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The existence of lines of parabolic points on the Fermi surface of metals leads to the appearance of

singularities in the phonon spectrum dw and in the value of the inverse lifetime I" of the phonons; we have
called these “Taylor” singularities [P. L. Taylor, Phys. Rev. 131, 1995 (1963)]. Because of the presence of
antipode points on the Fermi surface, Taylor singularities show up most clearly in I". The loci of singular
points in Aw and I in the momentum space of the phonons are considered, and the relation between the local
geometry of the Fermi surface and the form of these loci is investigated, together with the nature of the I”
singularity. It is shown that the presence of a plane of symmetry in the Fermi surface leads to the appearance

of an enhanced singularity in 4w and in I".

PACS numbers: 63.20.Dj

Singularities in the dispersion law w = w(q) of pho-
nons, produced by their interaction with the conduction
electrons (see Migdal' and Kohn?), are observed at
q =2pg. if the Fermi surface (FS) is a sphere of ra-
dius pr. The nature of the singularity is Aw ~xIn|x|,
x=¢q - 2pp. At the same value of the phonon quasi-
momentum, the derivative with respect to g of the quan-
tity I (where I'=1/7,, and 7, is the lifetime of a pho-
non) experiences a discontinuity. Afanas’ev and Kagan®
showed that the singularity is enhanced if the FS con-
tains finite cylindrical or plane sections, and Kaganov
and Semenenko® showed that the nature of the singularity
is influenced by the local properties of the FS. In all
the cited papers, the phonon momenta q considered
were close to the value of the diameter of the FS. The
existence of dents and bridges on the FS leads to sin-
gularities in the phonon spectrum at ¢ — 0 in those
cases in which sound is propagated in the dierction of
a tangent at a parabolic point.5'® According to Ref. 5,
there are parabolic points of two types, the O and the X
types. At an O-type point there is a discontinuity, and
at an X-type point a logarithmic singularity, in the
absorption coefficient of sound.

In the present paper, we investigate singularities in
the phonon spectrum with q #0; these are possible only
in metals whose Fermi surfaces contain lines of para-
bolic points. The singularities considered in Refs. 5
and 6 are the limiting case of these singularities for
q—0.

To determine the singularities of the quantity I" and
of the frequency shift Aw, we shall use the expressions
obtained in the first order of perturbation theory:

T= [ 1M1 (es) 7 (pua) 18 (esthoa—tssa) P, (1)
pom [T 0] @)

&t i0g—Epsq

Here ¢, is the energy of the electrons, n=n(g) is the
Fermi function, and M is the matrix element of the
electron-phonon interaction [all factors of the type
1/(277%)® and the like are included in it]. The expres-
sions (1) and (2) are correct under the condition ¢*/*
—0, where ! is the free path length of the electrons.

For a comparatively crude estimate of the singu-
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larities, we may neglect the phonon energy, since

Fw, <€g (€p is the Fermi energy). Then at the abso-
lute zero of temperature, the expression (1) can be put
into the following form:

I'mho, I |M126 (ep—er) 8 (epsq—er) d°p. (3)

It is evident that singularities of I', and hence of Aw,
occur in those and only in those cases in which there is
a change of topology of the line of intersection of the
surfaces €,=€p and g,,=€p. Consequently the locus of
singular points (LSP) in the phonon spectrum is deter-
mined as the set of those values of the vector q for
which the surfaces €,=¢, and €,,,=¢p are tangent. We
shall call these values of the vector q critical values
and shall designate them by q..

The phonon momentum values q=q_ corresponding to
Kohn singularities connect points on the FS at which the
electron velocities v, and v, are antiparallel. If there
are parabolic points on the FS, then there are singu-
larities of another type: the surfaces £,=¢p and €, ,=¢€p
may touch at points at which the velocities v, and v,
are parallel; we shall designate the corresponding pho-
non momentum values also by q.. The existence of such
singularities was first pointed out by Taylor.” We
therefore call them Taylor singularities.

