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The polarization characteristics of radiation emitted by slow electrons scattered by neutral atoms in a 
magnetic field, for free-free and free-bound transitions, are calculated. Analytic expressions are obtained for 
the anti-Hermitian part of the dielectric tensor and it is shown that the quantum corrections to the elements 
of this tensor describe in the high-frequency limit the dichroism of a weakly ionized magnetoactive gas. 
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1. INTRODUCTION 

Continuous emission from a plasma is determined by 
the bremsstrahlung due to scattering by ions and neutral 
particles, a s  well a s  by recombination and photoattach- 
ment processes. For a low-temperature plasma, in 
which the ion density is much less  than the density of 
the neutral atoms, the ratio of the intensities, for ex- 
ample of the bremsstrahlung in scattering by ions and 
atoms, is estimated by the formula1 

where g,, are  the statistical weights of the ion and the 
atom, I and N,, are  the ionization potential and the densi- 
ty of the neutral atoms, and a,, is the transport cross 
section for elastic scattering of a slow electron by an 
at om. 

Substituting the numerical values of the constants in 
(1) we find that at 

the bremsstrahlung of a low-temperature plasma i s  de- 
termined by scattering from neutral atoms. 

The emission spectrum of a weakly ionized gas has 
been the subject of a large number of studies. Thus, 
bremsstrahlung was investigated in Refs. 1 and 2, in 
which the interaction of the electron with the atom was 
simulated by a short-range potential. The results of 
Refs. 1 and 2 have found extensive application, in par- 
ticular, in astrophysical research. Bremsstrahlung 
with allowance for the possible contribution of partial 
waves with higher moments to the cross  section was 
considered in Ref. 4. 

At the same time, the polarization characteristics of 
the continuous radiation have not been sufficiently in- 
vestigated, although the appropriate investigations can 
yield additional useful information on the physical pro- 
cesses  in a weakly ionized gas. It is obvious that i f  the 
electrons have an isotropic distribution in the gas the 
radiation cannot be polarized. An external magnetic 
field, however, introduces anisotropy into the system, 
s o  that one can expect polarization of the continuous 
radiation. This question is indeed the subject of the 
present paper. 

In Sec. 2 we present general formulas for the Stokes 
parameters of the continuous radiation and determine a 

coordinate frame in which the polarization takes on the 
simplest form. In Sec. 3 we calculate the amplitude of 
the bremsstrahlung of an electron moving in a constant 
magnetic field when scattered by a neutral atom. In 
Sec. 4 is considered continuous radiation in the case of 
radiative attachment. The equations obtained for the 
elementary cross  sections and the Stokes parameters 
a r e  averaged over the Maxwellian distribution of the 
electrons in Sec. 5. This averaging is carried out in a 
quasiclassical approximation that i s  valid when the 
electron energy in the initial and final states greatly 
exceeds the distance between the Landau levels. In Sec. 
6 a re  analyzed certain limiting and particular cases of 
the general formulas, and numerical estimates of the 
radiation polarization are  presented. 

The results on the polarization of continuous radiation 
can be used also to analyze the polarization dependence 
of an absorption of an electromagnetic field by a weakly 
ionized gas. In Sec. 7 we derive analytic expressions 
for the anti-Hermitian part of the dielectric tensor. In 
particular, we calculate the quantum corrections to the 
off-diagonal elements of this tensor, which a re  found to 
determine the dichroism of the gas in the high-frequen- 
cy limit. 

Since we a re  considering here the interaction of the 
field with only electrons, the field frequency w has a 
lower bound 

where w,, and w, are  respectively the ion and electron 
cyclotron f r e q ~ e n c i e s . ~  The upper bound of the frequen- 
cy i s  connected with the neglect of the internal degrees 
of freedom of the gas atoms: 

w< w', (3) 

where w* is the first  characteristic frequency of the 
atom. We neglect also spatial-dispersion effects. The 
corresponding restrictions take the form5 

where k,, , ,  are  the perpendicular and parallel (to the ex- 
ternal magnetic field) components of the wave vector of 
the electromagnetic wave, and v, is the electron ther- 
mal velocity. 

