Excitation of capillary waves on the surface of a liquid
metal bordering with an unstable plasma

V. V. Viadimirov and P. M. Golovinskir

Physics Institute, Ukrainian Academy of Sciences
(Submitted 11 December 1981)
Zh. Eksp. Teor. Fiz. 82, 1464—1469 (May 1982)

The dispersion of coupled capillary waves on the surface of a liquid metal that borders with an unstable
plasma is investigated for the first time ever. It was assumed that a Pierce electron-beam instability develops
in the plasma. It is shown that the coupled short-wave perturbations develop at much weaker electric fields
than in the vacuum case considered earlier by Tonks [Phys. Rev. 48, 562 (1935)] and Frenkel’ [Phys. Zs.
Sowietunion 8, 675 (1935)]. The capillary plasma waves have an aperiodic instability. The critical electron-
beam currents, the values of the wave vector in the excitation region, and the instability growth rate are
estimated. The results explain qualitatively the experimental data of Gabovich and Poritskii [JETP Lett. 33,
304 (1981)], who were the first to investigate capillary-wave excitation on the surface of a liquid cathode in a
plasma atmosphere. A new mechanism is proposed for the anomalous electron emission of islands of metallic
films [P. G. Borzyak and Yu. A. Kulyupin, Electronic Processes in Metallic Island Films (in Russian),
Naukova dumka, Kiev, 1980] under the assumption that the emission centers are liquid drops of the metal.
The electron beam produced in such structures causes the buildup of capillary wave and enhancement of the

emission.

PACS numbers: 52.40. — w, 68.10. — m

1. It is known that the surface of a liquid metal is un-
stable in a sufficiently strong electric field applied
along the normal to the surface.!™® The dispersion re-
lation that describes the instability of gravitational-
capillary waves® can be written in the form

1)

where a is the surface-tension coefficient of the liquid
metal, p is the density of the liquid, g is the free-fall
acceleration, k is the wave vector directed along the
surface, E, is the electric field intensity on the metal
surface (2=0, E, | 2), E'=-0¢’/09z is the perturbed
electric field in the space surrounding the metal, and
¢’ = texp(-iwt+ ikx) is a small displacement of the
liquid along the normal. Relation (1) was obtained
from the balance of the pressures on the perturbed
surface of the metal. Small displacements of the
liquid (¢’) distort the potential on the surface:

9| imi=@—E'=—Et’. (2)

Since the potential on the metal surface is fixed (zero),
this distortion should be offset by perturbation (¢’) of
the potential of the space over the liquid surface. From
this we obtain the boundary condition?

@' |:=0=E.t". (3)

If the metal surface borders on vacuum, then ¢’
=E,t’' exp(-kz) and the dispersion relation (1) takes the
form first obtained by Frenkel’:

o’=ak®/p+gk—kE|4np. (4)

In the derivation of (4), no account was taken of the
viscous damping, i.e., it was assumed that

(ak®lp)™,  KE./(4np)™>2vEk?, (5)
where v=1/p and 7 is the viscosity coefficient.

It is seen from (4) that the short-wave perturbations
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(we shall disregard hereafter the gravitational compo-
nent) are excited in sufficiently strong electric fields

El>4nak. (6)

The instability is aperiodic. If #=10° cm™, the cri-
terion (6) is satisfied for liquid copper (a¢ =1.35x10°
erg/cm?) if E,>1.2X10° V/cm. The conditions (5) are
taken well satisfied (v=3.78x10™% cm?/sec). The val-
ues of the constants o and v are given for the melting
temperature of copper (7 =1085°C).

Notice should be taken in this connection of the un-
usually effective experiments of Gabovich and Porit-
skii,* who observed (on liquid copper) waves with the
indicated wave vectors, but for electric fields = 10°
V/cm near the surface. In these experiments “a
stream of dense highly ionized hydrogen plasma was
used to melt the surface and to produce near it strong
electric fields”.*

It is natural to assume that when the liquid cathode
borders on a plasma, or more accurately on a cathode
layer, the short-wave perturbations can be excited on
the surface of the liquid metal in weaker electric fields,
since instabilities that are the cause of the electric-
field perturbation E’ [Eq. (1)] appear in the layers.
From this follows the possible appearance of coupled
capillary-plasma waves.

To check on this assumption, we have considered the
case when a Pierce instability® of the electron beam ap-
pears in the layer that separates the liquid cathode from
the plasma. This instability is produced near the ca-
thode because of the secondary electron emission from
the cathode bombarded by the plasma ions. There is
no doubt that this is not the only instability that can de-
velop in the layer, and we do not claim a quantitative
description of the experiments of Gabovich and Porit-
skii. The choice of just this model was based on the
fact that the Pierce instability is typical of bounded
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systems, that it is also aperiodic, and mainly that it is
actually observed in beam-plasma discharges.® We
note also that capillary-plasma waves have never been
considered before and that the model character of the
calculations presented below has been verified.

