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An XY model with weak random anisotropy is considered. In the two-dimensional case at » = 1 and 2 there
is no phase transition. At n >3 there exists a temperature range T* < T < T, in which the low-temperature
phase of a “pure” XY model is realized. At T < T* the parameters T and A are substantially renormalized,
namely 7—T* and h 2,0, so that low temperatures are effectively unattainable. There is therefore no state of
the spin-glass type, although the susceptibility has a quasicusp relative to 4 (X)=h50 at T = T*. A quasi-
two-dimensional layered system with weak coupling of special type g cosn (6, ., — ;) exhibits at T* < T < T,
the same properties as in the two-dimensional case. At T < T*, however, for any arbitrarily weak coupling g |,
the system becomes essentially three-dimensional. The renormalization-group equations have “standing pole”
solutions, thus indicating a phase transition into a spatially fully disordered state of the spin-glass type.

PACS numbers: 61.50.Ks

. INTRODUCTION

The possibility of the existence of a phase of the spin-
glass type' in disordered magnets having a low spatial
dimensionality (d=2 or 3) continues to attract in-
creasing interest. We consider this problem in this
paper using as an example a planar (XY) classical
ferromagnet in the presence of random anisotropy
fields. We consider separately a two-dimensional (2D)
and a quasi-two-dimensional (layered) system.

The “pure” (without random fields) 2D XY model has
by now been fully investigated (see, e.g., Refs. 2-5).
Just as in any 2D magnet with continuous symmetry
group, thermodynamic fluctuations make a long range
order in this system impossible. Nonetheless, a phase
transition does take place in the 2D XY model and is
due to formation of a low-temperature phase charac-
terized by the so-called quasi-long-range order with a
slow power-law decrease of the correlations. The de-
struction of the low-temperature phase and the transi-
tion to the paramagnetic phase is due to formation of
vortical excitations.>® In the dual representation, the
XY model is described by the well-known sine- Gordon
model,® which is equivalent in turn to the Thirring mod-
el of interacting massive fermions.®~® This equivalence
is preserved also in the case of a disordered model, so
that from the technical point of view it is convenient to
study the properties of the initial disordered magnet in
the language of fermion theory which is known to be re-
normalizable in the two-dimensional case.

Two types of disordered models are usually con-
sidered. These are either models in which the random
quantity is the interaction between neighboring spins
(models with random bonds), or models in which each
spin is in a random external field. In the case of the
XY model with random bonds (see, e.g., Refs. 9 and
10) the question of the transition into the spin-glass
phase can be raised only in the case of strong disorder,
when the system contains a large amount of frustration'!
and strong degeneracy of the ground state sets in.

In the case of the XY model with random field, the
situation is somewhat different. The system energy can
in this case be written in the form
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H=-— Zcos(61+¢—6,)—2 hicos(ny);

e
here 0 is the angle variable that specifies the direction
of the planar spin (0 < < 27), n/is the anisotropy order,
and h;, is the random field: %k, =20, All the variables
are assumed specified at the lattice sites, and the sum-
mation in the first term is over pairs of nearest neigh-
bors. It is well known (see, e.g., Refs. 12 and 13) that
even at arbitrarily small value of the random field
(h; < 1) there is no long-range order in such a system
if the space dimensionality d<4. This can be seen al-
ready from the following qualitative considerations. Let
the characteristic length over which the long-range
order is destroyed by R,. In a volume with linear di-
mension of the order R, the exchange energy connected
with the deformation of the structure is then of the
order of R%"? (4 is the dimensionality of space), where-
as the energy gain in the same volume, due to the inter-
action with the random field, is of the order of the
mean squared value (gR%)'/%. At d< 4 the energy gain
due to the alignment with the random field is larger
(at sufficiently large R_) than the loss of exchange ener-
gy, so that formation of a randomly inhomogeneous
structure with a characteristic correlation radius R,
~g'/-%) is fayored (at this value of R, both terms in
the energy are of the same order). The foregoing esti-
mates show that at the temperature 7 =0 the system
should be in a spin-glass state with “quenched” spins
and with a finite correlation radius (which is large in
the case of weak disorder). The question of the stability
of this state at T #0 relative to thermal fluctuations be-
comes one of the basic ones for the theory of spin
glasses and other essentially disordered systems. A
consistent approach to the solution of this problem calls
for understanding the properties of the ground state of
the spin glass and of the excitations near it. For lack
of this understanding at the present time, we must use
the “rule of contraries” and seek the high-temperature
(paramagnetic) phase instability due to spin-glass
formation. The available attempts to describe analyti-
cally this instability (see, e.g., Refs. 14-16) use as
the starting point the self-consistent-field theory (the
1/z expansion, where z is the number of nearest neigh-
bors) and, as shown in Ref. 15, encounter serious dif-

© 1983 American Institute of Physics 189



ficulties already at d < 6.

