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The effect of inelastic scattering at &Zco>kT on the heating and runaway of semiconductor (or plasma) 
electrons in the region E < E ~  is considered. It is shown that the electron flow to the origin of the energy axis, 
caused by inelastic scattering, leads to an increase of the number of electrons with E > kT (heating) as well as 
of the number of electrons with E < kT (cooling) upon increase of the field strength. In fields in which inelastic 
scattering exceeds quasielastic scattering, electron heating gives way to cuoling. In this case the electron 
distribution peak is displaced toward the region of energies E-E, such that the momentum relaxation time is 
close to the minimum value. The field dependence of the mobility in energy scattering by deformation 
acoustic and optical phonons and in momentum scattering by ionized impurities is calculated for various 
relations between kT and E, (E, is a characteristic electron-ion interaction energy). The results are compared 
with the experimental data. 

PACS numbers: 72.20.Dp 

I. INTRODUCTION AND FORMULATION OF THE the interelectron (e-e) collisions a r e  disregarded. This 
PROBLEM is precisely the runaway variant which we shall consid- 

1. In a number of quasielastic mechanisms of the 
scattering of plasma o r  semiconductor electrons in an 
electric field E exceeding a certain characteristic val- 
ue, the electron energy and the momentum a r e  known'-6 
to increase to much higher than equilibrium values 
(runaway). The presence and the character of the run- 
away a re  determined by the energy dependence of the 
"heating function" (see Refs. 2-4) 

where ~ ( c )  and ;(c) a re  the momentum and energy re -  
laxation times, and T i s  the temperature (in energy 
units). According to Refs. 2-4, runaway i s  possible if 
O(c) does not increase more slowly than c. In a strong- 
ly ionized plasma, where only quasielastic electron-ion 
and electron-electron collisions a re  significant, the en- 
ergy of the runaway electrons increases without limit.' 
We a r e  interested below in a situation typical of im- 
purity semiconductors (and of a weakly ionized plasma), 
when the quasielastic scattering mechanisms (by impur- 
ities or phonons) that which contribute to the runaway 
a r e  significant only in the energy region c s c, (first 
region), while at high energies, c > c0>> T (second re- 
gion) inelastic-scattering mechanisms for which run- 
away i s  impossible predominate (limiting mechanisms) .2 

In semiconductors, these mechanisms a r e  impact ex- 
citation of nuclear impurities and spontaneous emission 
of optical phonons of frequency wo (in plasma-impact 
excitation of the neutral atoms7). The values of c, for 
these mechanisms a r e  respectively of the order of a 
Rydberg o r  c,= tie, and amount to 10'-10' K for semi- 
conductors. In this case one also speaks of runaway, 
bearing in mind runaway only in the first  region, i.e., 
up to energies E = co, but involving the bulk of the elec- 
trons. The problem of the distribution of the electrons 
and of the mean values is solved in this case by treat- 
ing it a s  s t a t i ~ n a r y , ~ * ~ - ~  and the momentum distribution 
function F(p) is sought in the diffusion approximation. 
The electron density n is assumed in this case small, 

e r  below. 

2. As applied to semiconductors, the distribution func- 
tion and the dependence of the mobility p of the run- 
away electrons on the field were calculated by Levinson 
and Mazhoulite,4-' who considered various but only 
quasielastic scattering mechanisms: momentum scatter- 
ing by ionized impurities (Z mechanism) o r  by piezoacous- 
tic (PA ) phonons, and energy scattering by deformation 
acoustic (DA ) o r  PA phonons 

T, (e)  a ehA-' ( e ) ,  T~., (E) a E%, TPA (c) a € % ,  IDA (e)  a E-'& 

[A(&) is the Coulomb logarithm]. The inelastic scatter- 
ing-in spontaneous emission of optical phonons-was 
taken into consideration only a s  a limiting mechanism: 
i t  was assumed that because of the short relaxation 
t imes of the electrons having c > co the action of the 
field on them can be neglected. Therefore the sym- 
metrical part of F(p) (F,(c)) for electrons with c > c, 
was assumed to be in equilibrium. In Refs. 4-6, how- 
ever, (just a s  in Ref. 2) no account was taken of the 
presence of an electron flux from the second region in- 
to the first  a s  a result of emission of optical phonons 
o r ,  in other words, of the energy lost to inelastic scat- 
tering.' The relative role of this mechanism increases 
with increasing electric field.g The distribution func- 
tion and the mobility, in the case of only inelastic en- 
ergy scattering at e > &,>> T and momentum scattering 
on account of elastic collisions at c < c, were obtained 
in Refs. 9-11, but were unrelated to runaway problems. 
Comparison of the results  of these studies with the con- 
clusions of Refs. 4-6 shows the need for taking into 
account inelastic scattering when runaway is consider- 
ed. Thus, according to Refs. 4-6, when the field is in- 
creased, the maximum point of the electron distribution 