2. In contrast to the usual Pierce instability for lon-
gitudinal perturbations of the density and of the poten-
tial, we shall consider the case of “oblique’” perturba-
tions, having a transverse wave vector k (otherwise the
boundary condition (3) is not satisfied). To simplify the
calculations we consider a case when the density and
velocity of the electrons in the unperturbed beam are
constant (n,, v,). Such a model is valid if the space
charge of the electrons is compensated by the ions,
something hardly realizable at each point of the layer.
Nonetheless, we consider just this case in view of the
great difficulties involved in the solution of the inhomo-
geneous problem.

The initial equations that describe the plasma insta-
bility are® '

dy,, e do, dv,. e
iVt Ut = P ot v =ik S gy,
T g m dz roreThe g ik m ¥
d d & M
dn Vi .
—ion,+v, dzl+n° (‘T;—+tkv,,,)=0, —dl;:-‘—k’cp,=4nen,,

where e and m are the charge and mass of the elec-
tron.

The perturbations of other quantities were chosen in
the form A’ =A,(z)exp(~iwt + ikx). For the case of a
plane wave A, ~exp(ik,z) the dispersion relation obtained
with the aid of (7) has no unstable roots for w.

The solutions of (7) are of the form

@1=C, sh kz+C, ch kz+Csem*+Ce"™*,
‘ 2
- L it 2__ 7.3\ prr
ny _436.[0'(“ ke k Ca(rs’—k) e], (8)
io ch kz+kv,sh kz
kvit+e*

iw sh kz+kv, ch kz
+G kv t+o?

Vy=Cse'*/*+ —GE [Ca
m

- L(C.r.e"‘—C;r,e"‘) ] ’
Wp

® ) ike [ iw sh kzt+kv,chkz

= Ceterte e — | " 0 ¢
v kv, Cae m [ kvt et !
io ch kz+kv, sh kz

kvt o C. _’#(Csem__c‘er.z) ] )
o »

where

4ne’n,

i i
r=—(%o,), ri=—/(0—0;), op'=r—m:.
Vo Vo m

The boundary conditions (liquid cathode) are
Ry, Vi, Uul:—n=0y thz—o:Eogy ¢1|:-L=0. (9)

where L is the boundary of the layer in which the beam
passes. Under the conditions of the experiments of
Ref. 4, the dimension of the cathode layer is estimated
by the authors at L =1072 cm. In the case of the one-
dimensional Pierce problem (k=0), the constant C; is
identically equal to zero.
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With the aid of (8) and (9) it is easy to obtain an ex-
pression for d¢,/dz|,.,. Substitution of this expression
in (1) yields the dispersion equation for the coupled
capillary-plasma waves:

Q==ak’—E,=k=fs-1;_§[ (B+Q+R) —4pQ%]

2__Q2 2 2. 2 272, pk 2. 2.
x{(g BHHE) (QHR) 25+ ——[ (@)

X sin B+2iQPB (¢ cosp—ch %) ] } - ) (10)

where @ =wL/v,, B=w,L/v,, I::kL, & =a/pvL, Eg
E%/4mpv2.

We consider now the limiting transitions to the known
results. As B —0 (the vacuum case) the dispersion
takes the form

ak® KEE?chkL

This expression coincides with (4) in the limit 2L > 1,
In (11) we took into account the presence of a conducting
screen located over the surface of the liquid. In this
case both solutions [~exp(-%z) and exp(kz)] must be
taken into account in the solution for the vacuum poten-
tial and it is this which leads to the dispersion (11).

The vanishing of the denominator of (10) corresponds
exactly to the Pierce dispersion if we put E=0. Let

us consider the Pierce dispersion for “oblique” pertur-
bations:

(QF) (Q—B*+12) +2p7+ :ip—k[sin Be'® (Q*+B*+E?

(12)
+2iQf (¢* cos p—ch %) ]=0.

Putting —iQ =y <1 (near the instability threshold), we
can obtain

__ (p*+%*) (Bsin p+kshk) (13)
1= B[2B (ch #—cos B) —sin B (FH ) |

At the excitation threshold (y =0) we have
B sin p+% sh k=0, (14)

from which it follows that excitation of short-wave per-
turbations (£ >1) is possible at

(15)

The threshold values of the wave vector (k,) at which
the growth rate of the Pierce instability is zero are
equal, for the first three models, to k,=1.73; k, =2.2T;
k,=2.59. It is precisely near these values of the wave
vectors that coupled waves should be excited, since the
growth rate of the capillary waves is also zero
(&, >E? coshk,/sinhk,).