We use a system of units in which c = 1Z= 1 and the 
temperature i s  measured in energy units. 
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2. STOKES PARAMETERS 

The probability of dipole emission of a photon with 
polarization e and frequency w into a solid angle dS1 
when an electron goes over between the states i and f 
is given by6 

where d is the dipole moment of the electron. Expres- 
sion (5) for the emission probability corresponds to ne- 
glect of the interaction of the atomic electrons with the 
electromagnetic field. It is shown in Ref. 7 that this 
neglect is permissible if condition (3) is satisfied. 

We direct the z axis along the external magnetic 
field B and introduce the real  polarization vectors 

where k is the wave vector of the radiated photon and & 
is a unit vector along the z axis. The polarization ma- 
t r ix  of the radiation density takes, apart from a nor- 
malization, the form 

On the other hand, this matrix can be expressed in 
terms of the Stokes parameters 5 :  

Comparing these two formulas, we obtain explicit ex- 
pressions for the Stokes parameters 

&,--2A-' Re {(e,dtt)  (e2dii) 1, L=-2-4-' Im { ( e d , , )  (e&) I ,  

1 d i e i  I '- I d f ~ a  12), A= 1 dire, I '+ 1 dl&: l a =  1 dti 1 '- 1 dtrk I'Io'. 
(7) 

For the polarization vectors (6) we readily obtain 

Since the observed radiation is connected with transi- 
tions of many electrons, it is necessary to average in 
(7) over the initial states i .  The quantity A should be 
averaged here independently of the other factors con- 
tained in pa,, since i t  determines the normalization of 
p. Averaging of the Stokes parameters presupposes 
that the radiation detector is quadratic in the electro- 
magnetic-field amplitude. Namely, if the polarization 
matrix of the sensitivity of the detector is p,, the signal 
from the detector is proportional to Tr(pp,). 

If the radiation is connected with several physical 
processes, e.g., with bremsstrahlung and radiative at- 
tachment, the Stokes parameters a r e  determined by 
the equations 

in which (:or and A,,, a re  given by Eqs. (7) for the cor- 
responding process. We note that the quantities A,,, 
a r e  proportional to the spectral intensities of the emis- 
sions into a specified solid angle, and a re  therefore of 
independent interest. 

3. BREMSSTRAHLUNG AMPLITUDE 

Let the electron move in a magnetic field B and in the 
field of a neutral atom located at the origin. The poten- 

tial V(r, v) of the interaction of the electron with the 
atom depends on the radius vector of the electron and 
on the internal coordinates of the atom v. 

Neglecting the electron spin, we write down the sys- 
tem wave function in the forms 

(L'I T(*  I h > w  (r ,  v )  

L' 

Here 

( L ~ I T ( * ) I L > = ( ~ I V I ~ ! * ' )  

is the amplitude for the scattering of the electron by an 
atom in a magnetic field, X, is the wave function of the 
electron and the atom without allowance for the inter- 
action between them: 

p, is the wave function of the atom in the state 1 with en- 
ergy $,, and 9 is the wave function of the electron in 
the magnetic field. In cylindrical coordinatesg we have 

F is a confluent hypergeometric function. The corre- 
sponding energy values a r e  

&=8,+8,, , ,  8 . , , = 8 . ~ + p Z l Z m ,  

& , , = ~ : ( N + ' I , ) ,  N=n+(  lMI + M ) I 2 .  
(13) 

The "*" signs in (9) correspond to waves that diverge 
o r  converge relative to the z axis. 

Assuming, a s  before, that the electron energy is 
much lower than the excitation energy of the atom, we 
can neglect in (9) the excited states of the atom, as- 
suming that the function p, corresponds to the ground 
state. We shall leave out the index 1 hereafter. 

With the aid of (9)-(12) we can calculate the dipole 
matrix elements 

- (Ni-Mi)" < N , M , + I ,  p . l T [ - ) l f ) . ]  - s i g n ( M f )  [= N," 
o 

a a 
- - < i l T ( - J l f ) - ~ < f l T l + ) l i )  a p i  apt  , 

d.f id ,  

I 
d , = ~ ,  d,=d,, l i ) = l N i , J f i , p i ~ , I f ) = I N f , Y i , p i ) .  

