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In the approximation of a two-dimensional Wigner-Seitz cell per atomic string in a crystal, we consider the 
problem of evolution of the population of the levels of transverse motion of an electron with thickness of the 
crystal. With increase of the electron energy from values - 1 MeV to ultrarelativistic energies the nature of 
the transverse motion changes qualitatively-from a substantially quantum motion to a classical motion. In 
the ultrarelativistic limit the greatest fraction of channeled electrons is obtained for angles of incidence much 
less than the critical channeling angle. At any angles of incidence only a part of the possible bound states 
distinguished by values of transverse angular momentum and energy are filled. In the low-energy region the 
model of localized states gives a simple and comparatively accurate quantitative description of the existing 
experimental data on the spectrum and population of bound states. The problem of inelastic nuclear 
scattering of channeled electrons reduces to solution of the differential-difference equation for the diagonal 
elements of the density matrix, which in the quasiclassical limit goes over to the Fokker-Planck equation. The 
corresponding kinetic coefficients of the equation are expressed in terms of the angular spread averaged over 
the classical trajectory. It is shown that at distances to an atomic string of the order of or less than the 
screening constant the angular spread has a Gaussian shape. At large distances the result goes over to the well 
known result of the Lindhard theory. Estimates of the dechanneling length made on the basis of the 
calculated kinetic coefficients turn out to be much less than the known values. In the quantum limit the 
calculated values of the dechanneling length are in good agreement with those obtained from the widths of y 
transitions. 

PACS numbers: 61.80.Mk 

1. INTRODUCTION to substantially quantum a t  E - 1 MeV. 

Interest in the channeling of electrons has increased 
significantly at  the present time a s  the result  of the ex- 
perimentally observed phenomena of radiation of 
channeled p a r t i ~ l e s l - ~  and bending of particle beams 
by curved  crystal^.^ As in the case  of positively 
charged particles, the collective nature of the interac- 
tion of electrons with close-packed atomic str ings o r  
planes of a crystal  leads to the formation of bound and 
quasifree states of the transverse motion of the beam. 
The formation of these states plays a dominant role 
both in formation of the hard part  of the radiation spec- 
trum of the particles5 and in the efficiency of use of 
curved crystals  a s  deflecting systems. 

The transverse-motion-states population initially 
produced a t  the surface of the crystal  changes with 
thickness of the crystal  as the result  of multiple scat-  
tering by nuclei and electrons. In the formulation of 
this problem there is a qualitative distinction between 
the cases  of incidence of positive and negative par- 
ticles, whereas the channeling effect itself is manifes- 
ted in particles of different signs identically, a s  the 
scat tering in a potential well of finite depth in the t rans  
verse  plane. Thus, the main mechanism of dechannel- 
ing for  positive particles in metals  is scattering by 
conduction electrons, which a r e  distributed nearly 
uniformly over the c ros s  section of the channel. Chan- 
neled electrons, on the other hand, a r e  concentrated 
in the region of increased nuclear density-which is 
substantially nonuniform, since the characterist ic  s i ze  
of the amplitude of the t ransverse  motion, which is 
about equal to the screening constant a, is comparable 
with the amplitude u of the thermal vibrations of the 
lattice atoms. I t  must  be added that the nature of the 
transverse motion of electrons changes qualitatively 
with energy: from classical  a t  the ultrarelativistic limit 

The density matrix f o r m a l i ~ m ~ . ~  gives the possibility 
of describing from a unified point of view the entire 
s e t  of phenomena in the angular and spatial distribu- 
tions of channeled particles. In a previous art icle of the 
present author8 this formalism was developed for  non- 
relativistic protons localized in a single channel. Fo r  
the dechanneling problem this approximation is com- 
pletely justified, since the bandbroadening of the discrete 
levels and the formation of sub-barrier  forbidden bands 
for  electrons with E >  1 MeV, which was taken into ac- 
count in the work of Kagan and K o n ~ n e t s , ~ . ~  is important 
only in a narrow region of t ransverse  energies near 
zero. In addition, the use of localized wave functions of 
the atomic type permits comparatively simple calcula- 
tion of the spectrum, the initial population of the chan- 
neled particles (Sec. 2),  and also i ts  evolution with thick- 
ness of the crystal  a s  the result  of inelastic collisions. 
The problem of inelastic scattering of channeled par- 
ticles, which is  considered in secs.  3 and 4,  reduces 
to solution of a differential-difference equation which in 
the classical  limit goes over to the Fokker-Planck equa- 
tion, and the kinetic coefficients which determine the 
average increase and the diffusion of the t ransverse  
energy of the particles coincide with their  classical  
limits. 

