of solution of the Boltzmann equa-
tion.

Investigation of the diffusion process on the basis of a
rough estimate for the diffusion coefficient* showed that dif-
fusion can result in stretching of the crust and, possibly, the
formation of cracks and fractures. Starquakes in the pres-
ence of an equilibrium layer can result in nonequilibrium
matter being carried to the surface of a neutron star and to a
rapid nuclear explosion. Such explosions are invoked to ex-
plain the observed cosmic bursts of 7 radiation.’~” The use of
the exact value of the diffusion coefficient calculated in the
present paper will make it possible to draw more definite
conclusions concerning the processes that take place in the
crusts of neutron stars. The expressions we obtain can be
used to describe transport properties in other objects con-
taining free neutrons if their dimensions appreciably exceed
the neutron mean free path.

To find the diffusion coefficients, we solve the Boltz-
mann equation with allowance for degeneracy using the
methods developed in Refs. 8-11, in which the transport
coefficients of a simple gas are calculated. In the present
paper, we consider a neutron gas in the crystal lattice of
heavy nuclei. We take into account the interaction of the
neutrons with the nondegenerate nuclei and also with one
another. We obtain exact expressions for the cases of weak
and strong degeneracy (as in Refs. 10 and 11, respectively)
and interpolation formulas for the diffusion and thermal
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conductivity coefficients for arbitrary value of the degener-
acy parameter.

2. BOLTZMANN EQUATION AND TRANSFER EQUATIONS

To calculate the transport coefficients in the present
paper, we use a Boltzmann equation with allowance for de-
generacy®!! but only two-body collisions. This equation is
valid for the neutrons if the neutron gas is nearly ideal. At
the same time, the neutron interaction energy must be much
less than the kinetic energy of the random motion. For nu-
clear forces, these energies become approximately equal at a
nuclear density of p=~2 X 10" g/cm?. Because of the short
range of the nuclear forces, a neutron gas rapidly becomes
ideal when the density decreases at any temperature, this
being due to the Fermi energy of the degenerate neutrons.
The densities in the nonequilibrium layers are between two
and four orders of magnitude less than the nuclear density,
and therefore the Boltzmann equation applies well.

The nuclear component of the matter in the nonequilib-
rium layer is evidently in the crystal state, and therefore the
isotropic part of the distribution function f,,, may differ
from the Maxwellian distribution. However, if the mass m,,
of a nucleus is much greater than the neutron mass m,,, then
to terms ~m, /my the details of the distribution function
Jno of the nuclei are unimportant, and the calculation can be
made for effectively arbitrary fyo. A magnetic field could
lead to anisotropy of the nuclear distribution function,
which would affect the transport properties. In an anisotro-
pic medium, diffusion and heat transfer are determined by
second-rank tensors rather than scalar coefficients. Because
of the large mass of the nuclei, and also the high density and
temperature of the matter in the nonequilibrium layers, the
anisotropy in the distribution of the nuclei is slight up to
magnetic fields of 10'® G if the density p exceeds 10'° g/cm?
and the temperature is 7% 107 °K. Then the Larmor fre-
quency of the nuclei is much less than the lattice vibration
frequency, and the Larmor frequency quantum energy is
much less than the mean thermal energy of the nuclei.

The neutron-neutron interaction must be taken into ac-
count because the neutron component can make an appre-
ciable contribution, up to ~50%, to the matter density in
the nonequilibrium layers. For an estimate it can be as-
sumed, as for elastic spheres, that the neutron-nucleus inter-
action cross section oy, is ~A4 /3 times greater than the neu-
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tron-neutron cross section o,,. At neutron density p,, the
number density n of the nucleiisny = (p —p,)/Am,, and
then allowance for the neutron-neutron interactions be-
comes necessary when o,,n,/0,yny >1, which corre-
sponds to the inequality 4 */3p,, /(p — p,,) > 1. For 4 = 300-
400, it is already necessary to take into account the neutron-
neutron interactions when p, /p X 0.1.