All types of Taylor singularities can be investigated
on FS of two types: “dumbbells” (Fig. 1) and “tops”
(Fig. 2). In the case of a “dumbbell”, a Taylor singu-

Points X and X’

FIG. 1.
lie on collars of parabolic points of X type. The arrows in-
dicate the directions of the velocities at the corresponding
points of the Fermi surface.

Fermi surface of “dumbbell” type.
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FIG. 2. Fermi surface of “top” type. Collars of parabolic
points of O and of X type are marked on the surface.

larity occurs when the surfaces £,=¢€p and €,,, =€ are
tangent, for example at points A and B; a Kohn singu-
larity, for tangency at points A and C (see Fig. 1).
Since a singularity is determined by the local proper-
ties of the F'S, the treatment given here is of general
character. The “dumbbell” and the “top” are chosen
only for illustration (on a “dumbbell” there are para-
bolic points only of X type; on a “top”, both of X and of
O types).

We note an important difference of Taylor singulari-
ties from Kohn. In consequence of the central sym-
metry of the dispersion law of electrons, each of two
chosen points on the FS with parallel velocities (they
are connected by the vector q.) has a point with anti-
parallel velocity (the antipode point). We shall desig-
nate by q{*’ the critical momentum connecting the anti-
pode points corresponding to the two chosen points. If
we neglect the phonon energy #w, in the expressions (1)
and (2), then the singularities corresponding to these
two pairs of points occur at a single point of q space
(a4, =q!*); the singularities in I add, while those in Aw
cancel. When the value of %Zw is taken into account,
first, the momenta q, and q{* differ somewhat in value
and in direction: |q,—q”’ |~ 7w, /vg, and the angle be-
tween them is of order h’wqc/(qcvp) (v is the Fermi
velocity); second, each of the two singularities is split
and weakened. The structure of singularities, for ex-
ample of O and X type (see below), is shown in Ref. 5.
Fig. 7 (for visualizability, we neglect the splitting of
the singularities). In our case, the width of the step
on this figure for angular singularities ~h’w,c/ (q.vp);
and for singularities due to change of the phonon mo-
mentum in magnitude, ~ﬁwqc/ vp. Hence it follows that
Taylor singularities show up most clearly in I'. There-
fore we shall hereafter be interested chiefly in singu-
larities in the value of the inverse lifetime of the pho-
nons.

We shall consider the LSP of Taylor singularities.
For this purpose, by use of the equations of the sur-
faces £,=€p and £,,,=¢p in the vicinity of an arbitrarily
chosen point of tangency (p=p, when q=q_,), we shall
determine the equation of the LSP in q space in the vi-
cinity of the point q=q,,. We shall designate by the
letter A the point of tangency on the surface €,=¢€p,
with coordinates p, =p., py=>b.y,0; =D, and by the let-
ter B the point of tangency on the surface €, ,=¢p
(p=p,+9q,). We shall attach to the point A an ortho-
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gonal system of coordinates, whose p, axis is directed
along the normal to the FS at this point, while the p,
and p, axes are located in principal sections of the sur-
face. If we assume for simplicity that the points A and
B are located in planes of local symmetry of thecorre-
sponding surfaces (with respect to p,), the equation of
the surface £,=¢p in the vicinity of the point A can be
written in the following form:

p:* (P, Dy) =" afupH ofiup > 2 frmp" Py
Y ofpupy’ i femmept (4)

and for the equation of the surface €, =¢€g in the vi-
cinity of the point B we have

pr (pz; Pyy 6:1 51/, 61) ='/2¢=(P1+6:)2
/29w (Pyt8y) "/ 2Peny (Pt82) * (s T,)
+/ e Qo (py+6,) 3+‘/2(q>===(pz+6x) —6,+ ..., (5)

where 6, = ¢, = Goos » Oy =@y~ ooy s 2=z~ qoos; 10l

<« |qg|. Inthe expressions (4) and (5), the coefficients
fij» ®;;, and so on are determined by the partial de-
rivatives of the quantities €, and €,., with respect to
the components of the momentum p at the respective
points A and B; for example,

1 %)
T or 9p2 !

