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The influence of the magnitude and sign of the effective electron interaction on the stationary properties of
Josephson weak links was investigated within the framework of the microscopic theory. In the case of large
and small lengths L of the weak links, expressions were obtained for the coordinate dependence of the order
parameter, as well as for the critical field 1, as a function of the temperature 7. At intermediate lengths L the
I.(T) dependences were calculated numerically for a number of positive and negative values of 1. A

comparison is made with the known experimental data.

PACS numbers: 74.50. + r

1. INTRODUCTION

The microscopic theory of Josephson junctions with
indirect conduction (weak links), valid at arbitrary
temperatures, was developed previously only for the
case when the weak-link material, i.e., the material of
the bridge neck or of the sandwich filler, is “genuinely’
a normal metal with an interaction constant A=N(0)V
equal to zero.! In real situations, however, the weak-
link material can be a superconductor with A>0 and a
critical temperature T ,>0, as well as a normal metal
with x < 0. Metals with A < 0 do not become by them-
selves superconducting at any temperature, but in elec-
tric contact with a superconductor they can carry a
supercurrent on account of the proximity effect, i.e.,
can exhibit superconducting properties. These proper-
ties can be described® within the framework of the
microscopic theory of superconductivity, provided that
we replace in them formally T, by

’

T'=1140pe™"" >0y, A<0 (ky=h=1).

Unlike T, the quantity T* has no clear physical
meaning but is only a convenient parameter that de-
scribes the effective repulsion of the electrons.

The question of the influence of the magnitude and
sign of X on the critical current of a Josephson weak
link was up to now investigated only at temperatures T
close to the critical temperature T, of the supercon-
ducting electrods, in the following particular case: 1)
large junction length L > ¢ (Ref. 3); 2) close tempera-
tures T,,, T and T, with T,,2 T =T, (Ref. 4).

The purpose of the present paper is to study the in-
fluence of the magnitude and sign of the effective elec-
tron-electron interaction constant on the critical cur-
rents of Josephson weak links at arbitrary tempera-
tures 0<T < T and arbitrary junction lengths L.

2. GENERAL RELATIONS

We assume that the materials that make up the weak
links satisfy the “dirty” limit conditions of the usual
quasi-one-dimensional model which is valid if the
transverse dimension w of the junction is much less
than the Josephson penetration length A,. Introducing,
as in Refs. 5 and 6, the functions &(w, ), we write
down the Usadel equations’ in the form
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T,
0=2+E> (@0, G=o (0 +00) (1a)
[0}
T A 06
Al + 2aT —_———)= >
N ngg(w m)o,xo, (1b)
T A @G
AIH—F+2HT§I(—(!)———@)=O, A<<0, (lc)
2TL 1
IsRy= — G*(RI'-IR’).
Ry ="— nga(m IR’) (1d)

@>0

We have introduced here the quantity
g =(D/2nTc5)", (2)

which is the coherence length of the filler material at a
temperature equal to the critical temperature of the
electrode materials; the prime denotes differentiation
with respect to the coordinate along the current direc-
tion, D is the diffusion coefficient, Ry is the resistance
of the junction in the normal state, L is its length, and
R and I are respectively the real and imaginary parts of
the functions &.

The system (1) must be supplemented with boundary
conditions. We shall assume that on the boundary of
the bridge with the superconducting electrodes are
satisfied the simple “rigid” boundary conditions

R(%L[2)=A,cos (9/2), I(£L/2)==%A,sin (¢/2), (3a)

where 4, and ¢ are the modulus and the phase differ-
ence of the electrode order parameter. These condi-
tions are realized on the weak-link edges either in
variable-thickness bridges (VTB) (Ref. 8) because of the
special geometry of the junction, or else in sandwich
junctions on account of the substantial difference be-
tween the parameters of the materials of the electrodes
and the filler.®!° Namely, the sandwich filler material
must have a sufficiently high resistance:

(0.8")/(c&.)>min{1,L/E},

where 0, and 0 are the normal-state conductivities of
the electrode and filler materials, and £, is the co-
herent length of the electrode materials.