is first  monotonically shifted to the right, toward high- 
e r  energies, and then "presses" against the upper limit 
of the first  region, and runaway terminates [ d c )  =c"' 
is the state density]. Most electrons have in th iscase  
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an energy E - E, (Refs. 4-6). According to Ref. 11, in 
fields where inelastic energy scattering predominates 
while the momentum i s  scattered by the ions, the max- 
imum of n(c) i s  found in that energy region E -c.,<< E, 

where rI(c) is a minimum (for I scattering, cc is the 
characteristic energy of the electron interaction''). 
Moreover, in the same fields, for a power-law and suf- 
ficiently rapid growth of ~ ( c )  with c, meaning r(c) = ca ,  
with a > 1, the average energy F, a s  shown in Ref. 10, 
decreases with decreasing field and may even become 
l e s s  than the equilibrium value. This effect was called 
"carr ier  cooling" in Ref. 10. 

3. We investigate in this paper the change of the elec- 
tron distribution n(c) and of the mobility with increas- 
ing electric field, with account taken of both the quasi- 
elastic energy scattering mechanisms that contribute 
to runaway in the f irst  region, and of the extremely 
inelastic mechanisms in the second. It is assumed that 
in the f irst  and second regions (labeled hereafter by the 
indices 1 and 2) the relaxation times satisfy the in- 
equality 

T , B T , > T 2 ,  Yz, (3) 
with the inelastic scattering predominating in the second 
region. It i s  known that correct  allowance for inelastic 
scattering in the runaway problem leads to results  that 
differ qualitatively from those of Refs. 2 and 4-6. In 
particular, with increasing field, owing to inelastic 
scattering, a low-energy "tail" appears in the a(&) dis- 
tribution. Therefore the maximum of n(c) moves with 
the field nonmonotonically-first to the right, into the 
region of high energies, and then, when the elastic 
scattering becomes significant enough, to the left, into 
the region of low energies, and stops in that energy re- 
gion E - E ,  where rl(c) i s  a minimum. If &,= 0, the max- 
imum of n(c) "presses" against the lower limit of the 
f i rs t  region. Motion of the maximum of n(c) to the left 
is accompanied [at ~ , ( c )  ca,  a > 1, for c > c,] by a de- 
crease  of the random momentum and of the average en- 
ergy. We shall call this motion, in analogy with Ref. 
10, "cooling" of the carr iers .  Heating gives way to 
cooling, a s  will be shown later, at fields on the order 
of E,, where 

Epe.8-'"(T). (4) 

This is physically perfectly understandable, inasmuch 
a s  at E = E, the power drawn from the field by electrons 
of energy c = T becomes equal to the power lost in quas- 
ielastic collisions. Consequently, a rapid increase of 
the mean values with the field becomes possible only at  
E s E,. In stronger fields, a t  E > E, and a, > 1, the 
electrons accumulate in the energy region c -c,<< so, 
which is qualitatively at  variance with the results  of 
Refs. 4-6. It is the energy region E -c, which deter- 
mines at  E > E, the mean values ( p ,  and rl) of the ran- 
dom momentum and of the relaxation time rX(c): 

pl= (2mec)"', T , = T , ( ~ . ) .  

Therefore the condition that the anisotropy of F(p) be 
small, which is essential for our analysis to be valid, 
takes the same form at rl(c) = rX(c) and T ~ ( E )  =TpA(c): 

We note that the field El>> E,. 

In connection with the cooling of the electrons, ac- 
count was taken in the calculation of n(c), @, etc. of 
the difference between r1(c) and the idealized power- 
law behavior. This is of particular importance for I 
scattering, for which under rea l  conditions the parame- 
t e r  E,/T varies in a wide range.') We calculated the 
electron distribution and the field dependence of the 
mobility p(E) for this  mechanism at  various values of 
the parameter E,/T, with account taken of the energy 
scattering by the DA and optical phonons. It was found 
that the form of p(E) changes significantly with change 
of E,/T. 

