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The shift and splitting of a shallow electron level, induced by extraneous magnetically polarized particles, are
computed. In a magnetic field this interaction leads to a change in the magnitude of the Zeeman splitting. The
helium-vapor-induced shift of the spectrum of electron states above the surface of liquid helium, a shift which
explains a number of experimental data, is determined. The influence of point defects on the spectra of the
shallow impurity levels and the Wannier-Mott excitons in a semiconductor is investigated. It is shown that
the action of the plasma background on a radiating ion leads to appreciable shifts and the disappearance of
certain spectral lines in a dense plasma. Thermodynamic instabilities, magnetic phase transitions, specific
high-frequency oscillations, and the appearance of a new EPR frequency in the investigated systems are

considered.

PACS numbers: 71.70.Ej, 71.50. + t, 67.20. + k, 52.25.Ps

The spectroscopy of the localized electron states in
condensed media depends essentially on the properties
of these media. Even a rarefied gaseous medium
changes quite appreciably the energy levels of a bound
electron as compared with the spectrum in a vacuum,
up to the point of complete disappearance of localized
discrete states. In the present paper we study the shift
of a shallow electron level under the action of an ex-
ternal system of extraneous scattering centers. If for
some reasons the medium is magnetically polarized,
then the interaction of the electron with the medium
lifts the spin degeneracy, and the energy level is split
(even in the absence of a magnetic field!). In an ex-
ternal magnetic field the quantum refraction of the
bound electron on the particles of the medium changes
the mutual disposition of the Zeeman lines in the spec-
trum.

Besides the change in the depth of the level, caused by
the direct interaction of the localized electron with the
medium, a substantial contribution to the energy shift
is made also by the screening by the medium mole-
cules of the interaction between the electron and the
center attracting it. The shift and splitting of a shallow
electron level by a neutral medium are computed in the
particular cases of the spectroscopy of highly excited
atoms in an extraneous-gas atmosphere, electrons
localized above the surface of liquid helium, and bound
electron states of large radius (impurity levels, Wan-
nier-Mott excitons) in semiconductors with point de-
fects. Everywhere in the computations we consider
only elastic scattering, i.e., we assume the velocities
to be sufficiently low, so that the internal structure of
the particles does not change during their collisions.
We also carry out numerical estimates and a compari-
son with the available experimental data.

The case in which the medium, although quasineutral,
consists of charged particles is considered, using as
an example the interaction of a hydrogenlike ion with a
surrounding plasma background in an ionized gas. The
resulting effects turn out to be very significant at suf-
ficiently high densities of the ionized gas, and should
be taken into account in dense-plasma spectroscopy
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and diagnostics.

It is interesting that not only does the medium affect
the energy spectrum of the bound electron, but the pres-
ence in the medium of a definite number of shallow dis-
crete levels can cardinally change the macroscopic
properties of the system as a whole. In the final part
of the paper we consider in connection with the earlier
investigated objects such phenomena, due to the pres-
ence in the medium of shallow bound states, as mag-
netic phase transitions, the thermodynamic instability
of the gaseous phase, zero-sound vibrations and spin
waves, the appearance of a second EPR frequency, and
homogeneous antiferromagnetic resonance. Some of
these effects can be observed by means of present-day
experimental techniques.

1. LEVEL SHIFT AND SPLITTING

Let us consider a shallow localized eleciron state with
characteristic localization extent 7. Let us now place
such a bound electron in a rarefied medium of extra-
neous scattering centers with molecular density N such
that

|T|<N-"<F, (1.1)

where T is the amplitude of the electron scattering by a
center. For definiteness, we shall now speak of a high-
ly excited atom in a gas of neutral spin-{ particles.
The role of the characteristic dimension 7 is then
played by the mean distance from the excited electron
to the center of the atom (it is assumed that 7 is con-
siderably greater than the radius of the atomic core).
As usual,! let us introduce the effective potential

Usyg, uu(7) for the interaction of the electron with an ex-
traneous-gas particle in such a way that it allows the
application of perturbation theory and satisfies the re-
normalization condition:

2nh?

j Uaﬂ.uv (T) dV=— Fmﬁ,uv (0) 3 (1. 2)
where m is the electron mass, «,8 and u, v are the
spin indices for the electron and the extraneous par-

ticle, and Iy, ,,(0) is the forward-scattering ampli-
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tude. Although we shall neglect the relativistic cor-
rections stemming from the spin-orbit and spin-spin
interactions, because of the exchange effects, the
pseudopotential U, ,, (like the scattering amplitude
T',g,u4,) depends on the spins of the colliding particles,
more exactly, on their total spin.

We shall be interested not only in the shift due to the
quantum refraction of the electron by the atoms of the
extraneous gas, but also in the level splitting (i.e., in
the lifting of the spin degeneracy), produced by the
same causes when the spin system of the scattering
centers'is magnetically polarized for some reason (an
external magnetic field, a ferromagnetic phase transi-
tion, the injection of a polarized beam, optical
pumping, etc.). Accordingly, we shall describe the gas
of extraneous atoms by a polarization density matrix
745 (P) that is a linear function of the Pauli matrices
Oung:

Nap (p) ="/2(n*+1") Sap /2 (Nt —1~) Oup M, (1.3)

where I is the unit vector in the direction of the
macroscopic magnetic moment of the gas; »* and n~ are
the Fermi occupation numbers for the extraneous par-
ticles with spins oriented along and oppositely to the
direction of the magnetic polarization 9m:

(1.4)

n*(p) =/, {1—th{(e—p.)/2T]}, e=p*/2M.