By virtue of the obvious symmetry of the problem, it
can be solved on the segment [0, L/2], assuming that at
the point x=0 (at the bridge center)

R’(0)=0, 1(0)=0. (3b)
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The solution of the boundary-value problem (1), (3) be-
comes simpler in the limiting cases of small and large
junction lengths.

3. SMALL LENGTH LIMIT

At L < £* we can neglect in (1a) the non-gradient
terms and obtain for & the equation'!'*%:

L B Q\" 12z A, sin(g/2)

=A, cos— + 4 A, fcos? — g — mevwe

O=A, cos ) i (m +A, cos 3 ) tg[ i3 arctg [o' T A cos (9/2) ] ]

(4)
This solution is valid only at frequencies w < wy=1"%T,,,
where I=L/t*. Since the Eq. (1d) for the supercurrent
contains a rapidly converging sum over w, the sum can
calculated using only the first few terms defined by Eq.
(4). It follows from the self-consistency equation (1b, c)
that to determine the order parameter A we must know
the behavior of the functions & (w, v) also at higher fre-
quencies. It becomes easier to determine A(x) because
the system (1) is linearized at the frequencies w2 o)y
=T,. Inthis case w, =T, <w,~1"?T,, i.e., there
exists a wide range of frequencies in which the solution
of the system of linear equations [i.e., of Egs. (1) with
G=1] and the solution of (4) overlap.

We seek the function A(v) in the form

A=C+iBz, (5)

where C and B areas yet unknown constants. Substituting
the sought form of the solution (5) in (1a) and putting G
=1 we obtain the solutions of the linearized equations

_ 9 _\_chbz
R—C+(A.cos : c) TR (6a)
- 9 sh pz o \"1
—Bo+ (A.smz BL/2) G ﬁ—(nT“ ) T (6b)

If > 0 we obtain, substituting the obtained solutions
in the self-consistency equation (2b),

T.
Aln———+2nT2( A A )
7. “\ a7 (@ reo)”

+2HT{ ( A.cos5 C) ol % chc(l;ijz)
. B.
+i(A.sm21—.2_L)2%5h?§£/;) }=0. @)

0>0,

The last two sums in (7) converge exponentially in the
internal points of the junction (v #L/2) and are deter-
mined by the sum of the terms with frequencies w < w,.
At w < w, we can put approximately

ch Bz/ch (BL/2)~1 and sh Bz/sh(BL/2)~2z/L.

As a result we find that the indicated sums are equal
with logarithmic accuracy to Inl"2 and 2«/L Inl-2.
Neglecting the first sum in (7) compared with the
logarithmically large remaining terms, we have for
A(x)

Ini-? ) z [
A =A.——-——-( 2 +2isind). 8a
@) = T \ sy H 2 sing ) (8a)

By similar calculations for the case A < 0, recognizing -

that In(T*/T,,) > Inl~?, we obtain for A(x)
- - . f 9 % . 9
A@) =8I/ (T/7)] " cos -+ 2 sin 3 ) (8b)
where the real part is negative. It follows from Egs.
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(8) that A(x) undergoes on the boundary a jump equal to
A, at T,=0 or, equivalently, as T*—~=, The size of
this jump increases with decreasing T*, i.e., with in-
creasing repulsion of the electrons in the N-metal. If
the filler material, however, is superconducting, A

is finite even at small T, and is of the order of 4,
while the jump is small. The derived relations (8) can
accelerate considerably the numerical solution of the
boundary-value problem (1), (3) at finite L ~&*,

4. LARGE LENGTH

In the limit of long junctions, L > £*, the following
cases differ greatly: 1) T< T,x>0and 2) A\<Oor T
>T,x>0. At T< T_(SS’S junction) a homogeneous cur-
rent state is realized in the system, and corresponds to
a solution of the type

O=|0[ew, A=|Ale,

where |®| and | A| are independent of the coordinates.
The indicated substitution enables us to reduce (1) to
the system of algebraic equations in | #| and | A] which
was solved in Ref. 5. It was shown there that the tem-
perature dependence of the critical current, which co-
incides with the pair-breaking current, is subject to
the Ginzburg-Landau (GL) law Ip(T) < (T, - T)*/% only
in a small vicinity of 7, and differs substantially from
it at lower temperatures. Recent experiments'® were
in good agreement with this theory.