4. The situation considered is realized, for example, 
at  T<< Ao, in 111-V semiconductors such a s  InSb, GaAs, 
etc., where the interaction of the ca r r i e r s  with the op- 
tical phonons i s  strong enough, and the momentum 
scattering of electrons of energy c <  Aw, i s  by ionized 
impurities. Interest in i t s  theoretical study i s  stimu- 
lated by several factors. Thus, in relatively weak 
fields, when the energy i s  scattered mainly by DA and 
PA phonons, S-shaped current-voltage characteristics 
were o b s e r ~ e d ' ~ J ~  in InSb and GaAs, and were attribut- 
ed to r u n a ~ a y . ~ * ~  The form of the distribution function 
for  the same semiconductors has been extensively dis- 
cussed in recent years  in electric (and magnetic HI[ E 
and HIE) fields 

s o  strong that the electrons hardly collide on going 
through the first  region, and the energy and momentum 
a r e  scattered predominantly by optical phonons.14 Un- 
de r  these conditions, according to a number of esti- 
mates (see Ref. 15 and the literature there) an inverse 
distribution of the c a r r i e r s  is possible, i.e., the condi- 
tion needed for the development of active microwave 
devices. The calculation in the present paper permits 
an assessment of the realization fields values (6) in 
111-V semiconductors. 

11. BASIC APPROXIMATIONS AND THE KINETIC 
EQUATION. GENERAL PROPERTIES OF THE 
DlSTR l BUTION 

1. We consider, for the sake of argument, an n-type 
semiconductor with strong interaction of the electrons 
with the optical phonons at  E 2 Aw,. From the relations 
given above for rl(c) and ?,(c) it follows that the growth 
of O(c) needed for runaway can be reached for the fol- 
lowing combinations of the mechanismsz): I/DA, Z/PA, 
and PA/PA. As indicated in Ref. 11, the approximation 
of ~ ~ ( 5 )  by a power law, which i s  valid only for elec- 
trons with E >> E, in fields E >> E,, imposes stringent re-  
strictions on cc ( c c = e Z / x ~ ,  in the case of classical scat- 
tering and cc=Az/2m^/2, in the case of quantum scatter- 
ing, where x i s  the dielectric constant and Y, is the cut- 
off radius for the Coulomb scattering c ross  section, 
s ee  Ref. 11). We shall therefore use hereafter for 
rI(c) the expression 

where N i s  the density of the ionized impurity; the form 
of the Coulomb logarithm A(&) depends on the assumed 
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cutoff model." We note that for scattering by phonons, 
power-law expressions for T(&), T~,,(c) a &-u2 and 
T ~ A ( E )  a c1I2 a r e  valid only for electrons capable of 
emitting an acoustic phonon, i.e., at & >> ms2 (s is the 
speed of s o u n d ) . l V o r  electrons in InSb and GaAs we 
have ms2-10-2-10-1 K, and the corresponding energy 
region should not be observed in experiment. For  holes 
in GaAs, however, ms2 is much larger,  -1 K. 

2. We consider fields bounded from above by the con- 
dition (5). In these fields the kinetic equation for the 
electrons in first  region can be solved in the diffusion 
approximation. Furthermore, in these fields the length 
A& of penetration of the electron in to the second region 
is small (see Refs. 9 and 14) 

where 

TZ=T~(EO+ Ae), T?(E) = T Z ( ~ E O )  [(E-EO)/EO] -Ib, 

pa= (2meo)'". 

We shall assume below that 

and that the number of electrons in the second region is 
negligibly small. Conditions (3), (5), (B), and (9) yield 
for F,(E) a differential equation in the form of a continu- 
ity equation for the fluxes of the electron due to the 
field (j,A&)) and to the quasielastic collisions with the 
acoustic phonons (j,,(c)). From this equation was ob- 
tained at p > A& 

where j,, is flux of the electrons from the second re- 
gion into the first a s  a result of inelastic scattering. 
The fluxes j,(&) and j,,(e) a r e  given by (see Ref. 11) 

An explicit expression for j,, can be obtained only if the 
distribution function in the second region is known. 

Equation (2) was solved in Refs. 10 and 11 under the 
assumption that inelastic energy scattering predomin- 
ates, i.e., in fields E>> E,. In this case it can be as- 
sumed that F,(E,) = 0 on the boundary between the re- 
gions, at E = &,. There is no need then for a direct cal- 
culation of j,,, which can be determined simply from 
the condition for the normalization of n ( c ) .  To obtain 
for (10) a solution valid also at E.; E,, we can no longer 
assume Fa(&,) = 0, for in this case the term that corre- 
sponds to allowance for only the quasielastic scattering 
mechanism vanishes from this solution. It is therefore 
necessary to calculate j,,. Using (1) and (8) we easily 
obtain F(p) at p >  pa and j,,: 

j,=y (E) Fo (en) p (&a) eEpolm, Y (E) -1. (13) 

The factor y in j,, (13) depends little on the field and is 
determined from the condition 

where d o  is the solid-angle element. The integration is 
over the "forward" (relative to the field) hemisphere of 
momentum space3) with p = p,. The indeterminacy in Y 
is due to the fact that near the boundary between the re- 
gions, at p 2 p,, the diffusion approximation used to 
calculate F(p) turns out to be bad in fields E >> E,: the 
anisotropic part of a p )  becomes of the same order a s  
the isotropic. However, y depends little on the degree 
of anisotropy of F(p) at p =pa. Thus, Y = 0.25 for an 
almost-isotropic function F(p) and y = 1 for maximum 
anisotropy .I4 We neglect below the dependence of Y on 
E and put y =  1. 