In what follows, we shall restrict ourselves to a Boltz-
mann collision integral with the cross section of elastic colli-
sions. Under the high-density conditions in the nonequilibri-
um layers, the superheavy nuclei are stable. They do not
break up as a result of interaction with thermal or even fast
neutrons, and beta decay is forbidden because of the high
energy of the Fermi electrons.>* Under these conditions, the
only inelastic interaction of a thermal neutron with a nucleus
is a process of “‘charge exchange” type, consisting of ex-
change between a free and a bound neutron. Because the
binding energy of the last neutron in the nuclei in the non-
equilibrium layers is near zero, the inelasticity of this pro-
cess, i.e., the fraction of kinetic energy transformed into

- thermal energy, is small, and the charge exchange process
can be regarded formally as electric and its cross section
taken into account as a term in the total elastic scattering
cross section o, .

The transfer equations for the neutron number and en-
ergy in the two-component mixture of nuclei and neutrons,
and also for the total momentum can be obtained in the usual
manner® from the Boltzmann equation for Fermi parti-
cles 3!

an, dcos 0 .
A I O )= 1)
di orn T r, e 0) =0,
3 d(P.\ 3P, 0 ag™ cos
— R (= ) = o (R 0)) + ——e I
2 dt (p,.) 2 pn Or; (Ratv:2) or; * or,
dco;
kv (—=— 1, )= 2
RN (dt f) 0, (2)
dcos 0llg
+—__—— r— .
@ om PO (3)
Here

(N)

(nd,
nik =n,.m,.(v,~vh>, H‘h=H|‘h(ﬂ)+H{h s

1
qi= ) n,m,{v’vy, P,= 3 Nam,<V?),
d a d
— =t Cyy— »
dt ot " or

[ is the acceleration produced by the external forces, ¢, is
the mass-average velocity, v; is the thermal velocity of the
neutrons, and the quantities in the angular brackets are cal-
culated by averaging over the neutron distribution function
/- The neutron diffusion velocity {v; ) and the heat flux (g")
are related to the thermodynamic parameters and their de-
rivatives by means of the transport coefficients, which are
found by solving the Boltzmann equation.

The crystal formed by the heavy nuclei in the crust of a
neutron star differs from an ordinary crystal in that the elas-
tic energy of unit volume is appreciably less than the kinetic
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energy of the degenerate electrons. The presence of the crys-
tal may sometimes be important in the equation of motion,
which contains elastic forces that depend on the displace-
ments. In the present paper, we calculate only the heat and
neutron number transport coefficients, which depend weak-
ly on the physical state of the heavy nuclei. We ignore the
interaction of the neutrons with the electrons, and in the
equation of motion we include the electron pressure P, in the
nuclear pressure P, .

3. DERIVATION OF GENERAL EXPRESSIONS FOR THE
TRANSPORT COEFFICIENTS

The Boltzmann equation can be solved by the Chap-
man-Enskog method of successive approximation.®-'' The
zeroth approximation to the neutron distribution function f
is found by equating to zero the collision integral:

fo={1+exp[ (m.v*—2p) /2kT]} -, ijodvi=n". (5)

Here, 1 is the chemical potential of the neutrons, & is Boltz-
mann’s constant, T'is the temperature, and B = 2m_ /(2m#)>.

The nuclear distribution function in the zeroth approxi-
mation, fyo, is assumed to be isotropic with respect to the
velocities and to depend on the local thermodynamic param-
eters; otherwise, it can be arbitrary with normalization

j'fnodcm=nxv, Cxi=UnitCoi.

Using (5) in (1)(4), we obtain the zeroth approximation for
the transfer equations. In this approximation (v,) =0,
q; =0,1II; = (P, + Py)6; (the electron pressure is includ-
ed in Py),
kTm,\ * kTm,
n,=2 (

s
2P ) Gulaa), PFZ”(EW) Gora(20)

(6)

1 " 'dx
Gn )=
(20) I'(n) !1+exp(z—xu) ’

To=pn/kT.

In what follows, instead of G, (x,) we will everywhere write
G, , since the argument is the same.