The entire discussion is limited to the case  of great-  
e s t  practical interest  of incidence of a beam of elec- 
trons along closepacked directions in the lattice, in 
which al l  of the phenomena associated with channeling 
a r e  most pronounced. 

2. INITIAL POPULATION OF STATES OF CHANNELED 
ELECTRONS 

The correlated nature of the collisions of fast  par- 
ticles with an  atomic str ing leads to the result  that the 
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motion of a particle can be considered a s  occurring in 
a continuous two-dimensional potential of the atomic 
~ t r i n g , ~  averaged over the transverse thermal vibra- 
tions of the atomss *lo: 

Here Ze i s  the charge of the atom, d is the lattice 
constant, f is the screening function, and (. . .) indicates 
averaging over the thermal vibrations: 

where 2 is the mean square thermal displacement of an 
atom and a is the screening constant. 

The influence of neighboring str ings leads to the 
result  that in the region of smal l  t ransverse  energies of 
the particle the axial symmetry of the potential profile 
(1) is  destroyed, and the derivative along the normal 
to the boundary of the cel l  associated with one str ing is 
zero. Restricting the discussion to the t ransverse  mo- 
tion of an electron in a unit cel l ,  we shall assume that 
the cell is a circle of radius R ,  such that TR; = (nd)-', 
where n i s  the number of atoms per cm3, and the poten- 
tial inside the cell i s  

For not too smal l  t ransverse energies the reckoning of 
the potential from zero and the ze ro  derivative a t  the 
boundary, which have been taken into account in Eq. (3), 
do not affect the results ,  and therefore we can se t  
F =  F,  for  r - a .  

The fact that F ( r )  has a finite value a t  r = O  and drops 
faster  than l/r2 at  Y > a has a fundamental significance 
for the choice of a model potential. Thus, a potential 
of the form F- l/r gives a ground-state energy which 
can exceed the value F = 1 in absolute value. On the 
other hand, the diverging phase space a t  low transverse 
energies for F - l/r o r  I/* (the Lindhard potential) 
leads to an infinite number of levels near & =O. The 
latter difficulty can be circumvented by choosing F in 
the form (3) o r ,  more  simply: 

In the specific calculations below we shall use as 
screening functions the approximations of Moliere 
(f,) and Lindhard (f,).l0 The thermal average off, 
with good accuracy (<I%) coincides with the function 

where y =0.577 is Euler's constant and the last te rm,  
which contains an  exponential integral function a t  a C2 > 1, 
can be replaced by l/aC?. For  example, for  a single 
crystal of silicon a t  T =300 K, we have b =0.98. 

The transverse motion of channeled electrons can be 
considered nonrelativistic" and obeying the SchrGdinger 
equation with a relativistic mass  m. However, when 
the number of bound states in the well N - m d ~ , / i i ~  is 
large, one can use the classical  description in which 

the radial motion of the electron occurs in a field with 
an effective potential which depends on the transverse 
angular momentum 

0 ~ = M 2 / 2 f  -F ( r )  . (6) 

For  reasons of convenience we shall  go over to dimen- 
sionless values of the energy, angle, coordinate, and 
angular momentum expressed respectively in units of 
the potential well depth U,, the cri t ical  angle $, =(2U0/ 
E)'I2, a, and M,  =pa$, (p and E a r e  the longitudinal 
relativistic momentum and energy). 