1 3% (B)
va  0p. ’

vs 0ps

xx

The equation of the line of intersection of the surfaces
€,=€p and €,,,=€p—the equation of a “collar” on the
FS—is found from the relation

P<*(p=y Py)—D:" (Ps, Pus 85, By, 6:)=0. (6)

The collar formed when the surfaces €,=¢p and €,,4,
=¢p are tangent we shall call a critical collar. Thus
the expression (6) with 6 =0 determines a critical col-
lar. The equation of the LSP of Taylor singularities in
the vicinity of the point q=q_,, i.e., the relation 6,
=0,(0,, 6y), is determined by the requirement that equa-
tion (6) with 6#0 shall give a new critical collar (a
critical point on this collar of course does not coincide
with the points A and B; therefore in writing of the
equation of the collar in standard form, a shift is re-
quired—a translation of the coordinate system).

We shall investigate the various cases that are en-
countered oftenest. The structure of the LSP is deter-
mined by the relations between the coefficients f;;, ¢,
and so on in the expansions (4) and (5).

I. Suppose that f,, #¢,,, f,,#¢,,. and any one of these
coefficients is nonzero. For the equation of the LSP we
get from (6), with the necessary accuracy,

1 Qufer 1 Qufw
8 =— 8 +— L )
2 f:x’_mﬂ 2 fvv_q7vv ! (

PafusPuufuy (Fo—@ax) (f—Pw) >0,

then the surface (7) represents an elliptic paraboloid; if
the sign of this product is the opposite, then (7) deter-
mines a hyperbolic paraboloid. The coordinate axes in
q space are parallel to the corresponding axes in p
space. The topology of the critical collar does not
change along the LSP in the vicinity of the point q=q_,:

Yo (Qu—fu) P 1 (q)vv__fw) p=0. (8)
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FIG. 3. Locus of singular points in the vicinity of a chosen
point Q=g in case II.

If (@er — fox)(@yy = f,,) >0, then the critical collar is a
point, and the value of I" experiences a discontinuity;
but if (@, — fe @y, —f,,) <O, then the critical collar
near the critical point is two intersecting straight lines,
and I has a logarithmic singularity. Hereafter we
shall classify and name these Taylor singularities as in
Ref. 5: O type (discontinuity of I') and X type (logarith-
mic singularity of I').

II. Suppose that f,. # ¢,,, f;:#0, ¢, #0, and f ,# ¢,
=0; that is, the point B is a parabolic point. The
equation of the LSP is written as follows:

1 Qofe 1
= ©)

The form of the surface (9) is shown in Fig. 3 (q=q_).

The topology of the critical collar does not change with

change of the vector 8,=q,—q,, (|8, | < |q,]|):
1/2((‘)*_’3)pxz_l/szprl:=0- (10)

The structure of the critical collar and the nature of the
singularity are similar to those of case I.

IO. Suppose that f, #¢,,, f,x#0, ¢,.#0, ¢,,=f,,#0,
@y #fyyy- In this case, we get two “sheets” of the LSP,
8,=0{1(5,, 6,) and 6,=06{(5,, 6,), when 6,>0:

X7y

1 Quf= 2 2
50— — Pasf. B+ (va( Pyy ) "
2 fee—Qax 3 Fovv—@uwy
@ 1 Qucfe o2 2 ( 29y, )‘/‘ o
2 far— @ Fovv—@uwy

(11)

[for definiteness we suppose that ¢, (f,,, - @,,,) >0].
The surface (11) is shown in Fig. 4. The LSP contains
a line of reentry points on the plane 6,=0:

8: ="/ 2 Pecfexbs’/ (Jrz—Psx) .