In the first approximation, we seek the function fin the
form

f=fl1tx(1=fo)]. (7)

We take the deviation of the nuclear distribution function
from the zeroth approximation in the form

Tv=fwo(1+%n). (8)

We obtain the equation for y in the standard manner.®*~'" It is
linear and admits representation of the solution in the form

dlnT G, G
=_Ai - nD.di —‘ - Gi 9
X ri " Gs/, " 0rh ( )
At the same time,
T Gs 2 ) Cyi

Av=—Ax~: —d In - n'nDNidi’,_/ — Gya ', =,

Gr.- G% 9 Ty (10)
4_pr0lnPe_pu 1Py
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The functions 4;, D;, Ay;, and Dy, determine the diffusion
and heat transfer. Substituting (9) and (10) in the equation for
Y, we obtain the equations for 4; and D;:

fo(1—f) ( s

n_ fo(l—=fo) vi=Ia(D:) +1.x(Dy),

25 G,
i =) vim T (40 Lo (40,

(11)

wherel,, (R )and [,y (R )arethelinearized collision integrals
defined in Refs. 8—11. We see the solution of Egs. (11) in the
form of an expansion in polynomials Q,, (x) that are ortho-
gonal with weight fy{1 — f;)x>/2. These polynomials are
analogous to Sonin polynomials (see Refs. 8 and 12). We use
only the first two polynomials:

5 Gs/, S _ m, s
0ule) =1, Q@)= gEm a=u, u= () ¥
(12)
We seek A; and D; in the form
A= (aOQO—I-ain)vi, D= (d000+d101)vi. (13)

In Ay, and Dy;, we take into account only the first terms of
the expansion, which are determined from the condition that
the corrections to the equilibrium distribution functions do
not contribute to the mass-average velocity. We have

Ani=a,vQons, Dyi=dowQovxs, (14)

nnao'l"nzvao)v:o, n"do+nudon=0.

Using (9), (10), (13), and (14) in (7) and (8) in the calculation of
the mean values, we obtain

kT 0InT s
wid=— (ao - doltn G di) )
Ma ari G“/a (15)
kT 8 l T G5 n
<UN1'>= _— ( Aon 1 + doNn,. s d;) _=— p—<Ui>
my ri 3 P~

The distribution function fy, is here assumed to satisfy the
relation

! deni= Ba
Ejvmvnmfno CNi= :nmN

which is analogous to the Maxwell function. Using (14), we
finally obtain

Gs,,
kT_g_(aa 81nT—|-don,, /
M Pn ar; Gy,

W) —vwd=—" di) . (16)

Using (4) and (13), we obtain an expression for the heat
flux transported by the neutrons:

9 (kT) Gs/;
Gai=— —MypN, —_—
2 m, ! Gy
7 Gy 5 Gp\101nT
Alamel a2 a)]
2 G5/2 2 G’/z ari

7 G, 5 GG
+n, | do—d —-————————)]——d.-}.
" [d“ ‘( 2G,. 2 Gx /G,

(17)
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4. FINDING OF THE MATRiX ELEMENTS a; AND b;

Multiplying Egs. (11) by BQ,(x)u; and BQ,(x)u; and in-
tegrating with respect todc; (¢; = ¢,; + v;), we obtain a sys-
tem of equations for the coefficients:

0=0,(ao0t+bu) ta,(aos+ba),

18
15 7 Gy, 5 Gs/z, (18)
M (?G_/——Z_E:) =ay(aotbio) *a,(a,+by);
3
—=d, (aoo+boo) +d, (a0 +boy),
(19)

O=d0(010+b1o) +di(a,tbu);
an=B" [ fofor (1—') (1—fu’) Q@) w.[ Qs () uHQu () s
(20)
—Qu(u*)u,’—0Q, (@) 01i" 182 W0a (0, gnn) dQdcyidci,

ba=B [ fufso (1—1:") 03 () w1 Qs (8 i~y (u'") us']
(21)
X g"NW,,N (e, gnN) " deCN.dC(, k=1.
Here, W (0,g)d(2 is the effective differential cross section for
scattering of particles with relative velocity g that is de-
flected through angle 8 and after the collision lies in the solid

angle df2. Using (14), we obtain
b0=B [ hfo(1~1") Qu(u) s [mimu
Ry (M, (22)