In the calculation of the matrix elements (14), no ac- 

810 Sov. Phys. JETP 55(5), May 1982 0. A. Zon and V. Ya. Kupenhmidt 81 0 



count was taken of transitions between the unperturbed 
functions @. These transitions correspond to the well- 
investigated synchrotron radiation, which is concen- 
trated for nonrelativistic electrons near the frequency 
w,. According to bremsstrahlung theorys the initial 
state should correspond to diverging waves and the 
final to converging ones; this was in fact taken into ac- 
count in the presented formulas. 

In the subsequent calculations of the Stokes parame- 
t e r s  we shall confine ourselves to the quasiclassical ap- 
proximation: gi, gi - w>> w,. In addition, we recognize 
that in scattering of slow electrons by a neutral atom 
the main contribution is made by states with small val- 
ues of M. Assuming also that the scattering amplitude 
changes slowly over an energy interval of the order of 
w, we can neglect the terms -a/ap,  and a/8pf in the last 
formula of (14). 

Substituting (14) in (7) and (8), we write down the 
Stokes parameters accurate to quantities of order WM/ 
lief << 1, assuming that in the quasiclassical approxima- 
tion NiPf >> 1: 

Here K is a Macdonald function, the index i of the 
quantum numbers n,  M, and p  i s  left out for brevity. 
Equations (19) do not contain T-matrix elements, since 
the potential V is assumed to be spherically symmetri- 
cal. 

To calculate the integral, we take into account the in- 
equality (8) and the exponential damping of the function 
Ko,,(x) at x>> 1. Consequently, the argument of the func- 
tions R,, takes on small values, whereas large values 
a r e  of importance for the radial quantum number 
n -T/w, ( T  i s  the effective electron temperature). For 
the hypergeometric function in (12) we can therefore use 
the approximation" 

Here J is a Bessel function, and we assume M to be 
bounded because (19) contains M = 0, k1. We assume 
likewise that the quantity np2/ai, which is of the order 
of ~ / g ~ ,  to be bounded. 

- 

1 
u*b= - Substitution of (20) in (19) leads to tabulated integrals: 

( o f  
(N,I(Ni,Mi* l,p,lT'-'lf)12+~,I(~j,~f~l,p,l~(+)li)lz 

(~ld*I$/~~)=- 4eboB(x(n+  I) ) "  6Y,Tl, -2 sign(MiMj)N?"'," Re((Nj,Mf~l,pflT(+)li)(Ni, Mi*l, ptlT(-)I f))}, (Man-2o) a 

Here 9 i s  the angle between k and B, the common fac- 
tors of the quantitiesA and v a r e  left out, since they do 
not change the values of the Stokes parameters. 

4. AMPLITUDE OF RADIATIVE ATTACHMENT 

Besides the free-free transitions, continuous radia- 
tion of a weakly ionized gas i s  produced also by free- 
bound transitions. By way of example of such a transi- 
tion, we consider radiative attachment-the formation 
of a negative ion in electron-atom collisions accompan- 
ied by photon emission. 

We write down the wave function of the valence elec- 
tron in the s state of the negative ion in the form1' 

where go = u2/2m is the ion binding energy. We assume 
here that 

Therefore the influence of the magnetic field on the 
bound state can be neglected. The coefficient b is de- 
termined from the condition that the formula (17) coin- 
cide with the asymptotic more correct expression for 
the wave function of an electron bound in a negative ion. 

Assuming that the attachment of the electron to the 
atom does not change the wave function of the ground 
state of the atom, we calculate the matrix elements of 
the transition 

iebp (xus)" 
< ~ l d ~ l Q ! + ' > =  6 ~ ~ 0 .  

mY20' 

Substituting these equations in (7) and in (8) we obtain 
for  the Stokes parameters the expressions (l5), in 
which 

It should be noted that the constant b drops out of the 
Stokes parameters. We note also that the calculations 
presented here a re  not valid for negative ions with va- 
lence p-electrons. 

5. AVERAGING OVER THE ELECTRON 
DISTRIBUTION 

It is seen from (15) that averaging of the Stokes pa- 
rameters corresponds to averaging of the quantities 
v .  Summing also over all the final states, we write 

where F( g,) is a distribution function which we assume 
to  depend only on the electron energy. 

