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It is shown with the aid of the diagram technique that the interaction between parametrically excited spin
waves (PSW) and thermal spin waves (TSW) can be described using the kinetic equation. The damping

constants in the equations for the normal (n) and anomalous (o) correlators of the PSW are found to be
identical. They can be calculated with the aid of the ordinary kinetic equation by substituting into it the TSW
occupation numbers, which, because of the effect of the PSW, generally differ from the thermodynamic-
equilibrium values. The relative contributions of the various mechanisms underlying this effect to the

damping are thoroughly analyzed with allowance made for the real form of the dispersion law and the matrix
elements of the interaction Hamiltonian for spin waves in cubic ferromagnets. The nonlinear PSW-damping
constant is computed up to terms of first order in the PSW occupation numbers 7,: ¥, = ¥4 + fun dK. It
is shown within the framework of the kinetic equation that, in the case of the dominant nonlinear-damping
mechanisms, the coefficients 7, are singular: 7,,~ o as k'’—k. The effect of the nonlinear damping on the
form of the distribution function and on other characteristics of the PSW beyond the excitation threshold is
studied with allowance made for this circumstance. It is shown, in particular, that positive nonlinear damping
leads to the broadening of the angular distribution function of the PSW, while negative nonlinear damping

leads to the narrowing of this function.

PACS numbers: 75.30.Ds

Thus far, the main attention in investigations of para-
metrically excited spin waves has been given to the
study of the properties of the narrow packet of para-
metric spin waves (PSW) whose frequencies lie in the
region of parametric instability.! The rest of the spin
waves are usually assumed to be close to thermody -
namic equilibrium, and serve then only as a thermostat
guaranteeing the PSW damping, which can be computed
with the aid of the ordinary kinetic equation for spin
waves after substituting into it the equilibrium distribu-
tion of the “thermal” spin waves (TSW):

me=n"=[exp(how/T)—1] " (1)

The assumption (1) that the TSW have an equilibrium
distribution is based on the fact that the number N of
PSW at low supercriticalities is significantly smaller
than the total number N, of TSW. But, as we shall now
show, only a small part of the aggregate TSW reservoir
participates effectively in the damping of the PSW.
Therefore, even at low supercriticalities the energy
dissipated by the PSW can cause the TSW occupation
numbers in this region to significantly deviate from
their equilibrium values. Indeed, in a typical experi-
mental situation,’ e.g., in the parametric excitation of
spin waves in cubic ferromagnets [usually in yttrium
iron garnet (YIG)], sufficiently long spin waves with
wave vectors k< 5 X10° cm™ are excited at a frequency
of w,=27 X10' sec™. For these spin waves the damp-
ing constant v, is determined largely by the processes
of wave coalescence

(2)

0t Ok -k =0k
and decay
(3)

Qr=0xF Oxkr.

As is well known,?? in the wave-coalescence processes

(2)
Ye (k) =n jdkldkz | Vx,nlz (nz_nl) [} (ﬁ)t—ﬁ)t—ﬁ)z) 8 (kt'—k_kz) ’ (4)
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while in the decay processes (3)
Vo () = [l Vol (nu 1) 8 (or—00,—2) 8 (k—k—ks).  (5)

Here the V, ,,=V(k,k,,k;) are the matrix elements of
the three-wave interaction Hamiltonian

1 .
H= ) J- v, ,23al+aga;+H.C.)_[6 (kys—k,—k;) dk,dk,dk, (6)

and the abridged notation #, =n(k,), w, = w(k,), etc., has
been adopted. The Planck constant # is “assumed to be
equal to unity.”

Spin-wave damping in the four-magnon scattering
processes

oto,—e,te;, ktk=k,+ks. (7)

may also prove to be important. In that case
Yoo (8) = 2 [kl T s () —nama 18
+k,—k,—ks) 6 (0r + 01— @ —@s) . (8)

Here T,, j, is the matrix element in the four-magnon
interaction Hamiltonian #“;

O = Ty ar*ostaad (1 + 2 — 3 —4yd1 d2 d3d4. 9

It is clear that the TSW with frequencies w,. lying within
the interval (w,, w, — w,), where w, = w,/2 can partici-
pate in the decay processes (3). Consequently, AN, is
smaller than the number of TSW in a sphere of radius
k, i.e.,

AN <Y aknV/ (2)°,

At a supercriticality of 6 dB, when the amplitude & of
the parametric pump is higher than the threshold value
by a factor of two, the total number of PSW is' N=y/

[S [ , where S= 2mg? is the four-wave matrix element de-
scribing the interaction of the PSW with each other
within the framework of the Hamiltonian (9) (g=2.8
GHz/kOe is the gyromagnetic ratio). Let us estimate
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the ratio
£=AN,,/N (6 dB)~STAwv/yor a*,

where

Aov=r—0=0r—gH—0./3, On=4bngM

(M is the magnetization), w,, is the exchange frequency,
and a is the lattice constant. We shall make all the nu-
merical estimates with the experiments with YIG at
room temperature in mind:

0n=4.9-10° sec!, ©,=9.8-10° sec?,

nw=2—10-10*sec!, 7=300 K, o..2*~0.1 cm? -sec™!. (10)

The quantity Aw, is determined by the applied magnetic
field, and varies in experiments from 10® to 5 X10°
sec™. Under these conditions £=10%aw=1, i.e., the
number N of PSW and the number AN, of thermal spin
waves that make the dominant contribution to the “de-
cay” damping constant 7, (k) of the PSW are indeed of
the same order of magnitude. It is essential that the
group of AN, spin waves have sufficiently long wave-
lengths, so that the scattering processes (7) do not have
time to scatter the nonequilibrium part of its energy
throughout the reservoir of thermal spin waves. It is
therefore clear that the nonlinear PSW damping that
arises as a result of the superheating of the group of
AN, spin waves in the decay processes (3) can be sub-
stantial.