The evolution of the critical collar with change of the
vector 6, along the first “sheet” of the LSP is deter-
mined by the equation

Y (@es—fex) P =2 12001 (Frrs—Puns) 1900y .7
+/o(@uuy—Ffuns) p’=0, 8,>0; (12)

FIG, 4. Locus of singular points in the vicinity of the point
q=d¢ in case IIL.
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FIG. 5. Change of topology of the critical collar (12) on
transition from one “sheet” of the locus of singular points to
another [for definiteness, we suppose that (@x ~fx) >0,

(@yyy = Ffyyy) <0]: a) structure of the critical collar along the first
“sheet” of the locus; b) structure of the critical collar at the
transition points; ¢) structure of the critical collar along the
second “sheet? of the locus.

A *\ﬂy

b

a

along the second “sheet”, by

A (‘Pz“fu) P=2+‘/z[2q7vv (Fovv—Pyuy) ]II'Gc‘Iv. b’

+‘/e((vav_fvw)Pv’=‘0v 8.,>0. (12’)
It is clear from (12) and (12’) that on passage from one
“sheet” of the LSP to the other, the topology of the criti-
cal collar changes (Fig. 5). Consequently, the type of
singularity also changes: a singularity of O type is
transformed to a singularity of X type (and conversely).
We emphasize that the points of transition from O- to
X- singularities (and conversely) on the LSP are not
directly related to the local structure of the FS but
are determined by the relation of the corresponding
derivatives at various points on it (of course with para-
lel velocities v, and vp .q ).

At the transition points (bc,=0), the singularity is
enhanced:

AT~|6,]-" (13)

In the expression (13), we have for singularities due to
change of magnitude of the phonon momentum: 6,

=0, cosf, where §,=q~g,, and where 6 is the angle be-
tween the vectors q,, and v, , and the vector q is di-
rected along the vector q,. For angular singularities
6,% —q,,sin6 - 56, where 66 is the deviation of the vector
q from the critical momentum q,,. We shall not consid-
er here the singularities in those cases in which the
approach to the critical value of the momentum occurs
in the plane 6,=0. The singularity can be easily cal-
culated in each concrete case.

IV. Suppose that f,, = ¢, #0, f,,#9,,, f,,#0, ¢,,#0,
and B#0. To avoid unnecessary complexity, in this
case we restrict ourselves to the equation of the section
of the LSP by the plane 6,=0. The section has two
branches 6, =6{(3,) and 6, =6{*(5,):

- i fov@uy
2 fvv_cpvv

1 7 fu®w 3a*
8= (I )82,
2 (fw'_‘Pw 8 (fuv—u) )

)
8. 8.

(14)

5y
FIG. 6. Line of intersection of the locus of singular points
by the plane 8;=0 in the vicinity of the point g=q¢y (case IV).
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FIG. 7. Structure of the critical collar (15) as it depends on
the value of 8oy when 8 >0: a) @8,,<0; b) @5, > 0. For de-
finiteness, we suppose that (Peyy —frxy) (Pyy —fyy) > 0.

where

a"(owsu_fw@nvv p= (f===_‘l7==) (fvv_'va) =3 (Peey—fea)

the second branch of the LSP exists for those 3, for
which ad,/B <0.

The line (14) of intersection of the LSP by the plane
6,=0 is shown in Fig. 6. The evolution of the critical
collar with change of the vector 6, along the first branch
of the LSP is determined by the equation

1 K o o )
A yy— S Ll L) U S
5 (Gn—tw)p+ [ v

1 2 1 L—
+ 7 (Qesy—fexy) P<'Py T+ ﬁ (Pezxs— fzex) P2'=0. (1 5)

As is evident, the type of singularity changes: a sin-
gularity of O type is transformed to a singularity of X
type (and conversely). We shall consider the various
cases as they depend on the relation of the coefficients
of equation (15).

1) B>0: that is, the quadratic form in pZ and p, is of
one sign. Then the critical collar for 6., =0 degene-
rates to a point (Fig. 7), and we have for the singular
part of T at the transition point

AT~|8.]~" when 8. sign (@—fw)>0,
(16)
AT=0 when ¥, sign (@u—fn) <0.