Substituting (11)-(13) in (10) we obtain 

where C = Fo(&,) i s  a normalization constant and 

de' 
' ( E . Q ) =  JT[e(E.)E*+II . 

The second term in (14) corresponds to allowance for 
inelastic scattering. Neglecting this term, we obtain 
for Po(&) and expression that coincides with those given 
in Refs. 4-6. 

3. We analyze now the behavior of Fo(&) and f l c )  for 
different scattering mechanisms, assuming so far  for 
simplicity that the relaxation t imes a re  power-law 
functions 

T, (E)  a&a. 7, (E)  a&P. (I6) 

We introduce the notation 

We then obtain for F,(x) at O c x  c u  

~ ' ~ e x p [ - J ( x ' ,  a)  Jdx' 
F . ( r )  =C exp[I(z, u) ] {l+bup'" j 

~'"[px'"+~+f]  

We consider f irst  Fo(x) in field so  strong that 

E,<EKE,, (19) 

i.e., p >> 1. In this case the energy losses to acoustic 
phonons can be neglected. Recognizing that J(E, E,) 

<< 1 at p >> 1 and neglecting the unity term in the curley 
brackets of (18), we obtain 

As already mentioned, runaway i s  possible at + /3 > 1. 
For  these scattering mechanisms F,(x) is determined 
for x >> xp= (l/p) l'(a+B) only by the momentum relaxation 
time and takes the form 

For  the known runaway mechanisms, a! > 0. In this case 
n(x) is a function that decreases at x > xp. Therefore 
the maximum point x, for the largest value of the elec- 
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tron distribution satisfies the condition 

Thus, for all the scattering mechanisms that contribute 
to runaway, the point at which the electron distribution 
in the fields (19) has a maximum shifts with increasing 
field towards energies lower than the equilibrium value. 
At a! > 1, an analogous conclusion can be drawn with re- 
spect to the point where the function t(x) =xn(x), which 
determines the average energy, has a maximum. 

We consider now two scattering-mechanism examples 
at which there is no runaway: 1) T ~ ( E )  K E ' ~ ' ,  m&-112 

(momentum scattering by dipoles, energy scattering by 
DA phonons). In this case, in fields (19), the distribu- 
tion has again a maximum a s  x -0; the largest contri- 
tion to the average energy i s  given by electrons with 
x -u; 2) rl(c) cc &-'I2, a c - ' ~ ~  (scattering by DA pho- 
nons). In this case n(x) is a maximum at x-p ,  i.e., the 
maximum shifts towards higher energies with changing 
field. 

These examples demonstrate a property that can be 
proved also in the general case: in the presence of in- 
elastic scattering, the position of the maximum of n ( ~ )  
in fields (19) i s  determined only by the form of T,(x); 
at rl(x) = x u  it occurs a t  a >O for  energies lower thanthe 
equilibrium value, and at a < 0 for energies higher than 
equilibrium. In other words, heating in the fields (19) 
is possible only for scattering mechanisms for which 
there i s  no runaway; for scattering mechanisms for 
which runaway takes place in fields p <  1, cooling takes 
place at p>> 1, i.e., after the end of the runaway. The 
physical cause of the cooling in fields (19) is essential- 
ly the same that led to the strong dependence of the 
mean values on E,/T and p in the case of I scattering 
(see Ref. 11). Namely, when T,(c) increases with ener- 
gy the field exerts the weakest action on the electrons 
near the "source" at c = 0, where the relaxation time 
T'(E) is small. It is necessary in this case to take into 
account the absorption of the acoustic phonons by the 
electrons, which is characterized by a time TI(&) cB; 
this mechanism corresponds formally to unity in the 
denominator of the integrand of (20). However, this 
absorption is significant only at c 2 ~ ( l / p ) " ( ~ + ~ ) <  T 
[see (2211. We can investigate similarly the distribution 
function and n(c) for a relaxation time ~ ~ ( c )  that in- 
creases  with energy a t  c > c, and is constant o r  de- 
creases  at c<  c,. In this case the distribution takes on 
the largest value at c s c,. 