Finite motion within the cel l  is possible only for  a 
limited interval of values of the t ransverse  energy & 

and the angular momentum. The energy & correspond- 
ing to a given value of angular momentum lies in the 
interval between the extrema G,,,,,, and +,of the func- 
tion a. Numerical calculation of the potential G in the 
Moliere approximation showed that the magnitude of the 
centrifugal ba r r i e r  does not exceed -0.05, and there- 
fore we can assume approximately that the bound s ta tes  
a r e  limited above by the value & =O. An important fea- 
t u r e  of the function G is the fact that there is some 
value of angular momentum M, above which bound s ta te  
s ta tes  a r e  not formed a t  all.') This value is deter-  
mined from Eq. (6) by the obvious relation &, 
= [r3 1 F: For the (1 11) axis  in Si and the function 
f, this value is Mi,,,=2.298. Note that in calculation of 
W,, an important role is played by the ze ro  derivative 
of the potential a t  the cel l  boundary (otherwise the 
slower falloff of F, than F for  r > 3 will give a much 
l a rge r  value of M:,,, ). 

We shall  now determine the population of bound and 
superbarr ie r  s tates on the surface of the crystal. Let 
a beam of electrons hit the crys ta l  a t  an angle 8, to the 
axial direction z. The electron a t  the point of entry 
into the crystal  r, acquires a t ransverse  energy & = 8; 
- ~ ( r , )  and an angular momentum M = p L  x r,, where 
p, =pfl,. The initial distribution in t ransverse  energy 
and angular momentum i s  found by integration of the 
microcanonical distribution over a l l  initial coordinates 
r, in the cell: 

The result  of the integration is 

It is evident f rom this that for  filled states the values 
of the angular momentum in modulus a r e  bounded above 
by some value Mf, which depends on the initial angle 
of incidence. The maximum possible value of M i ,  f o r  
al l  angles e,, a s  follows from Eq. (9), is 

For  the (111) direction in S i  the value of M,, a t  T 
=300 K calculated by means off, with Eq. (10) is 
0.855 and is reached at  8,=0.38. 
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FIG. 1.  Initial distribution of ultrarelativistic electrons in 
transverse energy and angular momentum. 

Near Mf the initial distribution (8) has a square-root 
singularity. Another feature of the function po follows 
from its inverse proportionality to the derivative of the 
potential, which vanishes a t  the points R* = O  and R* =Rm. 
Consequently, near the limiting values -1 + 62, and 82, 
the distribution of po also had a square-root singularity. 

For a nonzero angular momentum, states a r e  filled 
beginning with some energy value lying above the mini- 
mum of .the effective potential (6), and the interval of 
filled t ransverse  energies of channeled electrons ap- 
proaches ze ro  a s  M- Mfm. 

The remarks  above a r e  illustrated in Fig. 1, in 
which we have shown the dependence of the initial dis- 
tribution function on the transverse energy and angular 
momentum of the electron. We emphasize the main 
result  of the foregoing analysis of po a result  of funda- 
mental significance for  the problem of electron dechan- 
neling and qualitatively different from the planar chan- 
neling case: for  any angle of incidence, only a part  of 
the possible bound states a r e  filled. The unpopulated 
s ta tes ,  which have large values of angular momentum 
and smal l  t ransverse energies, a s  will be shown below, 
a r e  the longest lived, and diffusion into these s ta tes  can 
significantly increase the lifetime of an  electron in a 
channel. 

The total number of channeled particles calculated 
from Eq. (8) by means of the function f, is 

I t  follows from this that a t  8, - 1 the fraction of chan- 
neled particles is determined mainly by a geometrical 
factor -1/~:- lo*, i.e., by the probability of landing 
in the region r s a. With decrease of the angle of inci- 
dence, I ,  increases,  reaching values of the order of 
unity a t  6,- 1/~,. This is qualitatively distinct from the 
case  of channeling of positive part icles,  for  which I ,  
- 1 already a t  0, - 1. 

Let us turn now to low energies of the electrons, for  
which ma2Uo/R2 - 1. The initial population, over s ta tes  
distinguished by values of the orbital quantum number I 
and the principal quantum number n ,  i s  now determined 
by the diagonal elements of the density matr ix  in the 
momentum rep re~en ta t ion" .~  

Here go is the transverse wave vector and the radial 
function q,, satisfies the SchrSdinger equation 