We consider first  bremsstrahlung. The calculations 
can be carried through to conclusion in two cases. 
Fi rs t ,  when the main contribution to the cross  section 
of the low-energy scattering is made by one of the par- 
tial waves. This case, with s-scattering predominant, 
takes place in particular for noble-gas atoms. Under 
this assumption we can neglect in (16) the interference 
terms. 

Second, i f  the terms with different partial moments 
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make comparable contributions to the cross  section, 
the calculations can be carried out in the long-wave ap- 
proximation: w<< The results is then expressed 
in terms of a certain quantity which goes over in the 
absence of the magnetic field into the transport cross  
section. 

We assume next that for a spherically symmetrical 
scattering potential the T-matrix elements summed 
over the magnetic quantum numbers a re  determined in 
the quasiclassical limit only by the electron energy. In 
the Born approximation, this result follows from Ref. 
12, and in the case of a 6-potential it is exact and can 
be obtained with the aid of the wave functions given in 
Ref. 13 for an electron in the field of a short-range po- 
tential and in a magnetic field. 

The foregoing assumption allows us to use the results 
of Ref. 14 to connect the T-matrix elements with the 
total elastic-scattering cross  section: 

The appearance of the factor ai4  in (22) is due to the 
different normalization of the wave functions of the free 
motion and of the motion in a magnetic field. 

Taking (22) into account and replacing in the quasi- 
classical approximation the summation over N ,  and Nf 
by integration, after f irst  separating the singularities 
of the radicand by the method described in Ref. 15, we 
obtain: 

1) If the interference effects a re  neglected, 

- 
8=o+os12 ,  

where A i s  the fractional part of $/w,- 1/2 and 

6 is the fractional part of dw, .  

Equations (23) and (24) contain singular terms of two 
types, namely, proportional to (Ar)-lJ2, and to 
the product (AA')-"~. The former make a small contri- 
bution upon averaging, whereas the latter lead to a 
logarithmic divergence even after the averaging. In the 
calculations that follow we shall therefore retain only 
these last singular terms. 

2) In the long-wave approximation, the cross  section 
for elastic scattering i s  replaced in (23) and (24) re- 
spectively by a transverse and a longitudinal transport 
cross  section. Leaving out the terms &-'I2 and (A')-'I2, 
we obtain accurate to -w/$ 

3 ~ 0 s  
(8; B )  - - sign (MfM1) j d~~ 

xtx, 
Za 

The values of a:,,, coincide a s  B - 0  and a re  equal to 
the transport scattering c ross  section in the absence of 
a magnetic field. To prove this fact, we note that the 
radiation intensity is expressed in terms of the parame- 
t e r s  vb in accord with Eq. (15): 

d l  1 - - ( u ~ + v - ~ >  (I+cos' 0) +<vP>sina 0. 
d o d ~ ~  2 (28) 

At B =  0 the intensity is independent of the angle 0 ,  
therefore, comparing expressions (25) and (27) we ar-  
rive at the equation of = a t  at B =O.  The total radia- 
tion intensity coincides in this case with the radiation 
intensity calculated in Refs. 1 and 4, i f  i t  is assumed 
that 

~:,~=o~, B=o. (29) 

Before we integrate with respect to d g  in (23)-(26), 
we write, in accord with Ref. 15: 

Y-1 

Discarding in the product the rapidly oscil- 
lating terms, which make a small contribution upon 
averaging, we write - ( -1 )x+xr  2 i G  (M-M') A - A x  ( yM)  ,h cos [ a + 2 n ~  51 . 

X,Y' 
o n  0 s  

The logarithmic divergence in this expression is the 
result of the terms with M = Mr. At 6<< 1 o r  1 - 6<< 1 
we obtain 

If we assume for f i g )  a Maxwellian distribution and 
regard a a s  a quantity that depends weakly on the ener- 
gy, so  that i t  can be taken outside the integral sign, 
then the remaining integrals can be obtained from the 
tables 

n i s  the number of the cyclotron-resonance harmonic 
and is equal to the integer part of w/w,, and $ is a 
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confluent hypergeometric function." 