Here T is the temperature, M is the mass of a gas par-
ticle, and the quantities p, are given by the normaliza-
tion conditions:
dp
* —_———

[ @)y =N (1.5)
where N, and N_ are the concentrations of the gas atoms
with spins oriented parallel and antiparallel to M. The
values of N, and N. give the degree a of polarization of
the gas:

N,—N_=aN, N,+N_=N. (1.6)

The electron-scattering center interaction Hamil-
tonian has the form

H= f Wt (8,1) D% (1, 1) Uap o (=1 ) Do (8, ) ¥ (£, 1) dr dr’,  (1.7)

where \i';, ¥, are the Heisenberg ¥ operators for the
electron, %,’,, d » are the corresponding operators for
the atoms of the extraneous gas, and summation is im-
plied over repeated indices. On account of (1.1) the de
Broglie wavelength of the electron is much greater than
the electron-extraneous particle interaction range,
i.e., there occurs low-energy scattering. Therefore,
in the leading—in |I'|/# <« 1—approximation the scat-
tering amplitude is a real quantity, an energy-indepen-
dent constant, i.e.,

Tap, w(0) =—aas, v

The contribution made by the interaction (1.7) to the
electron Green function is then determined by only one
loop diagram (Fig. 1). The wavy lines in the figure cor-
respond to the electron Green functions, and the contin-
uous loop pertains to the atoms of the extraneous gas.
Using the relation (1.2), we obtain for the self-energy
function Z,, the expression
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FIG. 1.

Sap=(20h%/m) aap, Nusy Nag=(De*Dp>="/,N (60sta0,M). (1.8)

The s-scattering length a,4,,, can be expressed in

terms of the singlet and triplet scattering lengths, a,,

and a,, respectively, in the usual fashion:
@ap, w="/1218as8v"/i2:6a50,,

(1.9)
a,;=3a;;tay, a=a4—a,,.
Performing the summation over the spins in (1.8), we

finally find that

Sas=(7h?/2m) N (,80s+aa,00,R) . (1.10)

The first term in (1.10), which describes the shift of
the upper atomic level in the extraneous gas, was de-
rived by Fermi? (see also Firsov’s paper?). More gen-
eral expressions for the spectral-line shift, which take
account of the contribution from the scattering involving
nonzero spins, were found by Alekseev and Sobel’man.*
The second term in (1.10) corresponds to the shifted-
electron-level splitting, which occurs as a result of the
exchange interaction during the coherent refraction of
the electron by the atoms of the extraneous spin-polar-
ized gas.

The correction (1.10) to the energy does not, how-
ever, account for the whole change in the depth of the
shallow level in an excited atom placed in an extraneous
gas, since the presence of the gas also changes the
basic Hamiltonian corresponding to the interaction of
the atomic core with the electron. Indeed, since the
sphere of radius 7 has macroscopic dimensions, and
contains a large number of atoms of the extraneous gas,
the atomic core’s electric field acting on the electron
under consideration differs from its value in the ab-
sence of the extraneous gas by the factor 1/e, where ¢
is the permittivity, which can be determined from the
Clausius—-Mossotti formula:

(e—1)/(e+1) =*/;nNx, (1.11)

where » is the polarizability of the gas.

Since we are dealing with a highly excited state of the
atom, when the electron is on the average located at
large distances from the atomic core, we can classify
the energy levels of the electron in the atomic core’s
field (which at distances of the order of 7 can, with a
high degree of accuracy, be consider to be a Coulomb
field) with the aid of the hydrogenic spectrum with the
Rydberg correction 4, (Ref. 1):

=—&on/e?, Fon=me'/2R (n+A)?, (1.12)

where 7 is the principal quantum number and e is the
electron charge. The correction 4; does not depend on
N, since it is determined by the deviation of the field
from the Coulomb field at distances small compared to
7 and N°1/3, where the extraneous gas has no screening
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effect. In the approximation linear in N, we find from
(1.11) and (1.12) that

A& =81Nk& 1n=2(e—1) Eon. (1.13)

Besides the contributions (1.10) and (1.13) from the
scattering by the electrons and the dielectric screening,
the interaction of the particles of the extraneous gas
with the atomic core also has an effect on the position
of the level. The corresponding shift due to the polar-
ization of the extraneous particles in the field of the
atomic core turns out in the quasistatic approximation,
in which

x=xNe*/hiv>1

(v is the extraneous-gas-particle velocity) to be pro-
portional to N4/® (Refs. 2—4), and we shall neglect it in
the linear approximation. Let us note that, in the case
of elastic scattering of ultraslow foreign particles,
i.e., for

v<h/M*b~ (e h) (m/M")

(b is the atomic dimension and M* is the reduced mass
of the atomic core and a foreign particle), we can use
for the level shift the formula (1.10) with the appropri-
ate s-scattering-length value and the additional small
factor m/M* <1, In the impact approximation, in
which X< 1, the polarization-induced shift is linear? in
N:

s 2\ h
A&=20 414 (i) RN, (1.14)

2 2h
Thus, at sufficiently low temperatures and not too low
foreign-gas densities the unperturbed shallow level &
= - &, shifts, and splits up—in proportion to the spin
polarization of the foreign particles—into two levels
with energies given by the formulas (1.10) and (1.13):

E=—81ut2(e—1)&ont (nh?/2m) N (astaa,). (1.15)

The expression (1.15) is the first term in the expansion
of the level energy in powers of the density of the polar-
ized foreign gas. The contribution (1.13) of the screen-
ing turns out to be of the order of the magnitude of the
shift (1.10) when n ~ 10, but decreases with increasing
n. Under experimental conditions,>® the contribution
(1.13) to the level shift constitutes about 10% of (1.10)
when n=30. At higher temperatures, the linear—in N—
polarization-induced shift (1.14) should be added to the
level energy (1.15).