Similar arguments lead to the idea that a nonlinear
dependence of ¥, on N can also arise in the coalescence
processes (2). To be sure, the fact that the number
AN, of spin waves participating in the processes (2) is
sufficiently small is not so obvious here; in fact, it
does not follow from the conservation law (2) that the
spin-wave vectors |k’| and |k —k’|=%" are bounded
from above. But analysis of the integral (4) (see §2 be-
low for details) shows that the dominant contribution to
it is made by the spin waves with £’ and 2" of the order
of k, and, consequently, AN.= AN,

Similar qualitative arguments were adduced long ago
by Schldmann,* LeGall et al.,’ Melkov,® and others to
show the nonlinearity of the damping in the three-wave
processes (2) and (3). In a preprint of one of the auth-
ors of the present paper (V.L.),” these effects are quan-
titatively analyzed in the simplest possible model that
still preserves the main characteristics of the phenom-
enon: the spin-wave spectrum is assumed to be iso-
tropic, the dependence of the three-wave interaction
constants V, ,; on the angles is neglected, and the PSW-
pump interaction constant V, and the PSW-damping con-
stant 7, are also assumed to be isotropic. Fairly sim-
ple dependences of ¥, on N are obtained which qualita-
tively agree with experiment.

In the present paper we study the interaction between
the PSW and the thermal spin waves without making
model assumptions about the spin-wave dispersion law
w, and the matrix elements of the interaction Hamilton-
ian. To begin with, in §1, we discuss the question
whether the kinetic equation can be used to compute the
damping of a spectrally narrow PSW packet. In spite of
the fact that this question has an almost obvious answer
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within the framework of Wyld’s diagram technique, it
is still discussed in the literature.

In §2 we compute the nonlinear-damping constants 7,,.
for relatively small numbers N, of PSW, when

T (N) =0+t f NNy dk’, (11)

Further, we compute the 7,,. for the nonlinear damping
due to the processes (2) of coalescence of two PSW.
This mechanism was first proposed by Gottlib and Siihl®
We also carry out in this section a consistent compari-
son of the various mechanisms of nonlinear damping,
and derive formulas giving the 7,,. in different ranges

of the external-magnetic-field strength. The contribu-
tions of the various three-wave processes to the nonlin-
ear damping are, according to rough estimates, of the
same order of magnitude. To ascertain the sign of the
Ty and the role of the various mechanisms, we must
carry out a thorough quantitative analysis that takes ac-
count of the specific dispersion law and the form of the
matrix elements. We are also careful to retain the nu-
merical coefficients of the type 27 that have a tendency
to enter in high powers into a final answer and make one
contribution numerically small compared to another.
The main qualitative result obtained in §2 should be
considered to be the proof that 7,,. is singular at k' =k:
< |k =k’|™. This means, in particular, that the
nonlinear contribution to the damping diverges on the
singular spectra predicted by the S theory (see Ref. 1).
This divergence occurs as a result of the use of the kin-
etic equation to describe the narrow wave packet. The
minimum packet width Ak for which the results pre-
sented in the present paper are valid can be estimated
by comparing the 71,,, (2.6), computed with the aid of
the kinetic equation with the nonlinear-damping constant
for a monochromatic wave’:

N (12)

As is well known (see §1), this is the condition of appli-
cability of the kinetic equation. As far as we know (see,
for example, Ref. 10), the condition (12) is always ful-
filled in experiments on the parametric excitation of
spin waves.

Section 3 is devoted to the consideration of the effect
of the nonlinear damping, in particular, its singular
character, on the properties on the PSW. Here it is
shown that positive nonlinear damping is an isatropi-
cizing factor (increases the size of the packet in k
space), while negative damping is an anisotropicizing
factor. Owing to the latter circumstance, the S-theory
equations with a negative nonlinear damping constant of
the form (11) do not have a steady-state solution at all.
k is shown that a small quantity of defects (the scatter-
ing of the spin waves by which is an isotropizing factor)
leads to the existence of a steady-state solution with a
finite packet width in k space. Besides the PSW distri-
bution, the following integrated characteristics are
found: the number of spin waves and the nonlinear sus-
ceptibilities.

§1. SYSTEM OF BASIC EQUATIONS

1. The diagram technique. We shall, in describing
the spin waves, proceed from the total Hamiltonian of
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the problem:

H=F6D+369 4360+, (1.1)

Here #® is the Hamiltonian of the noninteracting spin
waves:

HV = Imxaﬁak dk, (1. 2)
H'S) ig the three-magnon interaction Hamiltonian (6)
and #*’ is the four-magnon Hamiltonian (9), in which
we have, for simplicity, retained only the part describ-
ing the scattering processes (7). Finally, #’ is the
spin wave-microwave pump interaction Hamiltonian:

HP = —;— j [k exp(iopt) Viax*a+H.c.) dk. (1.3)

Since in the majority of experiments on the paramet-
ric excitation of spin waves in ferromagnets the tem-
perature T= 300 K and is significantly higher than the
pump frequency %w,=1 K (in the three-centimeter re-
gion), we go over to the classical description of the
spin waves by replacing the operators a; and a, by the
corresponding ¢ numbers, i.e., by the canonical vari-
ables af and a,. This allows the use of the canonical
diagrammatic technigue for the statistical description
of the PSW,