In the case of an extended SNS junction (T >T, or A
<0), Egs. (1) can be solved by the method proposed in
Ref. 4, i.e., we can seek their solutions in the form

O=& (x—L/2)e~"“"*+d (x+L[2)e?, 9)

where ¢ is the phase differences between the electrode
order parameters. The functions &(x) describe the
superconducting properties of a semi-infinite N-metal
located in the region x < L/2 and bordering on a super-
conductor. Since the functions & decrease exponentially
with increasing distance from the SN boundary, substi-
tution of the solution (9) in the formula (1d) for the
supercurrent leads to a sinusoidal dependence of Is(cp)
and to an exponential dependence of I, on the weak-link
length L:

V. L
= it
I, R L>E. (10)

The actual forms of the quantities V, and of the effec-
tive coherence length £ in (10) depend on the relation
between the temperature T and the critical tempera-
tures T, and T, of the electrodes and of the weak link.
Thus, if T,=0 we can obtain for the functions H(x)
analytic expressions that lead to explicit dependences
of V, and of ¢ on the temperature!*:

64nT Al

Vo= e (nT+A'+{2A'(J‘tT+A‘)]’/x}I ’

Ar=[(nT)*+Az]",
11
E=&r=(D/2aT)".

At T,#0 the determination of V, and ¢ is greatly facili-
tated by the presence of two characteristic 1engths
over which the function ti(x) and the order parameter
A(x) fall off in the normal metal. In the immediate
vicinity of the boundary this falloff is described by the
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nonlinear equations (1) and takes place at distances on
the order of several times {* from the boundary. Fur-
ther decrease of the functions & and A takes place with
a characteristic length £> £* and obeys either a sys-
tem of linear equations [i.e., Egs. (1) with G=1] if T
>»>T,, or the GL equations if T=T,. ‘

In the former case, in the region where & and A are
small, it is convenient to seek the solution in the form
of a sum of damped exponentials. At large distances
from the boundary, only one exponential is significant
in these sums

_ A
1—nTk*/ o

=T Tiie exp {kn(z—L/2)/ts}, (12)

where ky is the smallest positive root of the equation
1y (4 R\ (In(T/T), if A>0,
"’( 2 ) "’(2 T) —{In(T/T‘), if A<,

and ¥(z) is the logarithm of the gamma function. Equa-
tion (13) determines the temperature dependence of the
effective coherence length &¢:

(13)

E=hy""Er (14)
At small values of T, or at large values of T* we have
for ¢ from (13) and (14)
gxe=[1+2/In(T/T.)}* if 2>0,
et =[1+2/In(T/T)]" if A<0, T<T",

(15a)
(15b)

and as T -~ T, we obtain an equation that coincides with
the GL coherence length for a superconductor with a
critical temperature T,:

T, A
o I (16)

T
t=ta() =t | |
We note that expression (15a) follows also from the so-
called single-frequency approximation (15), when only
the first terms of the sums in (1) are taken into account
in the self-consistency equation (1b) and in the equation

(1d) for the supercurrent.

The ¢(T) dependence obtained by solving (15) is shown
in Fig. 1 (curve 1). Curve 2 shows the £,(T') depen-
dence that follows from the single-frequency approxima-
tion.'® A better approximation to curve 1 (not worse
than 3% at arbitrary 7/T,) at A>0 is given by the ap-
proximation formula

g=&[1+ (=n*/4) In (TIT) 1™ amn

At negative values of A the quantity ¢ depends relative-
ly weakly on the absolute value of A, and ranges from
t¢p at x=0 to 0.6& 4 in the limiting case of strong elec-
tron repulsion A — = =,