Let us discuss in greater detail the magnitude of the
level splitting in a spin-polarized gas. Since the time
T, required for the establishment of the spin equilib-
rium is determined by the weak relativistic interac-
tions, 7,> T, where T is the time required for the
establishment of the momentum equilibrium. There-
fore, if a beam of spin-polarized atoms is injected into
an unpolarized medium, the beam particles will become
Maxwellian over a time period 7, > ¢> 7, but will retain
their total magnetic moment, and we shall have at our
disposal a magnetically polarized quasiequilibrium gas.
The characteristic times 7, are usually quite long, and
are sufficient for experiments to be carried out. The
magnetic polarization of the gas of foreign atoms can be
achieved by means of other dynamical methods. The
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magnitude of the level splitting is proportional to the
degree a of polarization, i.e.,

A&=(ah*/m)N|a,|a, (1.16)

and is of the order of the level shift in a completely
polarized gas, i.e., when a ~1, The study of the time
dependence of the splitting A% at t27, will enable us to
investigate the dynamics of the magnetization relaxation
in a polarized gas.

If the spin polarization in the foreign gas is achieved
simply by switching on an external magnetic field H,
then to the level energy must be added the Zeeman
term

0Zap=—p0asH, (1.17)

where 3 is the magnetic moment of the electron (we as-
sume for simplicity that the atomic core does not pos-
sess a magnetic moment). Then there appear in the
formula (1.15) for the split level the corrections £ SH,
respectively, and a=tanh(38H/T). In a real experimen-
tal situation BH < T. Making allowance for this, we ob-
tain for the magnitude of the level splitting in a mag-
netic field the formula

A& =2BH (1—sh*Na,/2mT). (1.18)

Thus, the exchange interaction of the valence electron
with the atoms of the foreign gas in a constant magnetic
field leads, depending on the sign of the exchange scat-
tering amplitude a,, to an increase or decrease in the
distance between the components of the Zeeman doublet.
Under the conditions of Mazing and Serapinas’s experi-
ment® on the investigation of absorption lines for the
purpose of exciting the high-lying (n=15-50) states of
Cs atoms in a Cs atmosphere and K atoms in a K vapor,
for -

N=(1.2—4.8) 10" cm™, T=(360—520)° C

the relative increase in the Zeeman splitting will, in
order of magnitude, be 0.1% [for Cs we have the values
a, =-4.04ag, a,, =- 25.3ag, while for K we have a,,

=~ 15ap, a,,=0.45a5 (Ref. 7), where ap is the Bohr
radius]. For H ~100 kOe this increase A% — 28H ~0.1
cm, which lies at the limits of experimental error.
Higher foreign-gas densities are apparently required
for a reliable detection of the effect.

2. ELECTRON STATES ABOVE THE SURFACE OF
LIQUID HELIUM

As is well known, a one-dimensional localized elec-
tron state with a small binding energy is formed near
the surface of liquid He and other dielectrics with a
small £ - 1 value.®? Let us use the results obtained in
the preceding section to investigate the effect of the
atoms of the He vapor on the localized-electron spec-
trum. If the vapor density N is sufficiently high, so that
the mean distance of the electron from the helium sur-
face is significantly greater than N™'/3, then the poten-
tial for the interaction of the electron with the interface
between the two different dielectric phases of He is de-
termined by the electrostatic-image forces, and is
equal to®
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et g,—1

4z g,+1

1 € g—eL
U(z)= — =
(=)= 4ea z gcte,

[t 1+ 2’:‘1)] . (2.1)

where €, is the permittivity of the liquid phase, ¢g;
=1+47N~ is the permittivity of gaseous He, and the

z axis is oriented along the normal to the surface. The
eigenvalues of the Schrodinger equation with the poten-
tial (2.1) and the energy correction (1.10) due to the ef-
fects of the quantum refraction of the electrons by the
vapor atoms determine the electron-energy spectrum
near the liquid-helium surface:

Q*me* 28:. 2nah? p_,_
E=—"——|1- +
2h=nZ[1 Bl (1 )] + N o
Q=(8L—1)/4(e,,+1), n—1,2,3,..., (2.2)

where a=a,/4=0.62 A (Refs. 7, 8, and 10) is the elec-
tron-helium atom s-scattering length and p, is the elec-
tron momentum in the plane parallel to the surface.
The mean distances from the surface of the electron in
the states withn=1, 2, and 3 are respectively

equal to® (z),=144 A, (z)2 456 A, and (2),=1026 A.
Therefore, at relatively high temperatures T (>1.5 A
for “He), when the vapor density is quite high, i.e.,
when N 2 10%° ¢cm™, we find that even in the ground
state (z'.)1 > N"1/3 and all the electron levels are de-
scribed by the formula (2.2) with a high degree of ac-
curacy (the higher the value of #, the better the de-
scription), The change, due to the presence of the
vapor atoms, in the transition frequencies between
states with different n is determined in this case only
by the n-dependent term in (2.2):

Vo= n,’-—n,: 'vo[ 1—8nlNx» ( 1+ -ﬁn——)]

nsn, 1

@ me' . (2.3)

4nh?

For N=10% cm™ (T =3.3 K) we have v, ,~108 GHz,
which differs from the v, , value at low vapor densi-
ties (see below) by 14.2%. Thus, a significant decrease
in the photoresonance transition frequencies should oc-
cur at sufficiently high temperatures and vapor densi-
ties.