As shown in Ref. 12, a system of Dyson equations for
the normal (G,) and anomalous (L ) Green functions
arises upon the summation of the weakly coupled dia-

grams. These equations can be represented in the form
Go=(0,—0—dx—il) A, L=PA;",

A= (@~ 0—0x—ily) (0—&+il;)—| P, |2

=k, o;
(1.4)

The interaction-renormalized spin-wave frequency C)k,
the spin-wave damping constant I',, and the renormal-
ized pump power P, can be expressed in terms of the
normal (Z,) and anomalous (II,) compact diagrams. For
example, I, = Imka. Below we present the T dia-
grams that are of second order in the vertices in ¢’
and X4,

: (1 (2) J) (%)
L= N ETN IR SN
(1.5)
() {6) (7) (4) (9)

...@ﬁ@ +@+@+@ .

Here we have used the normal diagram notation: the
straight lines represent the Green functions G, and L ;
the wavy lines, the normal (»,) and anomalous (o,) pair
averages.'? By summing the weakly coupled diagrams,
we can obtain for n, and o, equations that generalize the
S-theory equations:
 ne=GA~+LB;, 0 ~GAy+LB,
A=0.G;+V¥ Ly, B~YG+®L, §=-k 0,—o0.

(1.6)

Here ¢, and ¥, are the sums of the compact, normal,
and anomalous diagrams, e.g.,

() (2) N/, (s)
= 1
o, = OHC I+ T+ €
They differ from the diagrams for = and II in that they
can be cut into two parts only along » and o lines.

(1.7)

2. Transition to the kinetic equation in the absence of
a pump. ¥ hV,=0, there are no anomalous correlators,
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L,=0and 0,=0 in the equations (1.6), and expression
(1.5) for the normal Green function assumes the simpler
standard form

G=(0—0x—ka) "'=(0—@i+Hilk) . (1.8)
Then, instead of (1.6), we obtain
1e=1Gy|*O=0roy [ (0—x) *+Ti2] . (1.9)

The quantity &,, is 2 smooth function of k and w, and,
consequently, the dependence of n,, on w is determined
by the square of the modulus of the Green function. In-
tegrating (1.9) over w, we have

Tie=n0,, nx =j dony,. (1.10)

For wave packets that are spectrally broad enough
(i.e., whose spectral width aw,>T')), we can, by set--
ting n,, =7,0(w — w,), perform the integrations in the ex-
pressions for I', and &, over all the internal frequen-
cies. As a result, the diagrams 1 and 2 in (1.5) give the
standard expression (4) for the spin-wave damping con-
stant due to the coalescence processes (2), the diagram
3 gives the expression (5) for the damping constant due
to the decay processes (3), and the diagrams 5 and 6
give the expression (8) for the damping constant due to
the scattering processes (7). The diagrams 1, 2, and 4
in (1.7) for &, give the sell-known expressions for the
arrival terms in the above processes. Thus, we indeed
arrive at the steady-state kinetic equation. Let us re-
call that we do not, in deriving it, take the diagrams
with three or more vertices into consideration. It can
be shown' that these diagrams can indeed be neglected
in the case of sufficiently broad wave packets, i.e.,
when

Ao, e
r.<Aka‘-, Ty < — (AR)*, (1.11)

As is well known, the solution to the kinetic equation
is the Rayleigh-Jeans distribution, which is also estab-
lished in the absence of a pump. By substituting ) into
(4), (5), and (8), we can compute the spin-wave damp-
ing constant in the near-equilibrium state:

V=" H

The contributions from other processes, e.g., the
Kasuya-LeCroy process,® should be added to 7{ as the
need arises.

3. Procedure for dividing the spin waves inlo para-
metric and theymal spin waves in the presence of a
pump. A pump changes the occupation numbers », not
just in the parametric-resonance region, but in the en-
tire k space. Therefore, the question arises: “Which
waves should be considered to have been parametrical -
ly excited, and which ones should, as before, be clas-
sified as thermal waves?” A qualitative answer is this:
“The parametric spin waves (PSW) are those pairs of
spin waves whose phases are correlated with the phase
of the pump; the remaining spin waves can be called
thermal spin waves if their occupation numbers »n, do
not differ too much from the equilibrium level.” As
shown in our preprint,'? it is reasonable to define the
PSW distribution function n,(k, w) by the formula

ek, @)=n(k, 0)—n:(k, o), (1.12)
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where

okn

oo T (1.13)

ne(k, 0)=
is defined by analogy with (1.9), with the difference that
here the quantity &, should be computed not for the
thermodynamic -equilibrium distribution n‘;, but for the
real spectrum, n,(k, w), n,(k, w), and o(k, w), computed
in the presence of a pump. For such a definition,
ny(k, w) is everywhere a smooth function of k, and
asymptotically tends to the equilibrium spectrum as we
move far away from the resonance surface, i.e., as W
> w,/z increases. As for the quantities

np (k) = [ ns(k, 0)do

and o(k) they fall off rapidly with distance from the res-
onance surface. It can be shown that

np(k), o (k) ~(Bu—w,/2) 2

4., The damping of the spin waves in the presence of
a pump. An essential feature of the basic equations (1.6)
is that they contain only one quantity (I',) that character-
izes the damping of the waves. This means that, in the
S-theory equations and any of their generalizations, the
damping constants for the normal (nk) and anomalous
(0,) correlators have the same value I, wpyz At the
same time, in some experiments'* different damping
times 7y and 7 are observed for the integrated quanti-
ties

N= .[nkdk, T= .[akdk.