To find the critical current (10), it remains to obtain
the value of V,. Substituting the solution (12) in (9) and
using the expression (1d) for the supercurrent, we ob-
tain the connection between V, and 4,:

al (A (1 kn®
n= ) vz a8
where 37(z) is the derivative of the psi function. The
temperature dependence of V, is easiest to determine
at temperatures T =T, (Refs. 3,4) when, owing to the
smallness of & and A compared with T, the linearized
equations (1) are valid in the entire N region. AtT-T,
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FIG. 1. Curve 1—temperature dependence of the effective
coherence length ¢ in Eq. (10) for cases of effective attraction
(x>0, right half of the figure) and repulsion (A <0, left half)

of the electrons. Curve 2—¢(T) dependence that follows from
the single-frequency approximation,!® £ = (D/2rT)/2. The
dashed line shows the relation (16) that follows from the GL
theory.

» T, —T and T=T,, these equations lead in the case of
rigid boundary conditions®:

32 T—T In(T/T) 711 (1 E -t
T e [ ky? [ (2— 2 )] : 19

In the limit as T,—~0, Eq. (19) yields the result of Ref.
1:

0

32 T.—T _ 4 AT (20)

| R —

We determined V, numerically for arbitrary values of
T. To this it was convenient to change over in (1) to the
new functions

F=0(1—nTky*/0) exp {—ky(z—L/2)/E:}, (21a)
A=A exp {—kx(z—L/2)/&}, (21b)

which have, at sufficiently large distances from the SN
boundary, the meaning of the pre-exponential factor
contained in (12) and determining the parameter V, (18).
The system of equations for F and & which appears
when (21) is substituted in (1), was solved with the
boundary conditions

F(—0)=0, F(L/2)=A,(1-nTkx"0). (22)

As T approaches T, the difference between £ and &
becomes according to (16) more and more significant,
and to obtain numerical results it becomes necessary
to decrease the intervals in the solution of the difference
problem, so that several subdivision points are con-
tained within the distance £* from the boundary. This
lengthens greatly the computation time.

We have therefore used in the region T=T, another
method, more suitable for the problem, of calculating
V,; this method reduces to solving the system (1) on
the segment —x, < x — L/2 <0 with the following boundary
condition at the point x = x,:

. 8n*T.
@ =kyA[1+A%/2A2]"%, A,,’=—7—C(T)IT¢—T|. ven<te(T). (23)
This condition follows from the requirement that the
function  become equal to the solution of the GL equa-
tions, which are valid in the weak-link region at a suf-
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ficient distance from the boundary.

Solution of Eqgs. (1) with boundary condition (23)
enables to determine the order parameter A(x,) and its
derivative A’(x,). Using these values and the explicit
form of the solution of the GL equations, which is given
by Eq. (16) of Ref. 4, we easily obtained the value of A},
which is an extrapolation of this dependence to the point
x=L/2. If we introduce, as in Ref. 4, the quantity

A=Ay°[A, (24)
the coefficient V, is expressed in terms of A by the
formula

_ 64n IT—TI A?
TTB) e [1+({+4Y2))

In the temperature region T =T =T it follows from
(24) that

A=(To—T)"/|T=T1",

(25)

0

and under the additional assumption T -T,>»>T -T
Eqgs. (25) and (19) lead to identical results for V.

The calculated temperature dependences of the pa-
rameter V, are plotted in Fig. 2. It is seen that the
plot of (11), which corresponds to T,=0, is actually
the envelope of the family of V,(T) plots for different
values of T,. This means that an SNS junction with
finite critical temperature of the weak-link material be-
haves in a sufficiently wide temperature range just as a
junction with T_,=0, i.e., the function V,(T) is deter-
mined by Eq. (11) but with a different coherence length
£ (14). .

Thus, at L > ¢ the main influence of the effective-in-
teraction constant X of the electrons reduces to a change
of the coherence length of the weak-link material.