Vo=

On the other hand, the condition (z),> N"!/3 is by no
means fulfilled for each electron state at low tempera-
tures and sufficiently low N values. In the states for
which (z), < N7!/3 the presence of the helium vapor has
absolute no effect, and the localized-electron spectrum
is given by the expression (2.2) with N =0:

=—Qme*/2t*n*+p,*/2m. (2.4)
Naturally, in the case in which the electrons move in
directions parallel to the liquid surface, the collisions
with the vapor atoms are, as before, important: it is
precisely these collisions that determine, together with
the scattering by the ripplons, the resonance-transi-
tion line width, which we shall not compute in the pres-
ent paper. But since the thermal electron velocity vy,
=(T/m)'/2, which characterizes the two-dimensional
motion, is significantly lower than the characteristic
velocity v,=Qe?/il (vg,/v,~0.1 at T ~1 K) of the electron
in the potential well, in the leading approximation in
V75,/Uy <1 the shift of the transition frequency between
the states |n,) and (n,| in which (z),, > N"1/3 but (Z),.
<« N~1/3 is given by the difference between the energles
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(2.2) and (2.4):

n,*—n,?
Va,m= ey Vo+ - SRN'K (
n, n

zi‘i )+h“ N. (2.5)

In the presence of gaseous helium with low density N
the dominant contribution to the frequency increase
(2.5) is made by the interaction of the electron with the
vapor atoms. For N=10'®% cm™ we find from (2.5) the
values

vy, »=126.9GHz, v, ;7=148.9GHz,

which agree well with the direct measurements re-
ported by Grimes et al.':

vy, .=125.9%+0.2GHz, v,, s=148.6+0.3GHz.

The interaction with the vapor atoms can thus explain
within a definite density (N) range the fact that the ob-
served values of the transition frequencies v, , always
turn out to be greater than the computed values in the
case when the helium vapor is neglected.? The same
systematic discrepancy has been observed for electrons
localized above the surface of liquid *He.!?

3. SHALLOW IMPURITY LEVELS AND EXCITONS OF
LARGE RADIUS IN SEMICONDUCTORS WITH POINT
DEFECTS

Entirely similar phenomena may prove to be im-
portant for bound electron states in crystals in the pres-
ence in them of point defects. If the defect dimension
and concentration satisfy the condition (1.1), then the
defects will play the role of refraction centers for the
slow electron, and will cause the energy of the corre-
sponding bound state to shift in proportion to their con-
centration. If the defect possesses an electron spin,
and the defect system is, for some reasons or other,
ferromagnetically ordered (see, for example, Ref. 13
and Sec. 6 of this paper), then besides the shift in pro-
portion to the exchange interaction there will occur a
splitting of the level. As obtains in semimagnetic semi-
conductors, deep impurity levels or impurity atoms
with uncompensated electron spin in the inner shells
can play the role of magnetic defects.

The presence of defects changes also the permittivity
¢ of the crystal and, consequently, the electric field
acting on the electron. For a crystal with cubic sym-
metry, the problem of determining the bound-state
spectrum of the electron in the effective-mass approxi-
mation formally coincides with the problem of finding
the energy levels of the hydrogen atom. Therefore,
arguing as above, we immediately obtain the shallow-
impurity-level spectrum

£ N. B2
E.::’=[——1"L(1~2——’ ae)+ el Nd]aap

2h*n’e? e AN, 2m,
+ nh'a; Ndadoaﬂ!d (3-1)
2m,
and the Wannier—Mott exciton energy levels
'k pet N, oe nh?
() g 2E __Be (1 2___.)]6, AN,
Eap= [E ) 2R ( e N, it 5= N
h?
(~—6¢5+6uvam) +‘_‘n2 Naaa ( Gae odﬂ—* gz_"_‘,n\') R, (3'2)
where m, and m, are the effective electron and hole
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masses; N, is the number of defects in a unit volume;
a, and M, are the degree of polarization and the unit
vector in the direction of the magnetic moment of the
defects; p*=mm,* (m,+m,)™" is the reduced mass;

E (9 jg the width of the energy gap in the crystal; 7k

is the quasimomentum of the exciton “as a whole”;

A, Gy, G, and a,, are the averaged—similarly to
(1.9)—1lengths characterizing the s scattering of the
electron and hole on a defect; «,8 and i,V are the spin
indices for the electron and hole.

As can be seen from (3.1) and (3.2), in the presence of
a magnetically ordered system of point defects, the im-
purity and exciton levels split up respectively into two
and four components. The formulas (3.1) and (3.2) are
valid for the states in which 7 »N;'/3 i.e., when

n>pe?N, /her.

For crystals with £ ~10, p*~0.1 m, and N, ~10*® cm™,
this condition is fulfilled even in the (n=1) ground
state. The energy levels of the states in which 7
<«<N;'/3 and the presence of the defects is not felt in
any way are given by the usual expressions [the formu-
las (3.1) and (3.2) with N;=0]. The experimental in-
vestigation of the transitions from such levels to
levels with sufficiently large n, where 7 > N;!/3, will
enable us to determine a very important characteristic
of the system: the electron-defect scattering ampli-
tude. The detection of the splitting of the appropriate
spectral line will enable us to identify the phase transi-
tion into the magnetically ordered state in the system of
magnetic impurities.

4. THE SHIFT AND DISAPPEARANCE OF SPECTRAL
LINES IN A DENSE IONIZED GAS

Let us now consider the situation in which an assem-
blage of charged, and not neutral, particles plays the
role of the medium in which the bound electron is lo-
cated. Specifically, we shall consider the effect of a
surrounding plasma background on the spectrum of a
hydrogenlike ion (or a hydrogen atom). The dominant
contribution to the level shift will then be made by the
screening of the field of the nucleus of the ion by the
electrons and ions of the surrounding plasma as a re-
sult of the long-range character of the Coulomb inter-
action. If the radius 7 of the electron orbit of the unper-
turbed hydrogenlike ion is smaller than the mean dis-
tance N;1/2 between the electrons of the plasma back-
ground, i.e., if

asNes <2Z/[3n2—1(1+1) 1, (4.1)

where Z is the charge of the ion’s nucleus and » and !
are the principal and orbital quantum numbers, then
there will be no collective screening of the nuclear
charge by the self-consistent field of the plasma, since
at such distances the continuous-medium approximation
for the plasma in unsuitable and the macroscopic equa-
tions for the self-consistent field are inapplicable. In
this situation only a microscopic treatment of the inter-
action of the individual electrons and ions with the nu-
cleus and the localized electron makes sense. The en-
ergy levels and the wave functions of the states for
which the condition (4.1) is fulfilled are consequently
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given by the “unperturbed” expressions

E"=—Z2'Ry/n’, Ry=me*/2, iin=Ru (r) Yin(6, ),

(4,2)
Ry()= 2o L0 ( _Z:) f ( z_Zr)

T [(nFD)I]E ! M \a,

where the Y,,(9, ) are the spherical functions and the
L%(x) are the generalized Leguerre polynomials.