We propose here an approach that does not use the
1/z expansion and is based on the well known proper-
ties of the 2D XY model. We consider the properties
of a purely two-dimensional and of a quasi-two-dimen-
sional (layered) medium. Since we are considering
weak random fields, and the characteristic spatial scale
of the problem is large compared with the lattice con-
stant, we can use a continual approximation and con-
sider continuous random fields %(x) with a correlator
h(x)n(x")=g6(x —x’). We show that in the 2D case states
of the spin-glass type with “quenched” spins are un-
stable at all T #0, and there is no phase transition at
all atn=1 or 2. Atn> 3 there exists a temperature re-
gion T*< T < T, in which the disorder is inessential and
the low-temperature phase of the pure 2D XY model is
realized. At T < T* there is a substantial renormaliza-
tion of the parameters T and g, leading to T,,,=T* and
Zo1:=0. A short variant of this part of the work was
published in Ref. 17. In Sec. III we consider a three-
dimensional layered system made up of the two-dimen-
sional systems described above (with »> 3) and with a
weak interlayer interaction of special form g, cosn(6,.,
- 6,). At T >T* this interaction is insignificant and
the results reduce to those obtained with g, =0. At T
< T* and at an arbitrary relation between g, and 5 the
“two-dimensional” solution is unstable and the system
becomes essentially three-dimensional. Analysis with-
in the framework of the “fast parquet” method"®
shows that the “moving-pole” solution characteristic
of the pure (g=0) system is unstable at all g+0 (thus
again indicating instability of the ferromagnetic state)
and is realized by a solution of the “standing pole”
type. It seems to us that this last instability is evi-
dence of a phase transition into the spin-glass state at
T < T* 1t is curious to note that a formal considera-
tion of the fast-parquet equations in the case of more
than two “transverse” dimensions (corresponding to
d>4) demonstrates the stability of the “moving-pole”
solution relative to g#0 and agrees with the presence
of ferromagnetic order in the considered model at d
> 4 (Refs. 12 and 13).

il. 2D XY MODEL WITH RANDOM ANISOTROPY

We consider the XY model in a random-anisotropy
field x(x) cosnf(x). Using the known transition to dual
variables,® the effective Hamiltonian of our model can
be written in the form

H=jd’x[‘/z(6,.(p)’+ucos Bp-+h (x) cos Be], (1)

where ¢ =6/T'/?, § is the variable dual to @: ¢,,9,@
=08,9, B=21/T2 B=nT'2(8f=2mm). The second term
in (1) describes vortical excitations of the XY model,
and the parameter » assumes the role of the chemical
potential of the vortices. We shall be interested here-
after in the region near the point 8%=4n (or %= mm?).
Since the low-temperature phase of the XY model cor-
responds to the region 82> 87 (Refs. 4 and 5), it is
necessary, if the value of interest to is to be in this
region, that n be larger than or equal to 3. It is
knowr_l"f’ that in the low-temperature phase the term
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FIG. 1. Diagram representation of the vertices g and 2.

u cosB@ is inessential in the Hamiltonian (1), so that
our Hamiltonian becomes the Hamiltonian of the sine-
Gordon model with random mass %(x). Using a known
transformation, this model reduces to the Thirring
model of interacting massive fermions.®"® These two
models remain equivalent also in the case of a co-
ordinate-dependent mass k(x). (To verify this it is
convenient to use the boson—-fermion transformation in
Euclidean form, introduced by Zamolodchikov.?) As a
result we arrive at the Thirring model with random
mass:

H = [ @2ldpth() B0+ 0], (2)

where (1+g/m)"'=p*/4n, 5+7%,0,,7, are Dirac 2D
matrices, and ($9)=3."y_+¥¥,. To average over the
random field k(x) it is convenient to use the method of
replicas.”® As a result we have

N N
H= a2 Y [Fovta @) @ 1+a), @ Ev), @)
ami ab=1
where a,b=1,2,...,N are the replica indices, and it is
necessary to put N=0 in the result. Both charges g,
and g, are assumed small. This means, first, that the
analysis is carried out near the point 8%=47 (which cor-
responds to g,=0 and to a temperature T =47/n*=T*),
and second that the random field is weak.