'
- E( —m—xv) (um—uml) ] gnNWnN (e, g,.N) decN;dCi,

where uy;, = (my/2kT vy, .

a) Calculation of b

Assuming that the mass of the nuclei is much greater
than the neutron mass, m, >m, , and using the normaliza-
tion of fy,, we obtain from (21)

kTm, ) ( 2kT

b]-,.=8n2( i —-——-) anfoU“fo

X Q;(z) Qu(z) 2* (1—cos 0) Wy (8, 2)sin 0d0dz, k=>1. (23)

Using the law of momentum conservation in a collision, we
obtain

ui—ui =—(my/ma)" (uyi—un).

From (22), we obtain

b 2 (S2) " (22" F s

X Q;(z) z* (1—cos 0) Wy (0, z) sin 6d6dz. (24)

We introduce the functions £ {}), (), which are defined
as in Ref. 8:

8.5 () = f dzjdefou — )27+ (1—cos' 0) W (8, z)sin 6.
(25)
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Then the coefficients b can be written in the form

kTm,\ ™ ([ 2kT
boo=8n? (—E)p;) ('—'—znzrzz) ( o ) nNQf(l:V) (1)1

‘ ETm, \ * | 2kT \':
m s () )

—
2n*h? m,

X [—-z‘rig—”isz,,‘;’ (1)—Gaw (2>] (26)

h

kTm., 2kT 25 G,
wemse () () e[ % @ O W

_e G’/x (i) 1)
5—m 0 (2)+8. (3)].

'/x

Substituting the cross section W,y (x,8) in the form"

Wo.n(z,0)= ZW & (z) P, (cos 8), (27)
we obtain from (25)
W (r)=2 jWﬂN (2) fo(1—fo) z*+dz,

Won (2) =W (z)—"/sWor (2). (27a)

In the crust of a neutron star the density is much less
than the nuclear density, the energy of the neutrons does not
exceed a few MeV, and they can be regarded as having a “low
energy” for nuclear reactions. In this case, S-wave scattering
is predominant, and its cross section W%, (x) does not de-
pend on the angle."

b) Calculation of a; , weak degeneracy

In the case of weak degeneracy (e ~* » 1), the quantities
a;, were calculated in Ref. 10. We go over to the variables G,
and g;:

ci=1/2(vi+vh‘)y &i=Uy—Vy. (28)

We introduce the dimensionless velocities

ma \ " 1 ym.\"
G.-=(—-) G, gi=-—(——) &
kT 2 \kT (29)

kT v\
) dGidgi.

2
dCidch':(

n

Using (12) and (28)-(29) in (20), we obtain
Qoo = ag, = a,;o = 0. This is also true for the case of arbitrary
degeneracy. For g, in the general case we obtain the expres-

sion
=8 (o) (£2) " Attt —u) (1= 1)

1
X [—2—(G:+g2) -Gigi] [Gign(Gigi—g®)

tGigy (g.8/ —Gigi') 1gWan (g, 0) dQdg.dG.. (30)
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Expanding with respect to the small parameter e* and
using (5), (12), (28), and (29), we obtain

fofos (1—1o") (1—for") =exp [—(G*+g") +2z0] -
x{1—2 exp [z,—"/,(G*+g*)] [ cosh (G.g:) + cosh (G:&)1}.
| (31)

Calculating a,, with allowance for (30) and (31), we obtain?

kETm,\%; kT \ " (2)
a“=32n3(m) (7) {e=Q® (2,1)

Ve[ 1Q00 (2,45) +aQ (3,41}, (32)

QL (r,d) =ﬂt§ e"”“g””dgj (1—cos' 8) W...(0, g) sin 646.
' ' (33)

Using the expansion of the cross section
spect to Legendre polynomials,

W.,.(8,0) with re-

©

Won(,0) =Y

=0

W' (g)P.(cos ), (34)

we obtain

o

4
(2) Y (r,d)= -’/nj' _dmg2r+3[

0

W (g)— w:.’:( )]