2) B<0: that is, the quadratic form in p? and p, is
hyperbolic. When 6.,=0, the critical collar has a point
of self-tangency (Figs. 8 and 9), and the singular part
of the quantity T is

AT~|6,|~". am

On the second branch of the LSP, the singularity may
be a singularity of O or of X type; it is transformed to
the enhanced singularity (16) or (17) for 5.,=0.

V. Suppose that ¢, #f,,, @,,#0, f,,#0, frr=sy
#0, fix =0 %0, frrxx = Pxxxx» and all the subsequent
coefficients of terms p¢, p etc. in the expansions (4)
and (5) are equal to each other. We have for the equa-

LT

FIG. 8. Structure of the critical collar (15) as it depends on
the value of 5., when 8 <0 and (fix — Pooxx) (fyy — Pyy) <0: @) @26,
<0; b) 8¢y =0; ¢) @b,,>0. For definiteness, we suppose that
((P:ry _fxry)((pyy -fyy) >0.
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% A 7,

b P Z

a b c

FIG. 9. Structure of the critical collar (15) as it depends on
the value of 8.y when <0 and (fumy = @) (fyy = @) > 0: a) @6,
<0; b) 8¢y=0; c) ab,,>0. For definiteness, we suppose that
(Pxy = Frxy) (Pyy = fyy) >0.

tion of the LSP

_ _1_ Tn®w . _ _1__f:=: 2.
Sibet 2 fu—ow o= 2 fe o (18)
in the plane 6,=0, the LSP line is determined by

the equation
8.="of @i’/ (fu—u)

but the solution 6,=0 for arbitrary 5, must be rejected.
The surface (18) is shown in Fig. 10.

The evolution of the critical collar with change of the
vector 5, along the LSP in the plane 6, =0 is deter-
mined by the equation

o (@u—Fw) Pyt 2fexyOeyp*=0. (19)

1t is evident from the expression (19) that along the LSP
there occurs a transition of a singularity of O type to a
singularity of X type; when §,=0, tangency of the sur-
faces €,=¢r and €,,,  =&p occurs along the line p,=0.

On calculating the singularity due to a change in mag-
nitude of the phonon momentum, we have for the singu-
lar part of T at the transition pcint, depending on the
form of the FS (8,=¢ - q,,),

AT~6." when 6,>0, AT'=0 when 8,<0, (20)

or

AT=0 when 8,>0, AT~8, " when §,<0. (20")

VI. We consider the singularity of I" due to a plane of
symmetry ¢ on the FS [for example, on a “dumbbell”
(Fig. 11)]. We introduce an orthogonal system of co-
ordinates such that the p, axis is directed perpendicu-
lar to the plane of symmetry o, while the p, axis is di-
rected along the normal to the FS, parallel to the plane
0. The critical vector q , is parallel to the p, axis and

FIG. 10.
g=q. in case V.

Locus of singular points in the vicinity of the point
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FIG. 11.

is equal in magnitude to the distance between the planes
that contain the normals to the FS parallel to the plane
¢. For small values of the quantity p, (p, < pr, where
pp is the Fermi momentum), we may write

1
= [(p2+p,?) (4+cp.i+dp.?) +ap.i+bp.],
‘ e
Eree =5 [{p2+p,?) (1+¢(p.+6.)*—d(p.+8.)°) .

+a(p.+86.):—b(p.+6.)*]:

here a+2mepc >0 and 6,=-6,. In order of magnitude
the coefficients in the expressions (21) are estimated

thus: a~1, b~1/pg, c~1/p%, d~1/p3.