In the zeroth approximation the only nonzero Green’s
function components are

CO () =yt () (1) = = ZTH

2n Il @)
6 (1) =+ (O)p- ()= o
- SO =

The vertices g and g are shown in the diagram repre-
sentation in Fig. 1. In the parquet approximation, the
renormalization of the vertex g is given by the diagram
of Fig. 2, and that of the vertex g by the diagrams of
Fig. 3. The corresponding parquet equations of the
renormalization group are

dg 2 _ dg

Fa
Here £=1n(A’/A), andA and A’ are the old and new cutoff
scales at small distances. The asymptotic solutions of
the system (5) depend essentially on the sign of gle.o
=g, Atgy,<0 (T>T*) we have

=_E_gz+2_gg. (5)
n n

g(E~> o) =g, exp(—&o/|g]),

(6)
g(E~>)=0.
FIG. 2. Diagram representing the vertex g.
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Diagrams that renormalize the vertex g.

FIG. 3.

At g,> 0 (T < T*) there is realized the “zero charge”
asymptotic

11
e’ g(E)= ? (7)
We note that at g, <g, the solution reach the asymptotic
forms (7) at

g(®)=

Sra—mfel
&o & &

Solutions (6) and (7) are shown in Fig. 4 in terms of
the effective XY -model temperature T,,,(¢)=47n-2[1
+g(£)/7]"*. The region of the initial temperatures T*
< T< T,=n/2 where T, is Berezinskii-Kosterlitz-
Thouless temperature) corresponds to a line of fixed
points in which the correlators are scale- invariant and
the degree @ of the spin- spm correlator {[s(0 ]>
~»"* changes from 2/n®to 3. The random f1elds are
insignificant in this region. The effective temperature
of the model turns out to be lower than the bare tem-
perature (Fig. 4).

An interesting situation is observed in the region T
< T*. The presence of random fields leads, at large
scales, to an increase of the effective temperature,
which tends to the universal value T, (£ ~©)=T*=47/
n®. This means that the system cannot be cooled below
T*, meaning also that a spin-glass state with
“quenched” spins cannot be reached. Nonetheless the
temperature dependence of the system susceptibility
X= 6((cosB<9>)/8h relative to a nonzero mean field k()
=0 has a “quasi-cusp” at T=T*. The width of the quasi-
cusp 5~g, is small if 2 <<1,§,<1land 2, In(1/n) > 1. In-
deed, since cosB® corresponds to (¥y), the calculation
of x reduces to calculation of the four-fermion mean
value

jd:z< T) (0) (yy) (x)7,

which is the usual polarization operator (Fig. 5a).
Therefore
In(1/h)

v~ [ aer ),

where the angular part of 7(¢) (Fig. 5b) is calculated
with the aid of Eqs. (5) and the supplementary equation

2D - Lo+ tsw. @)

ag
Paramagnetic
phase

FIG. 4. Qualitative picture of the temperature renormalization
at n=23[Ty,, = T(£=)].
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FIG. 5. _a) Dizi_gram representation of the four-fermion mean
value { @¥) (0) (b¥) x)); b) vertex part of 7(¢).

The result is

1 ay 1
— ~—=, (9)
X 080 lgm-s &

1 oy - 1

X 6gu wmso  GoIn(GIn(1/h))

Therefore the relative slope of the X(g,) curve changes
substantially near g,=0 in a narrow region having a
width of the order of g,. At g,>0 it follows from (8)
that 7(¢) ~[(In¢)/£]*/2, therefore in this region (T < T*)
the asymptotic form of the correlator is

Inz

K (x) =<cos pg(0) cos B (z) >=< () (0) ($y) (x)> ~ :’lln p (10)

As T-T*+0 we have K(x) ~x~2%, and at T=T* we have
K(x)~x"2?1In"'x. It must be noted that Egs. (5) are valid
only when T - T*~g,<< 1, and not in the entire region
0< T < T*. Nonetheless, the parquet equations in the
next order in g

dg 2 _ dg &8
== 2 + +
g8, g(l g/n) 1 Trgn’

P (11)

show now new tendencies whatever in the behavior of
the solutions g(¢) and g(£). We hope therefore that our
results are qualitatively valid in the entire range 0

< T< T*. (We note that the last term in the second
equation of (11) is exact, as can be easily verified by
comparing the renormalization of the vertex g with the
mass renormalization in the Thirring model.)