On the other hand, for the states in which 7 >N '3,
the screening effect of the plasma background is very
important. Indeed, in this case the averaging of the
microscopic fields over small volumes (each of which,
however, contains a large number of particles) reveals
the existence in the plasma of a macroscopic electric
field, which changes to a large extent the force field
acting on the bound electron. In contrast to the local-
ized-electron state, which is described by a wave func-
tion, the state of the medium is specified by assigning
macroscopic variables: the electron density N, and the
number N, of ions of the kind @ in a unit volume, Let
us place the ion in question at the coordinate origin,
The presence of the plasma background modifies the
electric field of the nucleus at distances » > N;'/? in
accordance with the Poisson equation:

AD=—4e ( 2 z,N,.—N,) ,

O (r=0)=Ze/r, ®(00)=0, 4.3)

where Z, is the charge of the ion of the kind a. The
bound electron state in the distorted potential e® of the
nucleus is given by the solution to the Schrodinger equa-
tion

Ayt %‘(Eﬂm) $v=0. (4.4)

The localized electron cloud also produces a macro-
scopic electric field ¢:

Ag=dme|b|*, (4.5)

where ¢(0) is finite, while ¢(*)=0. To obtain a closed
system of equations for the self-consistent field, we
must further add the relations expressing the concen-
tration distribution for the particles of the plasma back-
ground in the electric field of the nucleus and the bound
electron:

N.=N. exp [e(p+®)/T.], Ne=Nu exp [ —Ze(o+®)/T:]. (4.6)

Here N,, and N,, are the density values obtaining at
points infinitely far away from the ion in question, and
satisfying the electrical-neutrality condition

No= Z‘Z.Nanv

while T, and T; are the electron and ion temperatures.

Equations similar to (4.3)-(4.6) have been used by
Skupsky'* to numerically compute the shift of the neon
Lyman-a line for N, ~10%* cm™. Let us emphasize
that the results obtained by Skupsky!? are in fact only
qualitative, since the states considered by him do not
fulfill the condition ¥ >>N;}/3, and Egs. (4.3) and (4.6)
are valid only when this condition is fulfilled. We shall
investigate the analytic solutions to (4.3)-(4.6), using
natural simplifying circumstances.

E. P. Bashkin 1080



Owing to the slight nonideality, i.e., because e’N /¥ T
<« 1, we can always linearize the equations (4.6). The
numerical solution, undertaken by Skupsky,* of the
exact equations (4.3)~(4.6) goes beyond the required ac-
curacy, since, as shown by Gurevich (see, for example,
Ref. 15), the expansions of N, and N, may contain
terms, proportional to (¢ +®)%/2, that are not contained
in (4.6). Linearizing the expressions (4.6) for N, and
N,, substituting the resulting expressions into Eq. (4.3),
and using the electrical-neutrality condition, we obtain
the equation

AD—p*D=pq, 4.7)
where we have introduced the Debye screening distance
7p:

ro-t=B=dne? (N..,/T.+ ZN,,Z:/T.) ) (4.8)

If the unperturbed bound-electron state (4.2) is such
that N;}} <7< 7,, i.e., if

L 3wl 1
asN" 2Z as’

4.9)

then the level shift due to the electrostatic screening
can be computed in the form of a perturbation theory
series in powers of 7/7p < 1.

Let us make the assumption (to be confirmed by the
results) that in first order perturbation theory the wave
function of the localized electron state does not change
under the action of the plasma background. In this case
the potential ¢ of the electric field produced by the
bound electron also does not change, and coincides
with the unperturbed solution to Eq. (4.5), a solution
which we shall denote by ¢’ [¢( is the solution to
Eq. (4.5) with =3 ©’]. The solution to the inhomo-
geneous equation (4.7) is given by the convolution of the
Green function

1 exp(—Blr—r'])
4n le—r'l
of the homogeneous equation with the right member of
4.7):

G(r,r')=—

O (r)=Ze (4.10)

exp(—pr) B ¢ exp(—Ble—r’l) .,

r 4n-“ {r—r’| - () dr’.
The correction due to the contribution of the localized
electron then turns out to be of second order in small-
ness in f¥ <« 1, and we finally obtain in the first ap-
proximation the natural result

@ (r)=Ze/r—Ze/rp. (4.11)

Since the perturbation due to the plasma screening
turns out to be a r-independent constant, all the off-
diagonal matrix elements are equal to zero, and, as
was assumed, the § function of the electron remains
unchanged up to the second-order terms. The level
shift is linear in B, and does not depend on the quantum
numbers:

AE=Ze*rp, (4.12)

i.e., the energy levels of all the states for which the
condition (4.9) is fulfilled shift by the same amount de-
termined by the formula (4.12). The frequencies of the
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radiative transitions between these states clearly do
not change in this approximation. On the other hand,
the frequencies of the transitions between the states
(4.9) and the states (4.1), in which the presence of the
plasma background can be ignored, undergo, according
to (4.12), a shift toward the blue region of the spectrum:

(4.13)

where v{0), = (EX3) - E{)/27l is the unperturbed transi-

tion frequency.