For a comparatively rough estimate of the singularity
due to change in magnitude of the phonon momentum,
we have, using (3),

16.>0 (22)

Al dnm*hagl M, |2 { 18.1-1,
a18.17, 08, <0’

3
where

n=b+2med.

|Mo|*=|M(p.,q) |, E=a+2mesc,

The equation of the line of intersection of the LSP
with the plane 6, =0 in the vicinity of the point q=q_,
has the following form:

pim d ()" @)

13 2

and the surface is obtained by rotation of the line (23)
about the 6, axis (Fig. 12). On passage through the
point q =q_, along the LSP, the type of singularity of I'
does not change. When q_#q,,, I has a logarithmic
singularity (this applies specifically to the “dumbbell”).

The treatment given enables us to construct the form
of the LSP of Taylor singularities for FS of the “dumb-
bell” (Fig. 1) and “top” (Fig. 2) types. For simplicity
we are supposing that the FS is a solid of revolution.
From the continuity of the LSP for arbitrarily chosen
small sections of the FS, it follows that for closed-
cavity FS the LSP is continuous and closed. In the case

ol

g

FIG. 12. Locus of singular points in the vicinity of the point
q=Qco in case VI: a) 1>0; b) n<0.
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a b

FIG. 13. Locus of singular points of Taylor singularities for
a surface of the “ dumbbell” type, in the case 7>0.

of the “dumbbell”, which is symmetric with respect to
the plane p, =0, we obtain different forms of LSP (Figs.
13 and 14), depending on the sign of the quantity 1 [see
(22)]; when 7 >0, depending on the specific structure of
the FS, two types of LSP are possible (Fig. 13a and b).
The LSP of Taylor singularities in the case of the “top”
is shown in Fig. 15. The g, axis in these figures is
chosen parallel to the axes of symmetry of the FS con-
sidered. We note that in the case of the ‘top”, depend-
ing on the specific structure of the FS, three different
forms of LSP are possible, whose surfaces differ from
each other in the vicinity of the points S, (Fig. 15).

We shall identify the points on the LSP in accordance
with the type of singularity in I'. At points S, in Figs.
13-15 there are singularities of the type (13); at points
S,, singularities of the types (20) and (20°); at points S,,
singularities of the type (22). At other points of the
LSP, I'=T(q) has a standard singularity: either of O
type or of X type. The critical directions n, (see Ref.
5) for singularities at ¢ — 0 lie along the generatrices

FIG. 14.
for a surface of the “dumbbell” type, in the case 7<0.

Locus of singular points of Taylor singularities
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FIG. 15.
a surface of the ‘“top” type.

Locus of singular points of Taylor singularities for

of the cones, tangent at the point q=q_=0.

Openness of the FS is reflected in the properties of
the LSP of Taylor singularities. As an example, we
consider a FS of the “corrugated cylinder” type (Fig.
16a). The LSP in this case, in a system of recurrent
zones, is shown in Fig. 16b. The first Brillouin zone
in the planes p,=0 and ¢, =0 is distinguished by dotted
lines in Fig. 16.

Earlier, in the calculation of the singularities and the
construction of the LSP, we neglected the quantity Zw,
in comparison with €;. As was mentioned above, al-
lowance for the valuesof Zw, leads to the result that the
singularities described split and weaken; correspond-
ingly, the LSP splits into two surfaces (allowance for
antipode points leads to the result that the LSP splits
into four surfaces). As a rule, the velocities v, and
Vpesao 2T€ not equal to each other; therefore the amount
of the splitting is of order %w, /vg, and the derivative
with respect to ¢ of the quantity I" has the singularities
described in sections I-IV. If the velocities are equal
then the amount of the splitting Ag, is usually of order
(h’wqc)z/ (epup). The case of equal velocities is realized
in sections V-VI. InV, the singular part of I" has a
root-type singularity.