All the foregoing is valid only at n> 3, when T*< T,.
In the cases n=1,2 (T*> T,) the vortical excitations
near T* cannot be neglected. The qualitative picture is
here the following. It is obvious that weak random
fields do not change qualitatively the properties of the
paramagnetic phase of the pure system at T> T,. The
renormalization trajectories for T < T, are shown in
Fig. 6. According to (5) the effective temperature in-
creases to T,, after which vortices appear and the
paramagnetic phase sets in. There is therefore no
phase transition in the system at n=1 and 2.

We note that our results are directly applicable to the
XY model with isotropically distributed random fields
h cosn[8+ a(x)]. The Hamiltonian has in this case a
different symmetry, so that another behavior of the
system is expected at T< T*. A similar system was
considered recently in Refs. 21 and 22, where, just as

//I/// -

T. T

Tetf

FIG. 6. Renormalization trajectories at n=1 and 2.
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in our case, a universal temperature T*=47/n%, which
limits at n> 3 the low-temperature phase of the XY
model, was obtained.

I1l. QUASI-TWO-DIMENSIONAL XY MODEL WITH
RANDOM ANISOTROPY

In this section we generalize the analysis of Sec. II to
include the case of a layered system with a weak cou-
pling between layers. We shall use here the “fast par-
quet” method developed by Gor’kov and Dzyaloshinskii'®
and by Obukhov'® in the theory of quasi-one-dimensional
metals.

Each layer is a 2D XY model with random anisotropy
h(x) cosnf (considered in Sec. II), and the coupling be-
tween the layers is specified by an interaction of spe-
cial form g, cosn(6;,, - 6;), where i is the number of the
layer and g, is a parameter assumed to be small. The
Hamiltonian of our problem is then

1
H= Z"- d*z [2— (8,9:) >+ u cos PPithi (x) cos Poit g, cos B(Qiri—¢r) ] .

(12)
In the fermion representation this Hamiltonian is given
by

H= Zj dzx[ (‘17:9117) th; (x) ('$¢) i+ga (E\P) iz+gJ_ (1P++1P—) i (\P—+¢+)i+1]-

(13)

After averaging over the random fields k,(x) we obtain

=ZI da [Zl @ 011)“)6 et V (97 9-") s (P-"1p4")

+gzihi (P="49-2) s (po ¥ g,2) 0+ 8" 2 (P (9°9) k] ' e

In this bare Hamiltonian the interaction constants g, ,
and g differ from zero only inside one layer i =% and for
the neighboring layers i=%+1:

gwm=30/6m+gJ_6i, ix1y

, . (15)
gzo'h'——goﬂém Eo”‘=éoﬁm
(here g4+ g¢ =go), but the renormalization procedure
can initiate also interaction with more remote layers.

The zeroth-approximation Green’s functions in each
layer are given by Eqs. (4). The vertices g,, g,, and ;:r
are shown in the diagram representation in Fig. 7. The
renormalization of the vertex g!* is given by the dia-
grams of Fig. 8, that of gi* by the diagrams of Fig. 9,
and of the vertex g** by the diagrams of Fig. 10.

The corresponding parquet equations of the renormal-
ization group take the form (there is no summation over

g"l'k.