4. A simple analysis of the distribution function and 
of the form of n(&) i s  possible only in fields (19), when 
inelastic energy scattering dominates. In weaker 
fields, at pS  1 (the only case when runaway is possible) 
i t  is necessary to take into account both the elastic and 
inelastic energy scattering. In this case F,(c) (14) can 
be determined a s  a rule only by numerical methods. 
We have therefore calculated the electron distriblution 
n ( ~ ) ,  the function t ( c )  = cn(c), and the field dependence 
of the mobility p(E) in fields bounded from above by the 
condition (5), but only for one combination of the quasi- 
elastic mechanisms, namely z/DA. We took into ac- 
count here also the inelastic energy scattering. These 
scattering mechanisms can be vital for compensated 

doped semiconductors, and also for a weakly ionized 
plasma, where the quasielastic scattering is due to 
collisions between the electrons and the neutral atoms, 
and the momentum is scattered by the ions. 

I II. ELECTRON DISTRIBUTION FOR MOMENTUM 
SCATTERING BY IONS AND ENERGY SCATTERING 
BY ACOUSTIC AND OPTICAL PHONONS 

1. The momentum relaxation time for scattering by 
ions is given by Eq. (7); we use in this case for the 
Coulomb logarithm A(&) an expression obtained in the 
case of an abrupt cutoff of the potential at a distance 
r = -$V'l2 from the ion (the Conwell-Weisskopf model, 
see Ref. 17): 

This form of A(&) corresponds to the correct  behavior 
of the scattering cross  section and of r,(c) (7) both at 
E >> c, and in the case of scattering of "slow" particles 
with E << E, (see also Ref. 11). We note that if we use 
for T[(E) an equation of the form 

we obtain for the position of the maximum of n(c) and 
for the mobility in fields (19) expressions close to (7) 
and (23) those in the case of TXE). We note also that the 
analytic expression obtained in Refs. 9 and 11 with the 
aid of the model (23) for the mobility of nonequilibrium 
electrons in fields (19) agrees well with the experimen- 
tal  data.'' We calculated Fo(c), n(s) ,  and p ( E )  with a 
computer. The parameters b and T / E ,  were chosen 
close to the real  ones for the electrons in InSb and 
GaAs. The values of T,JT) were taken from the ex- 
perimentally determined mobility for DA s ~ a t t e r i n g . ' ~ ~ ~ ~  
In addition, for comparison with the results  of Refs. 4 
and 6, the calculations were performed also for the 
case of an idealized model with Coulomb scattering, in 
which A(&) i s  constant. Some of the calculation results  
a r e  shown in Figs. 1-3. All the curves of Figs. 1 and 2 
a r e  given for the same "total" electron density 

n = j n (e) de -- const. 

FIG. 1 .  Electron distribution in various electric fields for the 
idealized model r,(&) (T/&,--), u=  70, b ~ 4 . 5 .  lo3; curve 1) 
p=O, 2)p=0.25; 3)p=0.33; 4)p=0.33 ( j h = O ) ;  5)p=0.5; 
6 ) p = 1 .  
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2. The effect of the field on the electron distribution 
n(&) for the idealized model4) A(&) = const i s  shown in 
Fig. 1. It is seen that with increasing E the maximum 
of the distribution (c,) first shifts towards higher ener- 
gies from i ts  equilibrium position E,(E = 0) = 0.5T, and 
the number of electrons in it decreases to zero. At the 
same time n(c) increases both on the right side of the 
equilibrium maximum (this constitutes heating and run- 
away), and on the left, at &<< T. The increase of n(c) 
at c c T is due to the dumping of the electrons into the 
region c -A& << T a s  a result of inelastic scattering. I ts  
influence on the form of n(c) can be seen from a com- 
parison of curve 4, plotted fo r  the case j , ,(&) = 0, with 
curve 3. It can be concluded from the data of Fig. 1 
that heating and cooling at A(&) = const take place si- 
multaneously. It follows therefore that the distribution 
function differs substantially from a Maxwellian with 
effective temperature T* > T. Therefore the use of the 
latter in the interpretation of the experimental dataz1 
can lead to e r ro r s .  

We now describe briefly the variation, with the field, 
of the function t ( c )  = cn(c), which determines the aver- 
age energy. In contrast to n(c) and t(&), there is always 
a maximum in this field region. This maximum ini- 
tially, up to p 0.5, shifts with the field to the right, 
and then at p > 0.5 to the left. Thus, the decrease of the 
average electron energy with the field begins already at 
p -0.5. 