In writing down (31) we used the fact that the total and 
transport cross  sections a r e  equal if scattering with a 
definite partial moment coincide. We shall therefore 
use everywhere the transport c ross  section. Substitut- 
ing expressions (31) in (15), we obtain for the Stokes 
parameters the expressions 

Similar calculations can be carried out also for con- 
tinuous radiation corresponding to radiation attachment. 
Here, however, it suffices to retain quantities linear in 
w,/w, since w,<< go even for a binding energy g o = O . O 1  
eV at B i< lo6 G. 

As a result we obtain 

6. LIMITING CASES AND NUMERICAL ESTIMATES 

Equations (33), which determine the Stokes parame- 
t e r s  of the radiation in radiative attachment, a re  quite 
simple and require no further analysis. We consider 
therefore limiting and particular cases, when the rather 
cumbersome expressions (32) can be simplified. 

The parameter (,b, which determines the degree of 
circular polarization of the bremsstrahlung, takes a 
simple form if the radiation is absorbed along the mag- 
netic field: 

where the upper sign corresponds to 6 = 0 and the lower 
to 8 = n. 

For the other observation angles, the Stokes parame- 
t e r s  a re  determined by the function D(@, 6). This func- 
tion becomes simpler at w<< T, when @<< 1. It i s  known 
that in this frequency band the radiation has the highest 
intensity. Using the expansion of the function ~ a ,  c; P) 
at p<< 1 (Ref. ll), we write 

The second term in (34) gives r ise  to oscillations at 
frequencies that a re  multiples of the cyclotron frequen- 
cy (cf. the theory of magnetophonon  oscillation^'^). If 
the quantum oscillations a r e  neglected, then 

For  example, putting Y = 1, we have (,b= 0.38 for B 

FIG. 1. Dependence of the Stokes parameter ti on the radia- 
tion frequency at hh= 0.001. w B / T =  0.2, and 0 = ~ / 2 .  

= 500 G and w = 10 GHz at 8 = n/2. 

At w << w, it follows from (35) that 5 : ~  0 and 5 : ~  - 1. 
Thus, at frequencies much lower than the cyclotron fre- 
quency, the bremsstrahlung i s  almost completely lin- 
early polarized, and i t s  directivity pattern i s  sin2@, just 
a s  radiation from a classical electric dipole. 

For frequencies w,<< w<< T we have 

and the Stokes parameter 5: can take on in this frequen- 
cy region a maximum value determined by the amplitude 
of the osciIlations at the multiple harmonics: 

(nyo/SnT)h 6,1, 
(SP)ww i + y +  (nyo/SnT) h Snm ' 

where b,,, = 6w/wB is the minimum value of the detun- 
ing, determined by various broadening mechanisms, 
which a r e  discussed in the next section. The depend- 
ence of [,b on the frequency is shown in Fig. 1. 

7. DlCHROlSM OF WEAKLY IONIZED GAS 

The results  obtained in the preceding sections for the 
polarization and angular distribution of the radiation of 
a weakly ionized gas can be used to analyze similar 
characteristics of absorption by the gas. 

The coefficient of absorption of radiation with polar- 
ization e and with wave vector k is given by 

N"N.o < ~ 2 ~ '  (k,  e )  - wLind) (ke)  >, x(k,e)==- 
I r e  

(36) 

where N, , ,  a re  the densities of the electrons and neutral 
atoms, I ,  is the intensity of the incident radiation, 
W(*"V lnd) a re  the probabilities of the absorbed and in- 
duced radiation; the averaging over i and f is under- 
stood in the same sense a s  in Sec. 5. 

It i s  knowne that the quantities w'lf"") and W$y(f:~~) a re  
equal and a r e  connected with the spontaneous-emission 
probability (5) by the relation 

W,(;bs) =W,(,W = - 8n' I h  Wf,. (37) 

If we consider absorption due to free-free transitions, 
then 
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x I 8, - o - (N, + +) oB]y W(.WIY) (k, .), (38) 

where Rief a r e  the integer par ts  of the numbers $,/w, 
- $ and f BP, - w)/w, - $, respectively. 

Making in (38) the substitution gi - BP, - w and redes- 
ignating the summation indices Ni- Nf, we obtain after 
substituting (37) and (38) in (36) 

A Maxwellian distribution was assumed here for the 
function F($). 