For  states with 1+0 the best  approximation of the poten- 
tial turned out to be a function of the form 

where the parameters 8, and R, were chosen from the 
condition of the most  accurate possible agreement of 
the curves (6) and 9, =-F, + 12/26212. The potential in 
the form (14) permits a simple calculation of the spec- 
trum 

and of the populations (12). Having in mind the experi- 
mental data on the dependence p,(Q0) which were obtained 
from the radiation we shall  give here  for-  
mulas for severa l  well studied states:  

The ground s ta te  can be described with high accuracy 
in the harmonic a p p r o ~ i m a t i o n ' ~  

In Fig. 2 we have shown the population of the bound 
s ta tes  as a function of the initial angle of incidence for 
the case  of channeling of electrons with E = 4  MeV in 
the (110) direction of a silicon crystal. The  energy- 
level values %,, &,, , and &,, agree  with the experiment- 
ally observed values for  the chosen values of 8, and R,. 
In the ground-state energy there is  a smal l  difference 
due to the fact  that the level E ~ ,  i s  in the region of ap- 
preciable anharmonicity. As can be seen  from Fig. 2 ,  
the formulas (16) accurately reproduce the behavior 
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FIG. 2 .  Initial population of bound states as a function of the 
angle of incidence of an electron beam with E ~ 3 . 1  MeV in the 
(110)  direction in silicon at T = 3 0 0  K. The constants for the 
curves are: 6 = 2 . 4 2 ,  p0=1.4 ,  P i=0 .45 ,  p z = 0 . 5 , R i = R z = 1 3 ,  
EZp=-0 .23 ,  &3P=-0.06,  & a = - 0 . 0 8 ,  Els=-0.43. 
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of the experimental curves pS(9,), including the location 
of the node in the wave function @,, at  the point 9, 
= (- E , ~ ) ~ ' ~ .  The theoretical curves shown include the 
angular spread in the directions of the incident beam 
A9 =0.02", and therefore p,+O, in spite of the fact that 
ps- 92,' at small angles of incidence and 1 t 0; on the 
other hand, the I s  state has a maximum a t  9, =0. 

3. THE DIFFUSION APPROXIMATION 

Multiple scattering of channeled particles by nuclei 
and valence electrons leads to a gradual increase and 
diffusion of the transverse energy and eventually to 
dechanneling. If we a re  not interested in the relaxation 
of the plane wave a t  the surface into a superposition of 
bound states, i.e., in the damping of the nondiagonal 
elements of the density matrix, the solution of this 
problem in general form is given by the time evolution 
of the diagonal elements of the density matrix.es8 

In our discussion we shall neglect the energy loss, 
since the relative change of energy in the dechanneling 
length is small. In addition, we shall not take into 
account radiative transitions and scattering by valence 
electrons, since the main mechanism of dechanneling 
is nuclear scattering. Allowance for the latter formally 
reduces to transitions between bound states due to the 
difference of the true potential of the string of atoms 
displaced from their si tes and the averaged continuous 
potential. Assuming the distribution of atomic sites of 
the string along the z axis to be random, the equation 
for the diagonal elements of the density matrix is 
written in the formlo 

In the quasiclassical approach i t  is possible to use the 
diffusion approximation, choosing as  independent var i- 
ables the quantities E,  and M =El. For this purpose we 
shall expand the right-hand side of Eq. (18) in ser ies  in 
powers of c,, - E, and M' - M. As a result we obtain 

This equation was obtained in Ref. 15 on the basis of a 
classical discussion. The kinetic coefficients in Eq. 
(19) a re  

In view of the axial symmetry of the problem the 
average moment 4, is zero. 

Summation over the states in Eq. (20) in the averages 
over energy A,, and A,, which have the significance of 
the average increase and diffusion of the transverse 
energy, reduces to the convolution of the product of the 
operators, including the functional derivative with 
respect to times: 

The use of parentheses with the subscript (. . . ),, signi- 

fies an average over the period of radial oscillations 
of a particle, which is the form taken by the diagonal 
matrix element in the quasiclassical approximation. 

The coefficients of the diffusion in angular momentum 
are  expressed in terms of the angular momentum 
operator I = - i a / ~ ~ ,  where cp is the angle between the 
vectors r and u. We finally obtain 

We note that the coefficients (21) coincide with their 
classical analogs. For  example, the average increase 
of the transverse energy is expressed in terms of the 
mean square angular spread, 

where 6 is the scattering angle in a binary collision. 