5. ARBITRARY LENGTHS AND TEMPERATURES

In the case of arbitrary junction lengths, we deter-
mined the characteristic voltage V =I_Ry by the nu-
merical methods described in detail in Ref. 6. The cal-
culation results are given in Fig. 3, which shows the
temperature dependence of I, for different values of
T,/T, (x>0), T ,o/T*(x < 0) and L/t*. In the limit of

Vp/(8,/e)
- T

f T T T T T T T

-

-

7
T/ Tes
FIG. 2. Temperature dependence of the coefficient V, that de-
termines the critical current (10) of long weak links, for dif-
ferent ratios T./T,, marked on the curves. The dashed lines
show the asymptotic behavior at T~T,; V, near the critical
temperature T, is determined by Eq. (19).

238 Sov. Phys. JETP 56(1), July 1982

04 0.8

Ufll : 01.19

T/ Tes
FIG. 3. Temperature dependence of critical current I, for
different values of L/¢* and A: a) A<0, T,/ T*=10" (solid
curves), T,,/T*=0 (dashed), b) A>0,T./T,=0.2; ¢) T,/ T,
=0.5; d) T,/T, =1, the circles show the experimental results
for Ref. 21 for bridges. The arrows mark the points at which
the (@) become multiple valued; the dashed lines on Figs. b),
c), and d) are plots of the pair-breaking currents,’ and R, was
taken for the maximum values of L/¢*, which are marked on
the curves.

short junctions (L < £*) the value of I Ry is independent
of the properties of the weak-link material and agrees
with the one calculated earlier by Kulik and Omel’yan-
chuk.'' At finite lengths L the value of I, depends al-
ready substantially on the properties of the weak-link
material. If A <0, then I, decreases monotonically
with increasing L. The curves calculated for the case
of effective repulsion of the material in the weak-link
material (solid curves of Fig. 3a) differ insignificantly
in this case from the V,(T) plots for A =0 (dashed curves
in the same figure). This proves once more that the
stationary properties of the Josephson junctions depend
little on the absolute value || at A< 0.

If x> 0 the weak-link material has a critical tempera-
ture T,> 0 and the behavior of the characteristic voltage
is substantially different at 7> T and T < T.. In the
former case the weak-link material is in the normal
state and I Ry decreases with increasing L. In the
latter case the weak-link material is superconducting
and increase of the length L leads to a transition from
the Josephson effect to the pair-breaking effect, and
hence to an increase of the product I_Ry. The aggregate
of the parameters at which the function I,(¢) becomes
multiple-valued can be taken to be the point of this tran-
sition; such points are marked by arrows in Fig. 3.

At T=T_ (Fig. 3d) IRy increases monotonically with
increasing L at all temperatures and (in the region
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where I,(®) is single-valued) it reaches a maximum at
L=(4-6)t* in the temperature region T= T, /2.

6. COMPARISON WITH EXPERIMENT

Almost all the experiments performed to date were
aimed at determining the temperature dependence of
the critical current only in structures with sufficiently
large weak-links, L > £ (Refs. 16-20). It was observed
in these studies, in accord with the theory developed
above, that at 7 < T the critical current is determined
by pair-breaking effects in the bridge film and behaves
like I, (T, - T)*/* as T approaches T,. Below the criti-
cal te)mperature the current falls off rapidly (exponen-
tially).

Harris and Laibowitz'® investigated ion-implanted
molybdenum bridges. The circles in Fig. 4 show the
experimental I, for the sample Mo-15-B-C2 (L =0.5
um). The solid curve is a plot of the I,(T) dependence
that follows from the theory developed above for L/¢*
=47, and agrees within approximately 10% with the
independently measured value of this ratio. The thin
lines show the asymptotic dependences in the limit of
long junctions at T< T, and T>T_.. It is seen that the
theoretical curve agrees well with the experimental
results. The crosses mark the results of calculations
by the Ginzburg Landau theory,* which is rigorously
valid at temperatures T=T_ =T, (the parameter L/g*
was assumed equal to 50). The relatively good agree-
ment of even such a simple theory with experiment is
in full accord with the results of Sec. 4 of the present
paper, where it is shown that even a substantial dif-
ference between T, and T, (at T~ T,) leads only to a
small change of the pre-exponential factor in (10).