Diagram representation of the vertices gf* gi*, and
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Diagrams that renormalize the vertex gf*

repeated indices)

dg‘a = Z'g g M+_g " kk_;gimgz'k“%gzihguv
dg,* 1 L2
d; _— .;‘gim _?glmg.u'
dg™* 2 2 2
i" — ?2 E”g:”‘—T ~1hghk +Tg'kg2“' (16)
5 7 I
1

In the Fourier representation we obtain the system

bl 1
d(;/) e (q)+_g,(q)_[2 g(q )*“fz LRUBIACES.
~—j7—g2(q’)§(q—q'>,
ag.
g(q) =———f——g,(q glg— q)——j——m(q )gle—¢), (A7)
dg(q)_z- . )+ 220 [ L gy
= —;g(q)gl(q)—?g(qﬁz—g(q)+:é’<4)fi~rg’(q)

with initial conditions in the form
Z(& @) limo=&. (18)

Just as in the two-dimensional case, the form of the
solution depends essentially on the sign of g,. Substi-
tuting in the system (17) the solutions in the form

81§, @) [1—=g/tgicos ¢, (%, 9)|:==0",

g, @) =c(8)+c'(8) cos g, (19)

we can easily verify (see Appendix A) that at ¢,(0) + ¢,(0)
=g,< 0 (T > T*) there is realized inside the layers the
two-dimensional situation described in Sec. II:

(crte.) (E>o) =gy exp (=&l | g|) =g,

5 (20)
t(&~) ~goexp (—lg.lt) ~0
and the coupling of the layers remains weak
2
c.’(§->°°>zg¢exp(—— IgnIE) -0,

1’4

2I —-00) = gxol, 21

o By 4lg.,|(”2| .,,l)<<’° ! (21)

E(E>o) =g, l: I exp( Igmli) <E(g)—~0.

In the case g,> 0 solutions of type (19) will not do,
since the coupling ¢’ between the layers becomes of the
order of ¢ (see Appendix A) and account must be taken
of the next-order harmonics, i.e., the problem becomes
essentially three-dimensional. In this case one might
expect the solutions to be of the moving-pole type, as is
the case in the theory of quasi-one-dimensional metals'®:

X j@ﬁ
m r ¥ {2
9, 5 4, g

FIG. 9. Diagrams that renormalize the vertex gi*
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- Z . ¥+
g y 9 J g 9,

FIG. 10. Diagrams that renormalize the vertex g¢k,

(8, 9)=1/(&(9)—8),

where £,(¢) = £, - ag® at small momenta. Reasoning as
in Ref. 19, one might assume that the pole singularity
in the integral terms of the system (17) can be inte-
grated and the principal terms are the first of the first
equation, which yields

n
gl(EyQ)'vm)—_—Ey

_ and the first term in the third equation, which leads to

£(&, g)=const/(§.(g)—E)"

Since Z(£, q) has a stronger singularity than g, (¢, q),
those terms of (17) which contains integrals of g(£, q)
turn out to be more singular as £ — £, than the non-inte-
gral terms. Thus, a solution of the “moving-pole” type
is found to be unstable to inclusion of g# 0; this is one
more manifestation of the known destruction of the long-
range order by a random field at d< 4. It is interesting
to note that a formal analysis of the system (17) at d

> 4 shows that the “moving pole” solution is stable, for
in this case the integration is with respect to d’q’, where
a=d-2> 2 and the singularities of the integral terms
are indeed weaker.

To understand what happens in our case at g,> 0 we
start from the fact that with increasing ¢ an ever in-
creasing number of layers begins to interact. In the
coordinate representation we seek the solution in the
form

g* (&) ~exp (=L (E)la),
where [;, is the distance between the layers i and % at

1,,> 1/x. It turns out that such a solution actually exists
and is of the form (see Appendix B)

g (B)=a, exp (—A(8)ln), g.*(§)~—a, exp (=2 (8) 1), (22)
&* (&) =azln exp (—A(8) ).
Here
A(§)=x.—1—aig, (23)
I

A, and a, , are certain positive parameters that must be
determined from the initial conditions (\,~1, a, ~ go)-
Thus, at T < T* the interaction between the layers takes
the form of an attenuating exponential in [;,, whose at-
tenuation length increases with increasing ¢ in accord
with (23).

So long as £ is small enough and A(£) ~X,~1 only the
nearest layers interact and equalization takes place of
the constants of the interaction between the nearest
layers and inside the layers, as described in Appendix
A. But when A\ (¢) becomes much smaller than unity, the
solution in the inner region Z;, << 1/x(¢) is independent of
I;, and assumes a form that corresponds in the ¢g-repre-
sentation to a “standing pole” (see Appendix C):
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3 A
g‘(g)zj__(g) ) gz(E)'z—E}—n_L(g) ’
4 E—E 8 E—E (24)
O .
T4 EE