We introduce the coefficients of linear and circular 
dichroismL7: 

y1=2 
x (k, e,) -i(k, 4) 

x (k; e,) +x(k, er) ' 

y.=2 
x (k, e-) - x  (k, e+) 

. x (k, e-) +x (k, e,) ' 

where e,= (el*ie,)/2112, and el and e, a r e  defined in (6). 

With the aid of (7) and (39) we obtain 

Precisely the same relations between the Stokes pa- 
rameters  and the dichroism coefficients can be ob- 
tained also for the "photodetachment-radiative attach- 
ment" process. We can therefore use for the dichroism 
coefficients the equations obtained in the preceding sec- 
tions for the Stokes parameters. 

Certain interest attaches also to the absorption co- 
efficient (36), which determines the anti-Hermitian 
part of the dielectric tensor, a part connected with the 
collisions of the electrons with the neutral component. 
Usually this tensor is written in the form 

w,= (4ne2~,/m)1'2 is the electron plasma frequency, and 
vet ,  is the effective collision frequency. The tensor 
(41) is written in a coordinate system in which the z 
axis is directed along B and the x axis along el. 

The absorption coefficients (36) a re  expressed in 
t e rms  of the components of the tensor GI with the aid 
of the following formulas: 

x (k, e-) - x  (k, e+) =2iog' cos 8, x (k, e,) =ioelo', 

%(k, el) =io (elo* oos' 8+el,"'sin' 8). 
(42) 

Using the calculations performed in the preceding 
sections to find the quantities (36), and comparing the 

result with Eqs. (32), we can obtain expressions for the 
frequency of the collisions due to absorption in free- 
f ree  transitions: 

u,, i s  the transport cross  section in the absence of a 
magnetic field and corresponds to the average energy 
$,. The quantity vet, was chosen to be the effective 
collision frequency; in most papers the numerical co- 
efficient of ve,, is a s  a rule not determined (see, e.g., 
Ref. 10). 

As follows from the foregoing equations, the collision 
frequency outside the main cyclotron resonance line 
differs from that used in the T approximation by two 
factors: by the frequency dependence that leads to a 
difference between the cyclotron-resonance line shape 
from a Lorentzian, and the anisotropy connected with 
the magnetic field. The quantum effects lead also to 
oscillatory singularities of v,. The amplitude of the os- 
cillations is determined by the line-broadening mechan- 
i sms,  most important among which for the problem 
considered here a re  the f~l lowing. '~  

1) The broadening connected with the motion and re -  
coil of the gas atoms. This mechanism leads to the fol- 
lowing limitation on the quantity 6;ih that determines 
the oscillation amplitude 

where M is the mass  of the atom and T, i s  the tempera- 
ture  of the atoms. 

2) Collision broadening, which leads to finite lifetime 
of the electron on a given Landau level. In this case 

We note that the Doppler broadening -nv,/c, which is 
connected with condition (4), a s  well a s  the radiative 
broadening, turns out to be much less. 

If the gas  density is low enough, so that the following 

FIG. 2. Dependence of the transverse (curve 2) and longitudi- 
nal (curve 1) collision frequencies of radiation frequency in 
semilog scale. 
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condition i s  satisfied 

then the broadening mechanism connected with the mo- 
tion and the recoil of the atoms is found to predominate. 
For  example, at T, = T,, B = lo4  G, N, = 101%m-3, and - 
a,,= 10-l5 cm2 the reduced ratio turns out to be -lo3. 

Taking the foregoing into account and carrying out 
estimates similar to those in Ref. 19, it is easy to veri- 
fy that the amplitude of the oscillations of the quantities 
&: and ga decreases with increasing number of the har-  
monic like -r~-~. 

Using the asymptotic value of the function $ at small 
and large values of the argument,ll we obtain at w<< T 

and at  w >> T 

Putting Fzll = q,, we can easily verify that the 
asymptotic form (45) coincides with the asymptotic form 
that follows from the results  of Ref. 4. The collision- 
frequency growth given by expression (45) continues up 
to frequencies limited by the condition (3). 

Figure 2 shows the calculated values of v,,,, at W,/T 
- 

= 0.2, 661,h= 0.01, and F,,,,= a,,. 
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