The remaining papers'” ?® dealt with the I(T) depen-
dence for SNS structures. Good agreement was ob-
served with the theoretical calculations of Ref. 1 in the
case 2=0 (see, e.g., Fig. 2 of Ref. 20). In the case of
the variable-thickness Pb-Cu-Pb bridges investigated in
Refs. 17 and 18, and in the case of Nb,Sn-Cu-Nb,Sn (Ref.
19), it was found (see Fig. 5) that the theory developed

I/
e

IR SRR

7

T

>

T

T
/{{\ Lol

!

-0.72 —l/.lllll R 0.1z

(T-7)/%
FIG. 4. Temperature dependence of the critical current.
Circles—experimental data for the Mo-15-B-C2 sample of
Ref. 16. Thick line—dependence calculated in accord with
the present theory for L/t¢*=47. The thin lines show the
asymptotic dependences at T> T, and T< T, in the limit of long
junctions. The crosses mark the points calculated! by the GL
theory for L A*=50, I, is the proportionality coefficient in the
temperature dependence of the pair-breaking current in the
GL theory: I,=I(T,— T2,
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FIG. 5. Experimental temperature dependences of I.Ry: a—
for Pb-Cu-Pb bridges from Refs. 17 and 18; b—for Nb;Sn—Cu
~Nb,;Sn bridges from Ref. 19. Solid curves—theoretical plots
for A<0 (T, /T*=10")and L/£*=6.5; 9.0; 9.6 (), L/£*=6.0
(b). Dashed curves—theoretical plots for A=0(T,,/T*=0) and
L/£*=8.2; 11.6; 12.4 (a), L£A*=8.0 (b). The theoretical
curves of Fig. 5(b) were calculated using for T the value
17.5 K, which differs from the critical temperature T,
=16.65 K of the composite SN electrode and corresponds to
the critical temperature of only the superconducting film. In
case (a) the difference between T, and T, was insignificant.
The values of L/ t* indicated in Figs. 4 and 5 were chosen to
obtain best agreement with experiment.

above, which takes into account the effective repulsion
of the electron in the bridge film (solid curves), leads
to better agreement with the experimental data than the
results of Ref. 1 (dashed curves). The discrepancy be-
tween theory and experiment at T=T, is due to the sup-
pression of the superconductivity on the banks, i.e.,
with deviation from the rigid boundary conditions (3a)
used by us.'?

It can thus be concluded that the electron interaction
in the investigated Cu films is repulsive. However, the
low sensitivity of I, to the value of A at A< 0, as well as
the additional decrease of I, as a result of the suppres-
sion of the electrode superconductivity in these struc-
tures by the proximity effect do not make it possible to
determine this parameter with sufficient accuracy.

Finally, Feuer and Prober® investigated bridges of
variable thickness having banks and bridges made of
the same material (Pb, ¢In, , alloy) and having short
lengths (L =400 A) that are records for such structures.
Their experimental data are marked by circles in Fig.
3d. It can be seen that they agree well quanitatively
with the theoretical I (T) dependence at L/¢*~3. The
coherence length £*=130 A that follows from this com-
parison is close to the estimate made by the authors of
the paper (£* <160 A) and is typical of such materials.?

7. CONCLUSION

An investigation of the influence of effective electron
interaction in the weak-link material on the critical
current has shown that the presence of effective repul-
sion (A < 0) does not lead to a substantial lowering of
values of the critical current I, of Josephson junctions.
The reason is that the coherence length of the weak-
link material depends relatively little on the absolute
value of X in this case.

Kuprianov et a/. 239



At A >0 the stationary properties of the Josephson
junctions differ substantially for the temperatures T
<T,and T>T_. In the former case (SS'S structures)
an increase of the length L is accompanied by a transi-
tion from the Josephson effect to the pair-breaking ef-
fect. In the second case (SNS structure) the values of
I R, decrease monotonically with increasing L, and in
the limit L > ¢ the properties of structures with finite
T, are practically the same as at T,=0, but with a
somewhat different effective coherence length & (Fig. 1).

Comparison of the results of the theory with the latest
experimental data has shown them to agree well, al-
though the low sensitivity of the properties of the junc-
tion to the value of X at A < 0 does not make it possible
as yet to determine [\| from the experimental data.
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