The following remark is in order here. The solutions
(24) are meaningful only if &, - £ vanishes earlier than
A(¢). It is seen from (22) that if A(£) vanishes earlier,
all the layers of the system begin immediately to inter-
act simultaneously. (Such a solution of the system (16)
with charges independent of 7 and & does formally exist:

3n 1 3n 1

“~TImw “ %

]

8 L(&—%)

where L is the size of the system.) Such a situation
seems quite strange from the physical point of view,
and we assume therefore that A(£)#0 at £ < &,

It is known'®!? that the presence of a moving pole of
the type [£,(¢) — £]-* points to a transition into a spa-
tially ordered phase: a certain q, exists at which a pole
appears first (g,=0 in the case of a ferromagnetic tran-
sition). The fact that in our case we have precisely a
standing pole (the pole appears simultaneously for all
q) indicates that below T* there occurs a transition into
a spatially fully disordered state (of the spin-glass
type).

All the foregoing pertains only to the case when the
random field has an anisotropy order n>3. Atn=1 and
2 (T*< T) it is necessary to take into account near T*
the vortices, and it is not clear what happens in this
case.

CONCLUSION

We have considered an XY magnet with random anisot-
ropy of h(x) cosnf. A quantitative analysis was carried
for n = 3, for in this case we can neglect the vortical ex-
citations in the analysis of the effects connected with the
random fields. A qualitative examination of the situa-
tion at n=1 and 2 points to the absence of any phase
transitions whatever in a 2D system. Atn=> 3 there
exists a temperature region T*< T < T, where the ran-
dom field is inessential. We have shown that at T< T*
the interaction of the thermal fluctuations with random
field leads to an effective “heating” of the 2D system to
a universal effective temperature T*, so that a phase
with randomly quenched moments exists. It was found
convenient in this case to use a representation of our
model in terms of fermion variables that describe soli-
ton excitations of the initial boson field; this confirms
the importance of taking into account excitations of
topological character in strongly disordered systems.

To study the properties of a three-dimensional sys-
tem we chose a quasi-two-dimensional model with weak
interlayer interaction (J, /J =g, < 1) of special form
J, cos(6;,,-8,). The scale dimensionality of this term
is 2 =n%a(T), whereas the dimensionality of the ordi-
nary interaction J cos(6,, , - 8;) equals 2 — a(T). The
factor n therefore decreases the scale dimensionality
of our interaction, and this should also weaken the ef-
fect of the interaction between the layers. Nonetheless,

Vik. S. Dotsenko and M. V. Feigel'man 193



this interaction turns out to be quite substantial at T

< T* and leads to a solution of the “standing-pole” type
in the fast-parquet equations. This is a weighty argu-
ment favoring the existence of a spin-glass state at T
< T*, although our method only indicates the character
of the instability of the high-temperature phase, with-
out making an investigation of the low-temperature
structure possible.

It must be noted that in the employed special model it
would be possible to disregard excitations of the vortex-
line type, since the temperature T* turned out to be
lower than the vortex-formation temperature 7,. In a
real system the interaction between layers is of the
form J cos(6;., - 6,) and is significant at all T< T,, so
that effects connected with randomness, vortices, and
three-dimensional interaction cannot be separated.
Since, however, the instability that leads to the phase
transition into the spin-glass state was observed for a
substantially weakened interlayer interaction J, cosn(6,.,
- 6,), it is natural to propose that it exists in a real
system with an interlayer interaction J cos(6,,,-6;)
and with random fields k(x) cosnf. To cast light on this
question we must know the properties of the vortex
lines in the system with random field (we point out in
this connection a recent paper,?® in which it is shown
that in an Ising magnet with random field the “surface
tension” of the domain wall vanishes at d <3). We em-
phasize in conclusion that our results (apart from the
value of the characteristic temperature T*) cannot be
transferred directly to the case of isotropically dis-
tributed random fields [k,(x) cos(n6) + h,(x) sin(x6);
hy(®)h,(x’) =5, 26(x —x')], for in this case the parquet
equations take a different form and require a separate
treatment.

In conclusion we wish to thank L. P, Gor’kov, S. P.
Obukhov, and V. L. Pokrovskii for numerous helpful
discussions.