At high electron and ion densities, such as obtain in a
laser plasma, the shift (4.13) can be quite substantial,
and allowance for such a shift is important for the
spectroscopy and diagnostics of a dense plasma. In a
superdense plasma (i.e., a plasma for which 1 <N/%a,
< Z) with a sufficiently high degree of nonideality

F/ro~(e'N o/ T) "

the blue shift (4.13) of the spectral line for the transi-
tions into the ground state, Av, ,/v{%), can attain a
value of the order of 1-10%. We can, by making sim-
ple estimates, easily verify that at sufficiently high
values of Z, N, and N, the shift (4.13) is significantly
greater than the line width.

If the charge of the ion in question is sufficiently high,
the perturbing action of the bound electron on the
charged particles of the plasma background in the
Debye sphere can be neglected. In this case the domi-
nant contribution to the self-consistent field is made
by the free plasma electrons and ions (N, > 1,N > 1),
which distort the potential of the nucleus of the ion
under consideration. The spectrum of the localized
electron states is then determined by the eigenvalues
of the Schrodinger equation (4.4) with the screened

Coulomb potential
U(r)=—e® (r)=~Ze%*/r. (4.14)

We shall determine the depth of the ground s level with
the aid of the variational method with the trial wave

function®
P(r)=(2/n)"a" exp(~ar), (4.15)

where & is the Ritz variational parameter. Minimizing
the total energy

v (— 2—h;A+U) bar,

we easily find the ground-state energy E;:

_ 28t e (1)
P R P e .19

The formula (4.16) determines the dependence of the
ionization potential of the ground state on the tempera-
ture and density of the plasma background. When 7,
> ag/Z the expression (4.16) goes over, as it should,
into the unperturbed formula (4.2) with the correction
(4.12), i.e.,

E,=—2*Ry+Zep.

For 7p <ag/Z the potential (4.14) does not admit of a
single bound state.
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Thus, the ion energy levels with the lowest principal-
quantum-number values

n< (Z/asNe") "=n,

can be classified with the aid of the normal hydrogenic
spectrum (4.2). For higher n values, i.e., those such
that

n<n<n, ne=(Zrp/as)",

the depth of each level decreases in accordance with
the expression (4.12), and, consequently, the Debye
screening leads in the case of the transitions between
such states and the states with small n(<< n,) to blue
spectral-line shifts proportional to 73! (N o/T)*/2
Finally, for the high quantum- number values, i.e.,
for n~n,, the classification of the levels of the one-
electron ion in question differs very greatly from the
hydrogenic classification. If n, is sufficiently high,
then the spectrum of the states with n2 n, can be deter-
mined with a high degree of accuracy from the quasi-
classical quantization conditions:

(Zm}"'é (E-U,)"*dr=2nh (n—1—/;), U,=U(r)+w(l+1)/2mr. (4.17)

The energies of the high-lying s levels, for example,
are given by the following equations:

Ty oz dy = 21 (n—l) e (2mlE])"
Y T 2 * O

(4.18)
. =z
=7 = " |Elrs

In contrast to the hydrogenic spectrum, the potential
field U(r), (4.14), has, in any case, a finite number of
discrete levels. Since for small values of n, i.e., for
n<n, the deviation of the potential field (4.14) from
the Coulomb field can be neglected in the leading ap-
proximation, and the use of the quasiclassical method
in the case of the Coulomb field yields an exact result,
the total number / of discrete levels for n,> 1 can be
found, using the quasiclassical formula':

n no\?

Jf’=——-jU(r)rdr=%a—-= (—) .

e >~ (3 (4.19)

In this case there are no bound states withn>n,. As
the density of the surrounding ionized gas increases,
the number # of discrete levels decreases, and the
spectral lines corresponding to the transitions from the
highest levels disappear. The value of n, in a dense
laser plasma with N,~10% cm™ and 7' =750 eV turns
out to be rather small when Z =10 (Ref. 14): n,~6. In
a superdense plasma, for which 7,< ay/Z, a nucleus
with charge Z loses completely all its discrete electron
levels as a result of the electrostatic screening, i.e.,
A=0 in this case.

Thus far, we have been interested only in the purely
classical nonlocal effects of the long-range correlation
between the bound electron and the particles of the sur-
rounding plasma. On the other hand, a definite con-
tribution to the level energy is made also by the essen-
tially quantum local Fermi-liquid-type corrections
similar to the corrections considered in Sec. 1, and
due to the exchange interaction of the localized electron
with the electrons of the plasma background, an inter-
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FIG. 2.

action which is important for the states with 7> N/3,
For the low-lying states (i.e., for the states with Z/n
> 1), perturbation theory is always applicable to the
Coulomb interaction between the bound electron and the
free electrons. For high quantum-number values (i.e.,
for Z/n< 1), the use of perturbation theory is justified
when T > Ry, The level shift due to the exchange inter-
action is then determined by a simple first-order dia-
gram (Fig. 2). In order not to interrupt the discussion,
we perform all the calculations in the Appendix, and
give only the result here:

6Zas = —i—(hg’) (6ot o),

Q= (4.20)

4ne’N,

—
In (4.20) the first term gives the level shift, while the
second term gives the level splitting if by chance the
system of plasma electrons is magnetically polarized
with degree of polarization a. The distance between
the components of the Zeeman doublet will also change
to the same extent (see Sec. 1).

The energy of a free electron of the plasma back-
ground also change in proportion to these same ex-
change corrections:

1 (hQ.)* ( r

($)}
-———F
82 =7 2mT

) (Bapta0asR), p(z)=j exp(—z*)dz

2_z '

(4.21)
which is now a complicated function of the momentum
p. The function F(z) can be expressed in terms of the
probability integral w(y) of the complex variable:

X

inyw(y).