Indeed, a question that has still not been fully answered
is: “How are the times 1y and 7, related in the various
experiments with the quantity I', and the other charac-
teristics of the PSW —the two-magnon damping constant
Yaer» the PSW packet width Aw, with respect to the mod-
ulus of k, etc.? Let us set this question aside, and
compute the quantity I',. Generally speaking, this
should be done by substituting the quantities o(k, w),
n(k, w) =n,+n,, and the exact expressions for the Green
functions into the diagrammatic expressions (1.5) for
Ze Then Iy =Im Ty, wy €20 be split up into the terms

Pe=pHy¥ =1+ (k) 12 (k) (1.14)

the first ¥ of which depends only on #,, while the sec-
ond and third, 7,(k) and 7,(k), contain the first and sec-
ond powers, respectively, of n, and o. The computation
of Y°{n,} is, in principle, simplified by the fact that
nyk, w) is a smooth function of k, and the dominant con-
tribution to the integrals is made by the region where
the wave vector of the Green function does not lie on the
resonance surface, with the result that the approxima-
tion (1.8) for the Green function can be used. As a re-
sult, on performing the integration over the internal
frequencies, we again arrive at the well-known expres-
sions (4), (5), and (8) with the thermodynamic-equilib-
rium spectrum n‘: replaced by the spectrum n,(k}, which

differs from »{ because of the interaction with the PSW:
Yop =15 [ 1V el (k) 8 (01— 0,—0:) 8 (k—1—2) d1d2. (1.15)

The part of v of first order in n,(k, w) is just as easy
to compute: we should integrate first over the PSW
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frequencies, setting
ns (k, ©) =n; (k)8 (0—w,/2),

and then over the remaining internal frequencies, re-
placing Im G, , by 76(w ~ w,). This can be done if the
range of integration over at least one of the internal k’
is broad, so that w,. changes by an amount significantly
greater than the greatest of the damping constants for
the spin waves participating in the process. Thus, for
example,

yc,,=n81V«,nl2[np(1)5<mk + 02 — 0p/2) — 15 (2) 8 (0k + ©p/2 — )]
x 8(k 4+ 2—1)ydtd2. (1,16)

By comparing this expression with (4), we can easily
verify that y, ; can be obtained from the kinetic equation
[i.e., from (4)] by substituting into it the PSW distribu-
tion 7,(k) with allowance made for the fact that w, = w,/2.
The expressions for 7,, , and 7,.,, can be obtained from
(5) and (8) in similar fashion. The second-order terms
Yse,2 €N also be computed in much the same way. It is
only necessary to take also into account the contribution
of the diagrams 7 and 8 that arises because of the pres-
ence of the anomalous correlators.

All the preceding expressions for the damping con-
stants are valid for any k, including k lying on the res-
onance surface. But if we set w, = w,/2 in the analytic
expressions for the diagrams 6-9 in (1.5), then it turns
out that the frequency figuring in the Green functions
also falls on the resonance surface. The approxima-
tions (1.8) used by us for G and r, are then no longer
valid, and, instead of the simple formulas for 7, , that
follow from the kinetic equation, we obtain an entirely
different expression: see the formulas (3) and (4) in
Refs. 9 and 17.

The arrival terms &, of the kinetic equation are com-
puted in the same scheme as the damping constant, and
split up in exactly the same way into terms of zeroth,
first, etc., orders in », and o (see our preprint'®).

Summarizing the results obtained in this section, we
can say that the kinetic equation can be used to study
the interaction between the parametrically excited
waves and the thermal waves if the wave vectors of the
TSW lie far away from the resonance surface w, = w,/2.
In this case we must take into account the additional
terms that arise as a result of the correlation of the
phases in the PSW pairs, and we can set w, = w,/2.

If, on the other hand, the wave vectors of the TSW lie
close to the resonance surface (i.e., if |0, —w,/2|<7),
then the description scheme becomes complicated: it
becomes necessary to include more terms in the ex-
pressions for ¥, and &,, but no fundamental difficulties
arise here.

§2. NONLINEAR DAMPING IN THE CUBIC
FERROMAGNETS

Many new and interesting effects connected with non-
linear damping occur even in the case of a small num-
ber of PSW, when the deviation of the state of the TSW
from the equilibrium state is small, i.e., when dn, <ng.
This case, which admits of a detailed analytical inves-
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tigation, constitutes the subject of the present paper.
In this section, using the principles validated in §1, we
compute that correction to the PSW-damping constant
which is proportional to the first power of the number
of PSW.

1. Basic equations. In the experimental situation (10)
of interest to us, we can neglect the contribution of the
four-wave processes to the nonlinear damping. The
deviations 6z, of the TSW from equilibrium should be
found from the kinetic equation for thermal magnons:

’ft° Snx=—n I le+k’kk' l' [} (O)kq,k'—n)k-u)x') (nx"—n:u') np (k’) dk’
+n .( lek'k—k'lz 5((17,k—(1)x'-—(x)k-|r.') (n:—k’—nxo) np (k')dk'
+nj [ Virwr—l? 8 (0x —0x— 0k 1) (ter—x—m:) np (k’) dk’. (2.1)

We shall use for the analysis the actual dispersion
law for spin waves in an isotropic ferromagnet:

ox’*=(wotak’+'/,0m sin? 0) —!/,0.% sin* 0,

(2.2)

where 6 is the angle between the wave vector of the
wave and the magnetic field,

a=0:0%, ©o=gH—'/s0m.