3. We consider now n(c) for the case of a "real scat- 
tering law," i.e., with allowance for the A(&) depend- 
ence (23). From qualitative considerations and from 
the examples given above it i s  clear that there i s  no 
runaway at all at T,(E) and A(&) [ ~ q s .  (7) and (2311 and 
at c, > T at small degrees of heating, while for most 
electrons T ~ ( E )  i s  a decreasing function of the energy. 
Runaway can come into play only in fields such that a 
noticeable fraction of electrons with e > E ,  appears. 
For the case T .c cc we introduce the characteristic 
field 

It has the same physical meaning as E,, but a s  applied 
to electrons with energy c = E, ,  for which ~ , ( c )  is close 

FIG. 2. Electron distribution in various electric fields for a 
"real" scattering law (7) .  (23):  &,= 2.5T,  u= 70,  b zz 4.5  I d ;  
curves l ) p = O ;  2 ) p = 1 ;  3 ) p = l O ;  4 ) p = 2 0 ;  5 ) p = 2 0  ( j ,=O); 
6 ) p = 3 0 ;  7 ) p = 5 0 .  

to the minimum. It is clear from qualitative consider- 
ations that the cooling and heating effects should be- 
come significant at E >E;. We note that according to 
Ref. 9 elastic scattering predominates at E >> EA In(&,/ 
c C)2. 

The influence of the electric field on the electron dis- 
tribution at T c E, is illustrated in Fig. 2 for c,= 2.5T, 
u = 70, and b ~ 4 . 5  lo3 (these a r e  the parameters for the 
electrons in InSb at T = 4 K and N =  10'' cm"); the 
change of the parameter b at b>>u hardly affects the 
form of n(c). In this case,  in contrast to the data of 
Fig. 1, n(&) has a maximum which shifts initially to the 
right with increasing field, corresponding to heating, 
and then to the left and "stops" (cf. curves 4, 6, and 7 
of Fig. 2). Thus, "cooling" of the electrons with in- 
creasing field takes place also at T < &,. Comparison of 
curves 4 and 5 demonstrates the influence of inelastic 
scattering on the form of n(c). We note that (in contrast 
to the idealized model), at T <  E ,  cooling takes place in 
stronger fields than heating, and the position of the 
maximum &, is determined both by the field and by the 
value of &,. At p>> 1 there is no longer a dependence of 
E ,  on p (Fig. 2); in this case, according to Ref. 11, E ,  

= 0.256,. 

The changes of the function t(c) with changing field 
a r e  briefly the following. In the entire range of fields 
this function has a sharp maximum which (in contrast 
to the case E,=  0) moves with the field only to the right 
and stops at the same fields a s  the maximum n(c). It 
i s  located, however, a t  an energy that exceeds c, by 
more than one order of magnitude. This agrees with 
the results  of Ref. 11 that in the presence of only in- 
elastic scattering the values of & and c, differ para- 
metrically by a factor b(c,/~,)''~>> 1, where 6 > 1 i s  
a numerical factor [see Eq. (20) and the calculation of 
E, in Ref. 111. 

IV. FIELD DEPENDENCE OF THE MOBILITY 

1. In this section we present part of the results  of 
our calculations of the dependence of the relative mo- 
bility p' = p ( ~ ) I p ( o )  on the electric field in the case of 
a "real" law of momentum scattering by ionized im- 
purities [see (27) and (23)], and of energy scattering by 
DA and optical phonons. 

For  convenience in comparing the results  with the 
available data by others, we shall designate a s  the first  
and second sections [of the @ ( E ) ]  dependence those field 
ranges where energy scattering by acoustic or optical 
phonons predominates, respectively. The expression 
for p(E) on the second section [the range (19)) were ob- 
tained in Refs. 9 and 10 without allowance for e-e col- 
lisions, and in Ref. 22 by assuming that e-e collisions 
lead to a Maxwellian distribution function in the first  
region. In Ref. 21 i t  was assumed in the calculation of 
the mean values of the first and second field sections 
that F,(&) is a Maxwellian function at all energies.') 

2. The calculations of the dependence of pl(E) on the 
dimensionless field E/E, were carried out for different 
values of the parameters T/&,, tio,/T and b [see  (18)], 
close to the real  values for the electrons in InSb and 

731 Sov. Phys. JETP 55(4), April 1982 E. N. ~usinskiyand R. I .  Rabinovich 



GaAs at T-4-10 K. In addition, the calculation was 
carried out for several arbitrary values of the parame- 
t e r s  T/c, and b. 

Figure 3 shows several typical yl(E) plots that illus- 
trate the main features of the behavior of the mobility 
for the considered scattering mechanisms. The pa- 
rameters  of curves l, 2, and 4 correspond to electrons 
in InSb at T = 4 K (1,2) and T = 10 K (4) and to values of 
N equal to 10'' cm-3 ( I ) ,  1014 ~ r n - ~  (2), and 1 W 2  cm" 
(4). Curve 4 should be regarded a s  a "model" curve: 
in the presently available InSb the total impurity density 
is not less  than 1014 cm". The parameters of curve 3 
correspond to the electrons in GaAs a t  T = 4 K and N 
= 1014 ~ m - ~ .  For comparison, the same figure shows 
plots of yl(E) (curves 5,6) for an idealized law of scat- 
tering by ionized impurities (T/c, '~). 