) N
F@=3- U@ +HM), 1w=2 j e

(4.22)
For high momentum values, i.e., for p>> mT, the ex-
change correction (4.21) to the energy is proportional
top™:

828 =—2m(h/p)?e*N, (8up+a0asB), p>mT,

and for #/ag < p < (mT)*/? the expression (4.22) co-
incides with (4.20). The correction (4.21) to the free-
electron energy also affects the macroscopic equations
for the self-consistent field, i.e., it also makes its
own contribution to the shift of the bound-electron
level. For the states in which N;}/3 <7<« ,, this in-
direct contribution is, however, proportional to a pro-
duct of two small parameters: (#/7p) (Ry/T)<1, and
therefore turns out to be significantly smaller than the
direct exchange correction (4.20) for the bound elec-
tron. Thus, allowance for the correction (4.20) to-
gether with (4.12) does not go beyond the needed ac-
curacy, and we can write

AE=Ze*/ro— (hQ.)*/2T. (4.23)

Notice that the contribution of the effects of the interac-
tion of the bound electrons with the plasma background
to the level energies of many-electron ions can be
more important than the shift due to the interaction of
the bound electrons with each other.

E. P. Bashkin 1082



5. INSTABILITIES. PHASE TRANSITIONS, HIGH-
FREQUENCY OSCILLATIONS

Let us investigate the stability of a gaseous medium
of neutral particles, in which a system of highly-ex-
cited atoms has been placed, so that the condition (1.1)
is fulfilled. The free energy of each of the components
is given by the well-known formula of statistical phys-
ics'™:

e (MT\*
F4=—N‘Tln[N—‘(—Z“F) Zexp_(—e.../T)], i=1,2.

(5.1)
Assuming for simplicity that the atoms of the medium
are in the ground state, while all the excited atoms are
in a definite state |n) (the excitation is effected by
means of resonance radiation, for example), we find
with the aid of (1.15) the total free energy F:

nh?

2 eg ‘T ¥
F——T‘Z‘l Nl [-1W (E;h‘*) ]+N,a.,‘—1v.3.,,,+ (Smcé’,,. + a.) NN,

(5.2)

where the subscript i=1 pertains to the medium, =2
pertains to the system of excited atoms, and g; is the
statistical weight. In (5.2) we have dropped the virial
corrections that are quadratic in Ny, which are due to
the interaction of the heavy atoms with each other,
since even at very low temperatures they contain the
small factor m/M; <1 in comparison with the last term
in (5.2). Allowance for such virial corrections does not
present any difficulties; it only makes the subsequent
computations tedious., The thermodynamic condition
for the system to be stable is violated if

(5.3)

From (5.3) we find with the aid of (5.2) the critical
temperature T, upon the attainment of which the given
two-component system of unexcited and excited atoms
becomes unstable:

det||3*F/0N 0N, ||<0.

T.=|G](NN,)", G=8nn&.+nh’a,/2m. (5.4)

The use of the formulas of the Boltzmann statistics is
justified if T,> g44(i =1, 2), where g4 is the quantum-
degeneracy temperature. It is not difficult to see that,
because of the smallness of m/M; <1, there always
exist ranges of N, and N, values where the condition T,
> g4, is fulfilled. Thus, at high values of » this condi-
tion is fulfilled if

1>4,> (m/M,) (Mz/MA)'I‘|

(5.5)
The above-considered instability can occur if the
usual first-order phase transition connected with the
condensation into the liquid phase of one or both com-
ponents does not occur at T > T, as the temperature is
lowered, i.e., if

L

p? (N, T)<p” (N, T)

atT=T, or
N<2(M.T./21h%)"% exp(—Ip™ 1/T,), (5.6)

where u{¢’ and u{%’ are the chemical potentials for the
gaseous and liquid phases respectively. Unfortunately,
the experimental observation of such an instability in
an excited gas meets with certain difficulties, since, in
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134> (m/M,) (M/M,)", y=N"la,l, i=1,2.

order for the T, not to be too low, it is necessary that
the pressure of the medium be high, i.e., that N, ~10*
cm™, and the highly excited atoms be of equally high
concentration N, ~10?° ¢m™ and have a lifetime longer
than the relaxation time 7. In charged-particle systems
(a cold plasma, the electron gas in a semiconductor),
the development of a similar instability leads to the
appearance of a charge-density wave.!3'*®

Treating the interaction of an atom in the ground state
with a highly excited atom as scattering on a compound
particle (similarly to the scattering of neutrons by
molecules), we can easily verify that, as in Refs. 13
and 18, there appear in the kinematic part of the ki-
netic equations for the two components a Fermi-liquid-
type gradient correction due to the mutual zero-angle
scattering of a particle of the medium and an optical
electron in an excited atom:

on
((D—kv,)ﬁnﬁ'k—a;!uoz 6n2=0, v‘=_nl;‘, i—i,z,
’ (5.7)
i} he
((D—kv:)én;"’k—arf u,g 6n,=0, u,= nz o

m

The eigenvalues of the system of collisionless kinetic
equations (5.7) give the dispersion law w(k) for the high-
frequency (wT > 1) vibrations of the zero-sound type
with | w|> kv gy, where vy =(T/M;)!/? is the thermal
velocity:

o= (NN/M.M,)"u k. (5.8)

From the consistency of the conditions |w|> kv and
T>T . we find the inequality

(5.9)

upon the fulfillment of which weakly-damped high-fre-
quency density oscillations can propagate in the excited
gas. Actually, the inequality (5.9) is equivalent to the
conditions

|G| <H|a]/m,

(h*/m) |a,| (n+A)*/7<Ry, a<O0. (5.10)

If the photoexcitation of the atoms occurred in a spin-
polarized gas, then the excited two-component system
can also propagate high-frequency spin waves with a
quadratic dispersion law, which in this case formally
coincides with the spectrum of the magnetization inten-
sity oscillations in a weakly ionized gas'®:

2BH Q. [Kvrt | Kue? 2nha, 5

e ey = oll

@ % 9‘+9,( o o ) Q=——Na, (5.11)
28H Q& [ Kurl | Koy )

=27 104 — 5.12

0=-= Q‘TQ,+Q‘+Q‘( S tor (5.12)

If the magnetic polarization of the system was pro-
duced through the injection of spins, then we must set
H=0 in the formulas (5.11) and (5.12). At k=0 the ex-
pressions (5.11) and (5.12) yield two electron-para-
magnetic-resonance frequencies in accordance with the
two types of uniform oscillations of the magnetic mo-
ments of the subsystems.!?