(35)

c) Calculation of g;, strong degeneracy

We make the calculation as in Ref. 11. The dependence
on the cross section can be expressed in terms of the function
[see (34)]

Wanl) =Y W22 () (PO 1" (36)

=0

As a result of integration, we obtain'!

o 102472 ,(kTm,.)“ A (37)
“TTe e (m) o
- _\: yYWady ¢
(1=y)* (2z) "

0

5. INTERPOLATION FORMULAS FOR THE TRANSPORT
COEFFICIENTS

For arbitrary degree of degeneracy of the neutrons, it is
not possible to obtain an analytic expression for @,,. There-
fore, we construct an interpolation formula for @, that gives
correct results in the limiting cases of weak and strong de-
generacy. For simplicity, we retain only the first term in Eq.
(32). Expressing x, in terms of n,, and T by means of (6) and
substituting in (32) and (37) in the two limiting cases ¢*° > 1
and x™ <1, we obtain
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Y (2)

kT
4,,=8n.? (_) Qo (2) for ev<i,
my

(38)
kT n 2 kT 'fa
256V2nnn( zm) ( ) I for e®>1.
nt n
Introducing the parameter
2072 2R\ % VaQ (2) {>>1 for e,
= fn
*T 8a ”’z(kTm,.,) 8T l<1 for ev<,
(39)

where 2!) (2)=0")(2,1), see (33) and (35), we obtain an in-
terpolation formula for a,, which holds approximately for
arbitrary x,:

25612 , (KkTm,\32) KT\" &
= it (e I—.
21 " (2n2h2) ( ) (40

= 1+e

my

a) Diffusion and thermal diffusion

We write the difference between the mean velocities
((v;} — (vy;)) in the following standard form (Ref. 8, p. 176
of the Russian translation):

nz

dlnT

(v;)—(vNi>= —

D, (i‘!d,.+k, ) ———
n

(41)

n.nn

Comparing (41) with (16), we find that the diffusion coeffi-
cient D, and the thermal diffusion ratio k- are determined
by

LGy

a.1) Diffusion coefficient

Substituting the solution of the system (19) in D, (42)
and using (26) and (40), we obtain

D,—_3 1(H)'( 2n2ﬁ2)’/1
1672Y2 n \m, kTm,
CZ://[%?I%‘/‘Q” - GG’/ 2. 2)+2.3 (3)
+%2I“%’1is]}[ ‘ (43)
qaw (DG (3)—8uw (2)+ T (1)_1 1+e’

(44)

We consider the limit of a nondegenerate gas: e™ <1,
e<1. From (6) and (25), we obtain

kTm,\ ™ |
G/Gy=1, n,=2 (—th ) nhe™,
2z (45)

~ (” (r)—'"VE;e%QnN (r)1
where [see (27)]
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Q& (r) =ij e=fgtrts dg j (1—cos' 8) W.x (g, 8) sin 0 db,
0

(46)
QLN (1) =2V [ =W, () g+ dg.
0
For D, , we obtain the expression
D'('nondeg)r_ 3 _i(ﬂ) [25 Q&Y (1) —5Qn (2)
16Y2n \ m./ L 4

+Q7(”iv) (3)+Q.2 (2) X7 ]A(nondcg)» (47)

Anoneg=Sn% ()5 (3)—Q.3" (2) +Q.5 () Q1 (2) na/ny V2.

(48)

In the limit of strong neutron degeneracy, e® %1, e» 1, we
obtain from (6), (25), and (27), using the asymptotic expres-
sions in Ref. 14 (p. 188 of the Russian original),

n—2 8n (kTm,\%"% ,
_"(" Dz ] S (2n=h=) o
(49)

n

N (Io)

2
a2 (r) 2{:.,‘ ,.N(xo)+%[r(r+1)x;“w

+2 (r+1) Io'WnN (170) +z, +1-W_nN” (.’L‘o) ] }’

where the prime denotes the derivative with respect to x,. In
this limit, the diffusion coefficient

1 (1) T (50)