It is seen from the presented curves that at T <  c, the 
pt(E) dependence in fields corresponding to energy scat- 
tering by optical phonons saturates (the second quasi- 
ohmic the value of y' on the second section 
is then larger the larger ~ / c ,  (at constant u).  Accord- 
ingly, the law governing the increase of the mobility in 
the first  section, where energy scattering by DA pho- 
nons predominates, i s  also determined by the value T/ 
c,: when N decreases the yt(E) dependence becomes 
stronger (cf. curves 1 and 2). 

At T > c,, the increase of yt(E) on the first  section 
turns out to be stronger than at T < c, (cf. curves 1 and 
6, 3 and 5); after reaching the maximum corresponding 
to energy scattering by optical phonons, y t  decreases 
with increasing E (see curves 4-6). This is the conse- 
quence of the cooling effect. In the case c, -0, cooling 
leads to a monotonic decrease of the mobility with the 
field (curves 5 and 6). Interest attaches to the behavior 
of pt(E) at small (c,<< T) but finite values of E, (see 
curve 4). In this case the inelastic scattering also 
leads to cooling and to a decrease of yt .  In contrast to 
the case E,= 0, however, the cooling is limited: when 
the maximum of n(c) approaches c,, further cooling 
stops. This explains the saturation of pt(E). 

3. Let us dwell briefly on the decrease of y1 in weak 
fields, E <  E, (see curves 1 and 3). This decrease is 
small and is observed only for the case T < c,. The 
physical reason is apparently that in the assumed model 

of T,(E) [ ~ q s .  (7), (23)] in the case of weak heating, so 
long a s  most electrons a r e  in the energy range c < c,, 
the average relaxation time 7 should decrease with in- 
creasing heating. With further heating, the maximum 
shifts into the region c 2 t,, and both ~m and yt(E) in- 
creases  with the field. 

V. CONCLUSIONS. COMPARISON WITH EXPERIMENT 

1. It is seen from the foregoing that inelastic scatter- 
ing of high-energy electrons with t > &,>> T leads to 
several effects. The electrons land in the region of low 
energies c -A& - T, and in the case of the nonequilibri- 
um electrons the form of T ~ ( E )  at E -A& = T becomes im- 
portant. In the case when rl(c) increases with energy 
a t  t > E,, inelastic scattering leads to a shift of the 
maximum of n(c) to the left, i.e., to cooling of the elec- 
trons. Therefore, for all real  quasielastic scattering 
mechanisms, electron runaway can occur only in a nar- 
row range of fields and should give way to their cool- 
ing. The cooling is stronger the smaller t, and the 
stronger the runaway. As a result of the cooling, most 
electrons a r e  in the energy region E - c, << c, [at r l ( t )  
cc c", > 11. Therefore the law governing the variation 
of the mean values (for example of p) with changing 
field i s  determined, other conditions being equal, by 
the parameter T/E, (Fig. 3). This must be kept in mind 
when comparing the calculated and experimental p(E) 
dependences. 

2. The accumulation of the electrons in the energy 
region E - c, leads to a number of consequences. The 
f i rs t  concerns the condition for low anisotropy of a p ) ,  
i.e,, the upper limit of the second section-the field E,. 
As already mentioned, following cooling to energies c 
-c, it is necessary to take r1 in Eq. (5) to mean 7,(c 
- & ) ,  and the momentum p, to mean (2mc>'". At T ~ ( C ~  
= T,(E) we have then 

We note that, without allowance for the cooling, a 
much smaller value was obtained for El in Ref. 9: 

The lower limit of the second section at T < c, is deter- 
mined by the field EA (24). In this case E ; ~ N I ~ .  Thus, 
the ratio of the limiting fields of the second section El/ 
E; depends little on the impurity density: 

This result agrees qualitatively with measurements of 
the mobility of nonequilibrium electrons in different 
n-InSb samples with c, > T (Ref. 18): when N was in- 
creased from 1014 cm-' to 1015 cm-', the fields corre- 
sponding to the s tar t  and end of the second section in- 
creased by several times, but their ratio remained 
practically constant (2 * 0.2). 

The second consequence is more significant. It con- 
cerns  the condition (6) for the realization of collision- 
less  motion of the c a r r i e r s  (at H =  0) in the 111-V semi- 

FIG. 3. Dependence of the mobility on the field at different conductors InSb and GaAs, and by the same token the 

values of the parameters T/E, and u =ti wo/  T; T/ E, = 0.4 possibility of using them for active microwave devices. 