The experimental observation of such effects is sig-
nificantly easier in semiconductors with shallow im-
purity levels and point magnetic defects provided that
7> Nj'/? (see Sec. 3). There will occur in such a
semiconductor at a sufficiently low temperature a phase
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transition connected with the magnetic ordering of the
impurity levels and the point defects. All the calcula-
tions here turn out to be the same as in the case of the
interaction of a gas of free electrons with magnetic
point defects.!® Indeed, the magnetic free energy of the
semiconductor in the present case has the same form
as the corresponding energy in Ref, 13:
M M nh? p?

Fu =ZX(°)Nt +27“”N, M, xO= T

+2m§’ a,M (5.13)
where M; and M, are respectively the magnetizations
of the impurity-level and defect systems and N; is the
number of impurity levels in a unit volume.

The minimization of the free energy (5.13) enables us
to find the critical temperature of the ferromagnetic,
M, 44 M, (when a,> 0), ordering:

T.=(nh*/2m) |a,| (NNJ)™. (5.14)
At T> T, the detection of the double EPR signals,
A
““ﬂnf’ m=—_2:_’.’+ 200 NN th BH (5.15)

is experimentally possible even when the number of im-
purity levels is relatively small. At T< T, it is also
experimentally possible to observe a homogeneous anti-
ferromagnetic resonance at a frequency equal to

o=(2nha,/m) (Nt Nsos), (5.16)

where the plus sign corresponds to the ferromagnetic
order, the minus sign corresponds to the ferrimag-
netic type of structure, and the equilibrium values of
the degrees of polarization o; and a, are, when al-

lowance is made for the fact that N,> 73> N,, given
by the following expressions:

’

Ni\' T.—-T
. h = — N <1
a=(67)", (Nd) o, T= T 1

¢

T.\? T (No% (Ny* T
a*=1*exv[-2(—)] cemr(wm) S (R) <met

N B T, (Ni\"y T _IN\"
= 22— — =1 — 22— e, —
1= e"p[ 2 (N.)] =1 “p[ 2T(W.) ]'T, N.) ’

i.e., the inequality Nya,>> N;a; is always fulfilled.

The author is grateful to A. F. Andreev for a thorough
discussion of the results of the paper and to the partici-
pants of I. I. Sobel’man’s seminar for a useful and im-
portant discussion.

APPENDIX

The electron-electron interaction Hamiltonian has the
form

Hine=— j' Y+ (r,) ¥+ () 17 \v (va) ¥ (r,) drydrs, (A1)

where the field operators \I/(r) and ¥*(r) can be ex-
pressed in terms of the creation and annihilation op-
erators a and g, for the electrons in the usual manner:

¥ =Y tatte, F©=Y o @ (a2)

In (A2) the Latin and Greek subscripts number re-
spectively the orbital and spin states, summation over
repeated spin indices is implied, and ¥;,(r) is the wave
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function describing the state |ia).

Let us substitute (A2) into the expression (Al), and
compute the mean value (H,,,) = E,,,. Performing the
averaging with the aid of Wick’s theorem, and taking
into account the fact that the Coulomb interaction is
spin independent, we finally find the contribution of
the exchange effects to the total interaction energy:

fﬁ’———z Uim s nga, (A3)

Uin = 90 (0 0 (02) o 01 (1) Yo (r,) di,

where we have introduced the polarization density ma-
trix

(d(¢+ﬁu>=ns) 6(;, (A4)

and the matrix element U,,™’ is computed with the pure-
ly orbital wave functions ¥,(r).

Varying E5F’ from (A3) with respect to n*’, and
taking into account the fact that, because of the isotropy
in the system, U,,™=U,,*", We obtain the correction to
the electron energy, that stems from the electron-
electron exchange interaction:

o
3= Em Y g (A5)
ongy e

Assuming that the state | %) describes the localized
electron, while all the states |m) pertain to the free
electrons of the plasma background, we have in first
order the expression

U::=ez j‘ex_lﬁ%?—i:ﬁ)—]'\ho' (h)\Pho (l'z) dr,dr,, (A6)
where ik = p, n{3’ =n,,(p) is given by the formulas (1.3)-

(1.6) for the electrons, and the ¥,, are the unperturbed
hydrogenic functions from (4.2).

Let us set r=r,-r,, 2R=r,+r, in (A6), and perform
the integration over the angle between the vectors k
and r. The single integration by parts with allowance
made for the relation 27 > 1 leads to the result

o e e . r r
=2 derd(p,{e“ Pro (R—T) ¢.,,(R+E-) |

0, =0
—ew (R e (e )] Fro(z). an
Now integrating (A7) by parts with the use of the nor-
malization condition
[ 19w (R) :dR=1 (A8)
for the wave functions of the bound electron, we find
Upm™=4bne*h?/p*+0 (1/k*). (A9)

Substituting (A9) and (1.4) into (A5), we arrive at the
formula (4.20), which is valid at high temperatures.
If by chance the temperature is so low that the atomic
velocity of the bound electron is significantly higher
than the thermal velocity for the free-electron gas,

then
828 =—"/aN,Us (Baptcious®), (A10)

where U,,* is given by the formula (A6) with k=0, If
the state | k) pertains also to the free electron, then
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U,=bneh?/ (p—p')? (A11)

and, performing the exact integration, we obtain the ex-
pression (4.21).
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