APPENDIX A
Substitution of solutions in the form

g(E, g)=c(E)+c'(E) cos ¢ (A1)

in the system (17) yields two systems of equations

Sdey 1 2 1,
(E’=n—clz—n—cz5 +2?(01 )%

e A3
) 2 ¢ (A3)
dg’ 2 2
= =~(c,+cz)5’+—2—6c"———za’.
k11 FL 19

dg
Adding the first two equations of (A2) we obtain

d 2 1 ,
d_§(01+cz) =— —n‘(ca"'cz)a + ﬂ(ﬁ )%

i (A4)

a5

2 2 1
=—(cte)e——+—&c/.
n n 19
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Accurate to the small terms (c})? and ¢’c{, these are
Eqs. (5) and have at (c, + ¢,)|,.0=g,< O the solutions

(cites) (E—>o) =g, exp (—&i/|go]|) =g,

(AD)
2
E(E>>) =7, exp(——lgmlg) —0.
F19
Substituting (A5) in the system (A3) we obtain
2
o (s=)=gs exp— —lg.1g =0,
n
g.* &
"(E>oo)=— """ _ —_— A
& (8 =) =707 (1+2 2] ) <e- (A6)

gg'L exp(—z?lgmlg) < (E)~>0,

& (o) =4, PR
i.e., the coupling between the layers remains weak and
we can confine ourselves in the expansion to the first

harmonic (Al).

On the other hand, if g,> 0, ¢ and ¢’ become of the
same order of magnitude when the solutions (A4) ap-
proach the zero-charge asymptotic form (7). Since the
principal terms in Eqs. (A3) are the first terms in the
first and third equations, the c’(#) first increase like
exp(2g,£/m) at g,>0, and this growth continues until the
negative terms in the equations become dominant, In
this case ¢ and ¢’ become quantities of the same order
and expression (A1) no longer holds, since it is neces-
sary to take into account the higher harmonics.

APPENDIX B
We seek solutions of the system (16) in the form
ga"(8) ~exp (—Aa (%) ln)

where 1;, » 1/x. We first verify easily by direct integra-
tion that

.’l dz exp (—Alz,~z| —Alz—x,|) = (1/A+|z,—=,| ) exp (—Alz,—z,])

(B1)

=|z,—z,lexp (—Alz,—z,l),
4o

5dzlxi—zlexp(—xlz‘—xl—klz—zz!)z’/z|z‘—xz|’exp(-—Mz.—-zzl)‘ (B2)

Owing to the derivatives, the left-hand sides of (16)
contain terms ~1;, exp(=Al;,). Therefore, for such a
term to appear in the right-hand side of the second
equation (where there is no summation over the layers),
we must choose g% ~1;, exp(-1l;,). In addition, it can
be seen from the second and third equations that A,(£)
=2x,(¢) and A, (£)=X(¢). We seek therefore the solution
in the form

8" (8)=a, exp(—A(E)ln), &™(8)=—a.exp(—2h(E)ln),
g* (&) =aly exp (—A (&)1a).
Substituting (B3) in the system (16) and retaining the
terms principal in /;, and exp(-Al;,), we obtain

a1 a2 a2t
——aiT&=~;a.', 2a23€=—?a.6, —aE=?aar—é—.(B4)

From this we easily find that

A(E) =M _"1—“1&, a=a,.
E11
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APPENDIX C

Since the layer interaction attenuates exponentially at
1;,2 1/1, the summation in the terms such as E, gllgh
can be cut off at 1/A. Assuming that g'* in the inner
region 7;, << 1/x are independent of 7,,, we seek the
solutions in the form

bG (E)
o (E)= . 1
e®)=— (C1)

We substitute (C1) in (16):

b, 1 a1 b 1 2 bb
(&%~8) d& = A(E) (&—8)? =n (&%)’

(8—¢)*
b, 1 db, 1 bz 9 b
—— + - s
(8—8)* (8—E) dE 1 (E—E)? 7 (G—F)° ) (C 2)

(8-8)° (88 d& = A(E)(a—E)

We choose b, ,(£)=c,,, A(£) and b=¢ (c,,, and & are num-
bers). We then obtain near the pole ¢, the system
1 2 2

¢, =—c’ ——0¢8, C=——¢C,
4 n n

G=—

2 2

—& +—c.5+£~c,€.
n 14 n
This system has a solution
3n 3n
A

e . 19
1= y Co=—— C=—.
- i

A second solution, in which ¢< 0, has no physical
meaning, since g is essentially a positive quantity.
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