The kinetic coefficients A,, diverge logarithmically 
a t  the lower limit of the integration over the impact 
parameter. This divergence, which is usual for the 
diffusion approximation, is removed by limiting the re- 
gion of integration over r' in Eqs. (21) and (22) on the 
low end to some small value Y , , ~  which actually separ- 
ates the regions where the multiple collisions a r e  few 
o r  numerous. The removal of the singularity can in 
principle be carried out by two means, which differ in 
the order of integration in Eq. (21): in calculation of 
the averages over the trajectories, and in averaging 
over the thermal displacements. The second method 
is more convenient for calculation, although it does not 
permit one to go over in the final results to the limit - 
uZ- 0, since the region of its applicability is  limited by 
the condition uZ>>ein which, incidentally, is always 
satisfied. 

The region of impact parameters r' < a is character- 
ized by a Coulomb behavior of the interaction potential 
of an electron with an atom, for which ff2=4/?.  There- 
fore the result of averaging the angular spread over the 
thermal displacements can be represented 

where the residual term R,,, i s  already independent of 
rmin. At small impact parameters of the electron with 
the string, the main contribution to Eq. (24) is from the 
f i rs t  term, and for large r it is  from the second term; 
here in the limit a? >> 1 Eq. (24) goes over to the well 
known formg 

A straightforward calculation of the residual term for 
the Lindhard potential gives for aC2 2 1 

The value of r,, represents the value of impact param- 
eter a t  which the scattering angle becomes of the order 
fi/~d,,,, '~ where dm, is the radius of the nucleus. Hence 
it follows that r,, - 2513/1372. 
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If we limit the integration over r' in Eq. (24) a t  the 
upper end to some value r, corresponding to a mini- 
mum momentum transfer p, -R/a,16 we arrive a t  the 
well known result of the theory of Kitagawa and Oht~uki.'~ 
In fact, from the condition of cutoff of the scattering 
cross section a t  angles less than em,,, 

it follows that r,, = 22/137, and for small Z this value 
can be much less than the amplitude of the thermal 
vibrations. With this condition the angular spread (24) 
does not depend on the density gradient of the atoms of 
the string in the transverse plane and is determined by 
its local value a t  the point r. In other words, in a tar- 
get with small 2, particles located a distance r from 
the axis of the string a r e  scattered exactly in the same 
way as in an amorphous medium with an atomic density 
p=, , - iae-ar2.  

This approximation, which was f i rs t  developed in 
Ref. 17, was used for calculation of the planar dechan- 
neling of relativistic  positron^.'^ I t  should be empha- 
sized that the method indicated for choice of the inte- 
gration limits is  crude, even within logarithmic ac- 
curacy, from the point of view of an exact solution of 
the initial integral equation (18). It would be more ac- 
ceptable to  use a self-consistent procedure for calcula- 
tion of rmi, as  a function of the thickness of the crystal, 
but as the result of the complexity of such a problem it  
would be possible to solve it only in the case of an 
amorphous medium. 

In Fig. 3 we have shown the results of calculation of 
6&/6z for a tungsten single crystal a t  T =300 K in 
various approximations. The difference of the exact 
result according to Eqs. (24) and (26) (curve 1) from 
the approximate result (28) is most significant in the 
region P > 1/a, where i t  is  determined by the residual 
term R,,, (curve 3) and reaches many orders of mag- 
nitude. For r <  l/a this difference depends on the quan- 

FIG. 3. Rate of increase of electron transverse energy as a 
function of the distance to the string (in units ofA o). 

tities 5 and (,, in the argument of the logarithm in (24) 
and (28). 

In the limit ?,,<< 1 it is easy to obtain analytic ex- 
pressions for the averages over the thermal vibrations 
in the remaining kinetic coefficients A,,, and 4, with 
accuracy to terms of order r,,. Thus, 

Returning to the question of choice of r,,, we note 
that a similar situation exists in scattering of relativis- 
tic particles by valence electrons. The region of impact 
parameters in collision of an electron with an atom 
which gives the main contribution to the angular spread 
is bounded above by the value Y- =2a0/137 (Ref. 19) (a, 
is the radius of the orbit of the valence electron). 
Similarly for conduction electrons, in which the angular 
spread is determined by single-particle excitations 
(close collisions), Y,=~zv,/w,, where v, is the vel- 
ocity of the electron a t  the Fermi surface and w, is  the 
plasmon frequency. 