For a wave close to the equator of the resonance sur-

face, the dispersion law (2.2) can be approximated by
the formula

mxzm.+ak‘=mo+’/zo)m+ak’,

(2.3)
which for (10) corresponds to a roughly 10% error.

In the case of the dispersion law (2.2) decays are al-
lowed for waves with

ak*>ak,*=2(0.*+wown sin? 0) .

The frequency of the parametric waves is fixed (w, = w,/
2), and the variation of the wave vector is achieved in
experiment through the variation of H (and, consequent-
ly, of w,). The decays become allowed when

00<'/3 (05’ +40n? sin* 0)"—*/; (0,2 + o sin 0) .

2. Negative nonlinear damping in the processes of
coalescence of a parametric wave with a thermal wave.
Let us first consider the case in which the decay of a
PSW is allowed. Then, as noted at the qualitative level
in Ref. 1, the nonlinear damping of the PSW will be
negative, i.e., ¥,(N) will decrease with increasing N.
For a quantitative analysis, it is essential that we take
into consideration the angular dependence of the three-
wave interaction matrix element

Visg =V (sin 26,ne="+sin 20,ze=%), V=(8n’g*M)", (2.4)

where the z axis has been oriented along the magnetic
field and 6,,,0,, and ¢,, ¢, are respectively the polar
and azimuthal angles of the vectors k,; and k,. Substi-
tuting 6z, from (2.1) into (4) and (5), we obtain in ac-

cordance with (11) the expression

M = S A1 |V, ek [* 8 (01 — 0k — 01-1) | Ve, 11 | 8 (0100 — @
0o__,0 ., . N .
— o) _’hvl# + S a1 |V, 1x)? 6 (@4 — 01 — 0x) | Vinxe [ 6 (1

n e —n
—Op — Oy p) ————— — S A1V, 1k [* 6 (@4 — 01 — 0x)

Y1
ny® — nype
X Vi, 1k |28 (01 — 03 — k) 1Y—01+k_ S a1 | Vy, a2 Vi, ek 2
1

—n,°

0
X 8(1 — Ok — ©1x) 8 (04 — O — m;-w)n""\',T- (2.5)
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The third and fourth terms in 7,,. have a singularity
at k’ =k, which arises as a result of the coincidence of
the arguments of the & functions. We can, by perform-
ing the integration, easily verify that for |%|<kmn,,,
«1/|n|. Let us analyze the expression (2.5) for k’
close to k. Assuming that x,,x,,<<1, and limiting our-
selves to the consideration of only the singular term in
(2.5), we obtain

4To,V*
ak [2sin® (@/2) + (zx — 2x)* + ((k — K')/k)""
., [ 1 § Ey dky (Fy/R)® (1 — Fen/ke?)""

ey =~ —

X
oy + ak? J V100 (@) — 0y/2)
A Radhy (k) (1 — Rk ] (2.6)
T § ¥1°01 (0 — ©0,/2) '
Here
oy +2ak? Oy z ki Oxx
= y = y x=——0kxx,
' 20k cos(¢/2) ' 2ak cos (g/2) . 2

where ¢ is the difference between the azimuthal angles
of the vectors k and k’.

As is well known, when k goes over from the nonde-

' cay region into the decay region, the damping constant

7, increases severalfold. It is easy to see that k, sat-
isfies the inequality ,>k,=(2w,/ @)}, Therefore, for
k,<k,, which is equivalent to

H<H=g" (*/s0,—"/s0m),

the dominant contribution in (2.6) is made by the sec-
ond term. For field intensities higher than H,, 71, is
several times smaller. To study the effect of the non-
linear damping on the PSW distribution in the case of
axial symmetry, we need

1
p—— . do.
W= jn“ M

Computing this quantity for H<H,, we obtain
o TopVIn[ (Th—zp) 2+ (k—k') 2/ K]
T O (@1 F 02/2) Y (0 20K) R

3. Nonlinear damping due to the decay of the PSW.
Let us now consider the nonlinear damping of the para-
metric waves in the decay region of the spectrum.
Limiting ourselves in the expression for the damping
constant to the consideration of the term corresponding
to the decay of the parametric waves, we write

(2.7)

W) =7n"+n Sdkl IV, 1kt |28 (0 — @4 — 0gy) O

Neglecting all the terms in (2.1) except the second,
since they make a “nonresonance” contribution (the cor-
responding 7,,. does not have a singularity at k' =k), we
obtain

Nkk' = S dk1 |Vk, 1k-1 I2 I Vk', 1k'—1 l2(0)k — 0 — mk—i)6 (o

n,°4-nwe—y
et

(2.8)

— 0 — OK'—q)

For the quantitative calculations, let us again use the
dispersion laws (2.3) and the matrix element (2.4). For
the PSW close to the equator, we obtain, similarly to
(2.6), the expression

. 8V'To, 'n; @, (z.——xk' )2+( B~k )2]"/2
e a’k?® cos (¢/2) St 2 2 2k

]?- dk, sin® 8,-2

J cos 07 0 (0,/2—@,)
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Here
. 00+2ak} k R h
sin @y (k)= ——n—* =— _¢.. —_— L s’
W)= cos(@/a) ' FeTgeos, i:( % °°527_£)

In the computation of 7,, the dominant contribution is
made by the region around ¢ =0:

- 4o, VT ky* 2k . kyt 2kp* ky? \ 2
o o '[3“—'_ PR ][3_ P +I"'z](1__k,;)

Wp k -t kyt 2k
x[(?“"h/z)’{'(7)azk] [3-2-==] [ @-a
k_ oy 29—t
7)1
k

If the wave vector & of the PSW lies near the decay
edge k*=Fk3(1+5), 6 <1, then
L EVT (04 (8+an?)
Y (k/2) a’k

(2.9)
_ Here k,*=2w,/ a.

k—k' 1"
ln[ (Zx—zpr) 2+ %

N (2. 10)
It can be seen that, for PSW at exactly the equator (i.e.,
for x,=x,=0), 7,,%<56*<1 because of the fact that the
matrix element V, .., vanishes for waves propagating
in the plane perpendicular to the magnetization.