D (deg) __ _
) nm, Wy (zo)

does not contain terms with neutron-neutron interaction. If
in (13) for D; we retain only one term of the expansion, with
d,, then in the nondegenerate case we obtain [like Eq. (47),
see Ref. 8, p. 200 of the Russian translation]

i_i(” )"’ LI (51)

[Dv(‘nondeg)] = -
1672 n \m./ QU (1)

For the classical interaction of elastic spheres,
2

YJT . RnN

“’(1)—7&,«, Wy =~ (52)

where R,y = R,, + R is the sum of the radii of a neutron
and a nucleus. Using (52) in (50) and (51), we see immediately
that D 98 (50) can be obtained, apart from a numerical coeffi-
cient, from (51) by replacement of the characteristic velocity
(kT /m,, )'/? by the characteristic velocity in a degenerate gas,
(kTx,/m,)""?, where x, is determined in (49). Such an ap-
proximation was used in the calculations in Ref. 4.

a.2) Thermal diffusion ratio

Substituting the solutions of the systems (18) and (19) in
k (42) and using (26) and (40), we obtain
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Sn, 17 G 5 Gs 5 Gs
k _-=__(____£____J_*_)[_ s g am ]
2 n\270G, 26,/l2 6, w (1) =8 (2)
25 G5/2 (1) S/ = (1) 1) 2“ nn 3 ]—‘
X[z G’Iz w ()= 5_G—Q"N (2)+8ux Q)= 21 ny 1+e '
(53)

For nondegenerate neutrons, using (45) and (46), we obtain

o (1) - (2)]

(nondeg)
T

) n,.[5
2 2

[‘1 2% (1)-50% 2)+0% (3)+0®

)

For strong degeneracy, using (49), we obtain

(deg) 1 n. 3\* nn% Wan' (o)
! —[1+n= (—) = Dn Do )
n! m. kT W,,N (zo)
m\ "m.? (kT)?
o (5) ]
X[ 21n \ 3 B n,ny W nN(-To) 53)

b) Neutron heat transfer

We find d; using (16) and substitute it in (15). Then,
using k- from (53) and (15), we obtain an expression for the
neutron heat flux in the form

ar 5 G, Gs,
q'”.=—}‘m T + — n,.kT —C;—(U|>+nkT

P " . 2k (Kvd—<vwid),

(56)

which is a generalization of the classical definition (see Ref.
8, p. 176 of the Russian translation) taking into account de-
generacy. For the neutron coefficient of thermal conductiv-
ity 4,,, we obtain

. Bk (kT )'/2 n,’ ( 2nh? ) * Gy,
" 64nt V2 kETm.! Gy
(7_&_5_65”) 25 (”/: a )
2 Gs,z 2 Ga/z 4 Gl/
Gy 1) e 1
52 M (9)+a,2 (3 + \ ] .
G (2) (3) e (57)

In the limit of nondegenerate neutrons, we obtain, using
(45) and (46),

nonde; 7 k kT 1/2 n
?»i. deg) _ /0 K ( ) n [ (”(1)
-1
—5Q.0 (2) +2 (3)+Q% (2)— ] : (58)
na¥2
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From (58) in the limit n, /n, —0 we obtain the well-known
(Ref. 8, p. 198 of the Russian translation) expression for the
coefficient of thermal conductivity of a nondegenerate neu-
tron gas:

}»(nondcg)_ 3—5_ ( ) / 1
" 64 \m,/ Q®(2)°
In the case of strong degeneracy, using (49), we obtain

o L (2) T
” 12\ 3 Wan (20)

[1+ 64 ( )"3 m,® (kT)? 1 ]"

217 \ 3 B onny Won () )
From this in the limit #,,—0 we obtain the coefficient for a
degenerate neutron gas (see Ref. 11):

—
fl 1(34

(deg)

Ann  =Tnth*n,/256Tm,t1.

"'"The expansion (27) is not suitable for the Coulomb interaction because of
the strong divergence at small angles 6.
*Note that in Ref. 10 the coefficient of 2 ® (3, 4/3) is 1.5 times greater.
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