We shall determine the fine structure of the singu-
larity in case VI. Using (1), we have for AT (for def-
initeness, we suppose that 7 >0)

AT = 8 MoPE R {(5, — )™,
3"hoq (d—3nc) |— (8, — 82",
Z'I'HM(mﬁm.,c),l'|Mo|l (1

18, — 8| <8,
18: — & <8,

£ (8, — 60)® )

(24)

AT =~

3l 92" (mhog )1l
when |8, - 8,| < |5,|, where
6 S0 (mhiag)"™ 30" (mhog )" 2" (&d — 3nc) (mhig )"
0= 2;,’§ ’ 1= 2:/'§ - n;/‘gg ’
30" (mhiwg,)’*
2= o's t

N
/ by 9

a b

FIG. 16. a) Fermi surface of the “corrugated cylinder» type.
b) Locus of singular points of Taylor singularities for a
“corrugated cylinder.”
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FIG. 17. The function AT (5,). For definiteness, we suppose
that >0 and ¢d - 3nc¢>0.

Here in the expressions for 6, and §,, only the shift of
these quantities with respect to each other is calculated
with accuracy (h’wqc)s’ 3/(vpe¥?). The function AT(5,) is
shown in Fig. 17. It is clear from (24) that the amount
of the splitting in this case is of order (h’cu,,‘:)s“’/(v,,&:?,’3 .
In this case, because of the presence of a plane of sym-
metry o in the FS, the singularity in Aw with allowance
for antipode points does not cancel out. From the ex-
pression (2) we have for Aw (7 >0): if |5, - 6,| < |8, -5,
then

o EIM,|? E(n/mhaoqg )" (68.—6,), 6,>6.'
ae m{ Ehomo)h o<ty D)
if |8, 8,| < |8, 0,]|, then
N EIM,|2 E(n/mhag )" (8,—8,), 8:>6,, 957
Ao h‘l’qc (Ed—3'ﬂc) { (Eﬂ)m(ﬁz"ﬁx)‘/’y 8.<6,. ( )

In (25) and (25’), the notation is the same as in (24).

It must be noted that a finite temperature T and va-
rious scattering mechanisms lead to a smoothing out of
the singularities; the fine structure of the singularities
can be observed whenthe very strict conditions T <kw,,
and ql>»eg/ w,, are satisfied.

Use of formulas (1) and (2) for analysis of singulari-
ties of the phonon spectrum means, in particular, ne-
glect of the electromagnetic fields that accompany the
propagation of sound waves in a metal.® The follow-
ing can be said in favor of the model adopted: when
q/kk,,>1 (where k,, is the value of the wave vector of
the electromagnetic field at frequency w,), the electro-
magnetic field is insignificant (the amplitude of the ac-
companying field approaches zero when q/#k,,, —~ ). It
is this fact that enables us to “separate” phonons with
finite momentum from other elementary excitations
(photons in the medium, plasmons, weakly attenuating
waves, and so on). For g—0 (the region at the origin
of coordinates in Figs. 13-16), the situation is more
complicated. Formally (for Zw, —~0 and I — =), allow-
ance for the longitudinal electric field that accompanies
the sound wave eliminates the singularity.®!°® But the
conditions for elimination are so strict (for example,
ql/f>>exp(vp/s), where s is the velocity of sound)
that in real metals, the singularities investigated here
should undoubtedly show up.

Experimental observation of singularities of the pho-
non spectrum is related to investigation of inelastic
scattering of thermal neutrons (see Refs. 11 and 12
and references in Ref. 11). Model calculations™ show
that the intensity of Taylor singularities is less than
that of Kohn singularities, and perhaps also than that
of the three-particle singularities predicted by Brov-
man and Kagan.!® Therefore for experimental detec-
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tion of Taylor singularities, it is apparently necessary
to apply methods different from inelastic scattering of
neutrons. For example, it is possible to use the fact
that accordingto the results of the present treatment, the
values of the critical momenta q, in certain directions
approach zero. This enables us to seek singularities
on the basis of angular anomalies in the absorption of
ultrasound (cf. Refs. 5 and 6 and also Refs. 14 and 15);
for detection of singularities at finite values of q,, it is
necessary to use hypersound (the maximum frequency
of hypersound so far attained is wy,=27-2-10'? sec™
Ref. 18).
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