A comparison of (2.10) and (2.7) shows that the nega-
tive nonlinear damping is replaced by positive damping
when 6>'/,, i.e., the formula (2.9) or (1.10) can be
used to describe the nonlinear damping in the decay re-
gion.

4. Nonlinear damping due to the coalescence of two
PSW. In the case of the dispersion law (2.3) we obtain
from (4) the expression

N = J. V?Isin 20,+sin 20, e~ *|? § (0p4n' —Or—@p’) e
27
_ 1 €08 @o (sin® 20,+sin’® 20, + (20,/akk’) cos 6, cos 6y')
1 2akk’ sin 0, sin 6, sin @,

’

where cos ¢,= w,/2akk’ sin 6, sin 6,.
The coalescence process is allowed for

, @+ @msin' 6\ " @p \
bk > mag = () ' (2

— ’> .
= o2) or 2akk>o,

I bk =(w,/20)(1+06"),8’ <1, then for the PSW near the
equator

v (zptay)?
noy (8= (2 +2p?))™

L (2.11)
Let us now compare the contributions of the various
processes to the nonlinear damping. For this purpose,

let us compute

1 -3
fl=-2—1§.[noxda:

for 7,, given by the formulas (2.7), (2.10), and (2.11).
This quantity is equal to the nonlinear damping constant
for the PSW at the equator in the model with N(x) chos-
en in the form of a rectangle of width 2A. To simplify
the comparison, let us assume that the ¥y entering into
(2.7) and (2.10) is equal to y0 =y, =¢V *T/4na’k,

where, as experiment shows, {=1-5. Then

_ 8V ¢ A A A\ - 212A
T2o & —— —| arcsin—; (1—(—)) ], Nzc mox = s

no: A 58 Y o
V*w,In A-! 4V*8*InA-!
o — | T)ap N —————————————. 2.12
1 5takt L PN Ty ——— ( )
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It can be seen from (2.12) that 1-72c is substantial in a
§mall x;eg'lon of width A around H, ... A comparison of
7. and 7, for H=H, , (1+4A) shows that

Ne/Mac, me=2 In A~Y/5EA.

Thus, the contribution of the process of coalescence
of two PSW increases with increasing angular width of
the packet. Figure 1 shows typical behavior of the non-
linear damping constant for the case A=0.1. This be-
havior agrees well with the experimental data reported
in Ref. 15.

Summarizing, we can assert that, for H<H,= 650 Oe,
the nonlinear damping constant 7,, for the waves with
wave vectors lying close to the equator of the resonance
surface is given by the formula (2.10). For H,<H<H,,
M 1S negative, and is given by the expression (2.7).

At H=H, . ~1.1 kOe, 7,, has a narrow peak. In the
region H>H,, |n| decreases severalfold.

§3. THE EFFECT OF THE NONLINEAR DAMPING
ON THE STEADY STATE OF THE PARAMETRICALLY
EXCITED WAVES

As is easy to see, the nonlinear contribution to the
PSW damping constant (2.7), (2.10) diverges on the S-
theory distributions that are singular in & space.’ 1t is
natural to assume that the S-theory equations with a
nonlinear damping constant will have as a solution the
PSW spectra having in k space a finite width with re-
spect to both 6 and k. This assumption is correct, but
only in the case of positive nonlinear damping. Indeed,
it is known from the S theory that the PSW distribution.
is stable against the production of new pairs if the sur-
face of the renormalized pump

Po=hVy +_[ Sx-or dk’

is enclosed by the 7, surface and touches it at those
points where N, #0. Positive nonlinear damping in-
creases the curvature of the y, surface, and, as a con-
sequence, can be a factor increasing the angular width
of the PSW packet, whereas negative nonlinear damp-
ing, on the other hand, is an anisotropicizing factor. It
is easy to see (see below) that the S-theory equations
with a nonlinear damping constant of the form (11) pos-
sess a solution with a finite width with respect to the
angle 6 and the modulus £ when 1>0, but possess no

l%-’\

-1+

FIG. 1. Dependence of the nonlinear damping constants on
the magnetic field: 1) in the processes involving the coale-
scence of a PSW and a TSW (%,); 2) in the processes involving
the coalescence of two PSW (i,.); 3) in the decay processes.
The curve 4) is the total curve.
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solutions at all when 71<0. Let us now proceed to per-
form analytic computations.

1. The case of positive nonlinear damping. Antici-
pating that the waves will be concentrated in a narrow
region of k space (as we shall see below, this is guar-
anteed by the condition 7N <y), and assuming that the
wave packet will be axially symmetric, we neglect the
dependence of the coefficients S,,. and 7, on 6 and k
within the limits of the width of the packet. Then we
can assume that

[ SwNe dk'=S@IN, N=[Nodx. (3.1)
The formula (3.1) expresses the fact that the integral of
interest to us is proportional to the total number of
PSW and at the same time serves as a definition of the
coefficients S(6,).