(curve 1); 0.86 (2). 0.65 (31, 9.5 (4), w (5.6); U = ~ O  (I, 2, 6). Substituting in (6) the expression fo r  El and the values 
97 (3, 5). 29 (4). of T , ( E ~  and c, from (7) and (23), we find that the range 
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of f ie lds  (6) is real ized if the following inequality is 
satisfied with l a r g e  margin: 

Using the  known values of po and r2(2fiw0) f o r  t h e  elec-  
t r o n s  in  InSb and GaAs (Ref. 6), we find that (27) is 
satisfied at 

N<6. loLL cm.3 (InSb), N<~.IO'QIII-~ (GaAs). (28) 

Thus, the field range  (6) cannot be real ized in the 
presently available InSb with N2 1014 ~ m - ~ .  Consequent- 
ly, the saturat ion of the d r i f t  velocity v, corresponding 
t o  th i s  field range should likewise not be observed.  
T h i s  conclusion a g r e e s  with the experimental  d a t a  of 
Ref. 8: the dr if t  velocity in n-InSb with N -(I-2) . 1014 
cm-3 already exceeded a t  E >> El the value correspond- 
ing to  saturat ion,  v,.,, = p0/2m, but continued to in- 
c r e a s e  slowly with the field. In the n-GaAs available 
at the  present  t ime,  N s  lo1' ~ m - ~  and the  col l is ionless  
reg ime can be  real ized i n  accordance with (28). We 
note that saturat ion of the dr if t  velocity i n  n-GaAs with 
N- 1.3. 1015 cm-3 w a s  observed in Ref. 23. 

3. We now compare  the  pr(E) dependences shown in 
Fig. 3 with the experimental  data. T h e  section where  
p 1  is independent of E, corresponding t o  a stat ionary 
maximum of n(c) ( see  Fig. 2) w a s  observed in Ref. 1 8  
in  n-InSb samples  with electron density n 2 1013 cm-3 
and E, > T. The  experimental  mobilities in th i s  section 
agree  well with the calculated ones ( s e e  Refs. 1 8  and 
11). The rapid increase  of the average  relaxation t ime  
;T,a p with the field, T,mEa.6*.8, which is c lose  to  the 
p r (E)  dependence on the f i r s t  sect ion of Fig. 3, w a s  ob- 
served in Ref. 24 in experiments  on cyclotron reso-  
nance of photoexcited e lec t rons  of p-InSb with N 
= (1.5-5) 1014 ~ m - ~ .  The electron density w a s  -lo6-10' 
~ m - ~ ,  and col l is ions between e lec t rons  can be neglect- 
ed.24 A close field dependence of the conductivity, a 
a EoS6, was  observed i n  Ref. 25 in samples  of strongly 
compensated n-InSb with n - 8 .  1012 ~ m - ~ .  We note that 
in n-InSb samples  with n > 5 .  1013 cm-3 the p(E) depend- 
ence is weaker  in  the f i r s t  section than the calculated 
(Fig. 3) p(E) EoS3 (Ref. 18). T h i s  difference can be 
due t o  the fact that a t  n > 5.1013 cm-3 and in e lec t r ic  
f ie lds  corresponding to the f i r s t  section, hi ther to un- 
accounted electron t r a n s f e r  into the second sect ion as a 
resu l t  of e-e collisions c o m e s  into play and i n c r e a s e s  
the relat ive r o l e  of the inelast ic  energy ~ c a t t e r i n g . ~  

The authors  thank Yu. A .  Gurvich for  numerous  dis-  
cussions and advice in  the c o u r s e  of th i s  study and 
E. M. Gershenzon f o r  helpful r e m a r k s  concerning the  
article. 

 he question of the validity of the kinetic equation a t  &,/Tz 1 
was discussed in Ref. 11. 

')1n momentum scattering by dipoles, 7 ,  takes the same form 
a s  in PA scattering; the first index characterizes the momen- 
tum scattering mechanism, and the second the energy scat- 
tering. 

3 ' ~ h e  flux due to the absorption of acoustic phonons by electrons 
with E = E,, in fields E - Eo is relatively small, 

- ( T I  eo)"ji, for PA I PA, - ( T I  ea)"(rr(eo)  I r o ~ ( e o ) ) " j  i, for I 1  DA, 
- ( T I  eo) ( r l ( e o )  I T P A ( ~ o ) ) %  for I I P A ,  

4'~ccording to Ref. 11, in a strong field a t  p >> 1 the approxi- 
mation A(&) = const for the I / D A  scattering mechanism is 
valid a t  &, << T / p .  

5 ' ~ n  this case, however, the conditions for the validity of the 
Maxwellfan distribution for & >co were not considered (see the 
discussions in Ref. 6). 
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