Ba=3n/2+2nn, n=0, 1, 2....

We investigate now the dispersion (10) near the val-
ues (15) of B. Putting <1, we obtain

o (Ba?+F) ch %

= g0 (1725, (P T p.0) eh ) (16)
As seen from (10) and (16), no coupling of the capillary
waves with the Pierce space-charge waves takes place
if E,=0. It is easy to show with the aid of (16) that an
aperiodic instability of the coupled wave (the growth
rate of these waves is zero at E,=0) appears in the
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wave-vector interval

k. <k<k.+Ak,
where
E} 1+8.Y/E: E}?
s (<) (1m)

As a rule E2 < § (for copper at v,=10° cm/sec, E,=10°
V/cm, and L=10" cm we have ¢ =1.52- 1072, E2
=8.9-10"), The maximum of the growth rate of the
coupled waves is reached near E:ie',, and is equal to

ch %, (K'+B.7)
Ba (14284 (R +B.7) " chKa)

Expression (18) is valid at
1> (aK.%)%,

Tn=(ELA)%, A=F,

(18)

29k, (v=v/Lv,).

For the zeroth mode, at the parameters indicated above,
we have Ak=0.2; v, =10"(w, =10° sec™).

- Thus, excitation of short-wave perturbations on the
surface of a liquid metal is possible at beam-current
values

fu=Buvimlhnelr (=10 Afcm?). (19)

The electric field does not play the decisive role if the
foregoing conditions are satisfied.

It should be noted that even in the absence of the
Pierce instability (sing >0) the electron beam weakens
significantly the Tonks criterion (6). Thus, at §=0.97,
the capillary waves are excited up to k=0.68, the
maximum of the growth rate is reached at the point
E=0.4 and is equal to y=4%10"". According to (6), at
the same values of the initial parameters, we have
¥>0 only at £<0.06. This effect is due to a regroup-
ing of the beam in the electric field, because of the
distortion of the metal surface. At E <0 (in our geo-
metry, the field is directed from the boundary of the
layer to the cathode) the electrons are bunched in the
vicinity of the troughs of the capillary structure and an
uncompensated positive charge is produced in the re-
gion of the crests and amplifies the initial field. If
E,>0, the electrons are gathered in the region of the
crests and the field is likewise amplified. With the aid
of (8) it is easy to verify that the sign of the perturbed
electric field on the metal surface (at ¢’ >0) always
coincides with the sign of E,.

8. The results above permit a new approach to the
explanation of the anomalous electron emission pro-
duced when current flows in island-type metal films. "’
The individual islands in such films have an emissivity
greatly exceeding the equilibrium value (at the melting
temperature of the lattice).

It is known that the emissivity of liquid cathodes in-
creases greatly when microinhomogeneities (in parti-
cular, capillary waves) are excited on their surfaces.®
If it is assumed that the emission centers in the films
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are liquid drops of the metal, it is easy to show that
capillary waves can exist in them even at drop dimen-
sions *107°-10" ecm, since the capillary frequency
greatly exceeds the damping decrement due to the vis-
cosity. The electric fields near the emitting centers,
however, are relatively weak,!’ ~10° V/cm (Ref. 7),
and the criterion (6) does not hold for such short wave-
lengths. Since the distance between the emitting cen-
ter and the neighboring “cold” islands is small (L =107
cm, much less than the electron mean free path), the
electrons form a beam that can be subject to Pierce
instability at high current densities. The experimental
conditions in the case of islands agree well with the
Pierce theoretical model of a bounded electron beam
whose charge is compensated by immobile ions (by the
ion matrix of the metal). The Pierce instability leads
to a buildup of capillary-plasma waves on the surfaces
of the liquid islands and to enhancement of the emis-
sion. As a rule, the emission centers are located in
the current channels with larger current density,®
~10%-10" A/cm?, According to (19), for the zeroth
mode we have j,~10° A/cm* L =10" cm, v,=10" cm/
sec). If the dimension of the emission center is rela-
tively large (R > L), a shortwave (A=4L) structure of
capillary plasma waves is produced on its surface, and
it is this which enhances the emission.

We have thus shown in this paper that a plasma at-
mosphere facilitates greatly the excitation of short-
wave capillary perturbations on the surface of a liquid
metal even in relatively weak electric fields.

In conclusion,v the authors are deeply grateful to
V.Ya. Poritskii and R.D. Fedorovich for valuable ad-
vice and critical remarks.

UThe voltage drop in the region of the emitting centers is
higher than in other sections of the film.
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