In the narrow-packet approximation, the steady-state
S-theory equation with a nonlinear damping constant as-
sumes the form*

[ eV dk' =[R2V (0) —S* (8) N*— (@ —0,/2)7] (3.2)

This equation is valid in the region where N, #0. Tak-
ing account of the fact that V(6) = V cos?6,S(8) =S cos?6
(the angle 6 is measured here from the equator of the
resonance surface @, = w,/2), and &, = &, +(k -k,)v,
where v=8w/8k is the group velocity of the spin waves,
we can represent Eq. (3.2) in the vicinity of the equator
of the resonance surface in the form

— J.;_'_“]n [(9_9')z+ ("_;'i_)z] N(K',0')dk’ do’
(k—ko)*v* )

= P—y—Psin*0 —
2P

(3.3)

Here

P=(RV'—§'N?)". (3.4)

Notice that, since ky,/P=kw,/y> 1, the dimensionless
PSW -packet width with respect to the modulus % is
much smaller than the width with respect to the angle
0. Therefore, as a first approximation, let us consider
(3.3) for k=k,, setting N(&, 6) =N(6)6(k - k,):
, , , pP—y . i
—n [In(8-0")N (0)do =p(—P——e —Z«W) (3.5)

Equation (3.5) possesses a solution that is nonzero in
the interval —A<6<a and equal to zero outside it. This
solution can be expanded in a Taylor series in powers
of 62 We can verify by direct substitution that, up to
terms ~In[P/(P -v)] it is given in the entire interval

by the formula
N (8) =3N(A*—0%) /4A°, (3.6)

where A is the PSW-packet width with respect to the
polar angle and N is the total number of PSW:

g P1 1 (3.7)
A=9—5 (Hzm[p/(p—x)] +), .s
nNIn [P/(P—y)]1=P—1. (3.8)

It is difficult to perform such a detailed analysis in
the two-dimensional case; therefore, we shall, in com-
puting the packet width, limit ourselves to an estimate.
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Assuming that N(k, 6), as a function of k2, is a rectangle
of width Ak, we find from (3.3) that

(Ak)*~ (P—y) P[v>.

Equation (3.8) for the total number N of PSW will, of
course, not change. Let us note that (3.8) differs only
by the logarithm from the S-theory equation with a non-
linear damping constant of the form 7,, = const, ob-
tained in Ref. 7. Thus, the simple model used in Ref. 7
describes the integrated characteristics of the PSW
fairly well. Indeed, neglecting the slowly varying log-
arithmic function in (3.8), we find that

SN —cH[E (1) —1]*
K2 A+ ’

(3.9)

where £=hV/y and c=0/|S|. The real and imaginary
parts of the nonlinear susceptibility can be obtained in
the usual manner (see Ref. 7):

"_ 2V ¢ ¢ (1—c?) [E*(c*+1)—1]"—2¢

x W{ ) Bt } (3.10)
, 2V —ct[g () —1]%
YETSOUT e } (3.11)

From (3.10) and (3.11) we can obtain the properties,
discussed in Ref. 7, of the nonlinear susceptibility: the
finite slope of X”(£) and the zero slope of x’(£) at the
threshold point, the finite x”(<) value, the displacement
of the x”(&) peak toward the region of high £ values as

c increases, etc. Let us only note that allowance for
the logarithm in (3.8) leads to a situation in which in the
vicinity of the threshold, when £ -1 <(n1ln(£§ -1)/S)?

E_

1 2
g (8-1),

nN =

i.e., has a zero derivative at £=1.

A qualitatively new phenomenon, which is connected
with the singular character of 7,,, is, as we can see,
the possession of a finite width by the packet. Knowing
the function N(£), we can determine this width from
(3.7):

—c+ [ (c*+1)—1]"

ct+1/c (3.12)

PO
1

As we saw in §2, by varying the magnetic field,
we can vary the quantity c=7/|S| within wide limits.
For c¥/(c?+1)<E%-1,

A*~9(E*—1) /2(c*+1) " (3.13)

In the opposite limiting case, when 1/¢> £2—-1>¢c?/

(1+c?,
ATR9e(E—1) ", (3.14)

It can be seen that, for c=1, the PSW packet is greatly
broadened with respect to the angle even at supercriti-
calities 1.5 dB.

Let us recall that all the above-presented formulas
have been obtained under the assumption that 7N <vy. At
the applicability limit A= 1,

‘Ak/k= (y/0)"<1.

On the other hand, it follows from (12) that, for the re-
sults obtained to be applicable, it is necessary that A
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>y/w, which, together with (3.12), leads to the condi-
tion
Y(y/o)*€<nN<y. (3.15)

Besides the positive nonlinear damping, the presence
of thermal noise, the inter-PSW interaction, which is
described by the off-diagonal terms of the Hamiltonian,
and the two-magnon scattering of the PSW by the static
inhomogeneities lead to the broadening of the spectrum.
But a comparison of (3.8) with the results of Ref. 10
shows that, for &> By,,/v, where B=(ak)T/T ~10"2
-10"° and 7,,, is the two-magnon damping constant in
the absence of a pump, the broadening of the packet in
k space is due largely to the nonlinear damping, i.e., to
the interaction between the parametric and thermal
waves.

2. The case of negative nonlinear damping. As has
already been noted, negative nonlinear damping de-
creases the PSW-packet width, which, in the S-theory
approximation, is equal to zero anyway. Therefore, it
is absolutely necessary in the consistent theory that we
take into account, besides the negative nonlinear damp-
ing, the interactions leading to the smearing of the sin-
gular distribution of the PSW. At not too high super-
criticalities, the dominant interaction is usually the
two-magnon scattering.

Let us first consider the case in which the two-mag-
non damping constant 7,,, is much smaller than the total
damping constant: ¥,,<7. In this situation we can
neglect the effect of the scattering by the defects on the
interaction between the parametric and thermal waves,
and use the nonlinear damping constants 7,,. computed
in §2. As in Ref. 16, the equations describing the angu-
lar distribution of the PSW can be derived with the aid
of the diagram technique. In the axially symmetric
case they have the form

2[[2—P2]*No=ve, TN, Te=T—y"*(z),

I=y+yu, T .“ -(P z_‘_ilzsz)‘h (3.16)

1 ]
exPet Ny
YV (z) = j New'Ne dz’,  Po=hV.—i —‘ET-N— dz’.
-1 -1 =

Here x=cos 0; I', and P, are respectively the renormal-
ized damping constant and pump power.

Naturally, it is difficult to obtain the exact solution to
this complex system of nonlinear integral equations.
Even the smallness of the quantity v4,,/7 <1, which
leads to a situation in which the distribution function N,
of the PSW should have at x =0 a sharp peak with char-
acteristic width A <1, is of no help. The point is that,
because of the singularity of the kernel 7,,., the form of
the function significantly depends on the shape of the
packet N,. Therefore, we shall just estimate the angu-
lar width A without computing N,. For this purpose, we
represent N, in the form of a rectangle of width 24, and
use the fact that N, is a narrow packet. Then we can,
after approximately evaluating the integrals in (3.16),
reduce this system of integral equations to the following
system of algebraic equations:
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N
Py=Tiuy, P=P+

A7 AP=gx,

¥:=I?—P*—2INIn A~!,  (RV)*=P*[1+(SN)*/(T—nNIn A~")2].
) |

(3.17)
Let us give its solution in two limiting cases: if
M L e
—S}ﬂ T < - (3.18)
then at low supercriticalities, when % - h, <h,,
N (h)=N,[2+[N.*/4+V? (h*—h2) /S ", (3.19)

where N, is the magnitude of the “forward” jump in N
at the threshold:

SN,=1n X

X (3.20)

The width A of the packet is then determined by the
two-magnon scattering, and practically does not depend
on the nonlinear damping:

Ye L1 e
AN — — —In*— =~ —. .
R (3.21)

The expressions for the jumps in the susceptibilities
X" and x’ and the jump in the phase of the PSW have the
form

V. ¢
,’=——— —
A Sln’“,
VP, n 1
, = in-t. 3.22
Ax—S Szln ey Ay 5 n'fd ( )

The results of the theory in this limiting case differ
only by the logarithmic factor attached to 7 from the
results of the simple theory presented in Ref. 7, which
assumes 1), =const.

If the coefficient 7 is large, and, instead of (3.19),
the inverse relation is fulfilled, then the analysis of the
equations (3.17) is significantly less trivial. Here we
give only the expressions for the N, x’, and x” jumps
occurring at the threshold. Instead of (3.20), the mag-
nitude of the “forward” N jump is now given by a form-
ula that does not contain S:

Y 1
nN+1n—_Y:=—2-'{¢. (3.23)

It can be seen that the magnitude of the jump N, is set
such that ¥¥* does not exceed the two-magnon damping
constant 7,,,. The width & of the packet is then smaller
than the width given by (3.21):

2 a4 1
Ty It (y/ya)
It can be seen from the formulas (3.21) and (3.24) that
negative nonlinear damping indeed decreases the width
of the PSW packet. In this limiting case the x”, X', and
) jumps are given by the expressions

(3.24)

Ay” v s Yd 1
R YT
= U (1) 3.25
M=t = () (3.25)
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instead of (3.22). Comparing the results of the calcu-
lations in the two cases, we see that the behavior of the
PSW (e.g., the jumps in the phase, x’,Xx”,...) is deter-
mined by the smaller of the two quantities (7/S) In(y/7,)
and (74/7)*.

Notice that we have consistently neglected the four-
wave processes. At the same time, they make to the
nonlinear damping a positive contribution that is, in
particular, proportional to the square of the number of
PSW:

=1+ J“’In'Nydk'+aN’.

The nonlinear damping constant due to the four-wave
processes naturally does not have singularities, and is
therefore determined by the total number of PSW. The
coefficient a can be roughly estimated for the process
involving the scattering of two PSW: a=T?/w, The
formulas (3.19)—(3.25) are valid when aN,<7lna™. In
the opposite case the jump is limited by the positive
contribution to the nonlinear damping. Evidently, the
quadratic —in N—contribution to the nonlinear damping
constant explains the change, observed by Melkov and
Krutsenko,'® from negative to positive nonlinear damp-
ing as the supercriticality is increased.

The case of a large number of impurities, i.e., the
case in which y4,,> 7, can be considered in similar
fashion. In this situation, because of the two-magnon
scattering, the singularity in 7,,. is smeared, and the
distribution of the PSW over the w, = w,/2 surface is
isotropic.

In conclusion, let us note that the singular character
of 7,,- was neglected in earlier®'® interpretations of the
experiments on nonlinear damping. Therefore, for any
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detailed comparison of the results of the present paper
with the results of measurements to be possible, we
need new purposeful experiments.
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