The diffusion approximation is justified if the de- 
channeling length z,, due to a single collision accompan- 
ied by change of the direction of motion of the particle 
by an angle of the order of the critical angle, is much 
greater than the diffusion dechanneling length z, - z,/ln[. 
The Coulomb logarithm is In 5 - 5-8, and therefore dif- 
fusion over the transverse states is the main mechanism 
of dechanneling (cf. Ref. 19). 

Let us turn now to calculation of the average over 
the period of radial motion, which is 

Here r, and r, a re  the classical limits of the particle 
motion. To facilitate determination of the average over 
the trajectories it is necessary to take into account two 
different modes of motion of the particle. If the angular 
spread changes insignificantly within a period, for ex- 
ample, near the bottom of the effective potential @, 
when r, = r, , the average over the period is approximate- 
ly equal to the value of the function a t  the point of the 
minimum of the potential r, Another, opposite situa- 
tion is realized when the particle motion occurs under 
conditions of a rapid dependence of the angular spread 
on the distance to the string. In this case the main con- 
tribution to the spread is from the region of values of 
r close to the distance ?-,-the closest approach to the 
string, where 6&/6z is maximal. Taking into account 
that the trajectory near r, is parabolic, s o  that 

we obtain 

For the Lindhard potential the distance r, is found from 
the expression 
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The solution of this equation is expressed in terms of a 
linear combination of exponentials 

Using the asymptote of the Macdonald function K, for 
UP >> 1, we can obtain the average increase of the 
energy in the most interesting case of long-lived states: 

From this expression it follows that with increase of 
the angular momentum and of the absolute value of the 
transverse energy, the electron-dechanneling length 
increases exponentially. 

Calculation of the coefficients of the diffusion in trans- 
verse energy and angular momentum with includeion of 
Eq. (29) gives 

The boundary conditions for Eq. (19) a re  determined 
from the requirement of reflection of particles a t  the 
point r =@(r,). Channeled particles, on reaching the 
point E =0,  leave the channel and then take part mainly 
in collisions with conduction electrons. The intensity 
of the latter is z ~ ~ ~ / z , u ~  times longer than the maxi- 
mum of the intensity of the nuclear mechanism (2, is  
the number of valence electrons). 

As can be seen from Eqs. (33) and (34), the longest- 
lived states a re  unfilled states near the bottom of the 
potential well and also states which have a large orbital 
angular momentum. However, the filled states with the 
greatest angular momenta a re  near E = O  and therefore 
rapidly leave the channel. In addition, the analysis of 
the initial population which was carried out in Sec. 2 
showed that the greatest total population I ,  is  achieved 
for very small angles of incidence (in comparison with 
the critical angle). Here most of the particles have 
orbital angular momentum close to zero. For such 
particles the length for rearrangement of the distribu- 
tion function p can be evaluated from Eq. (23) as  

For example, for electrons with E = 1 GeV in silicon 
(the (110) direction) it amounts to z,  = 5500 A,  and in 
tungsten ((111)) z, = 540 A. 

4. DECHANNELING OF LOW-ENERGY ELECTRONS 

When the number of levels of the bound motion is 
small, the diffusion approximation is inapplicable and 
it is necessary to return to Eq. (18). This equation 
takes on the simplest form if the feeding of the bound 
state by the superbarrier states is  not taken into account, 
especially since the probability of transitions of this 
type is smaller by a factor -1 /~z  than the probability 
of transitions between bound states w,,,. Equation (15) 
is then written in the form 

P* 
dz Zd. 

i 

with arguments which a r e  eigenvalues of the matrix of 
transition probabilities: 

Numerical evaluation of the matrix elements for the 
experimental situations presented in Sec. 2 shows that 
with satisfactory accuracy the characteristic length of 
damping of the diagonal elements of the density matrix 
coincides with z,,, which corresponds to taking into 
account only the "escape" from the s state in Eq. (37). 
Convolution of the sum of the escape probabilities 
gives 

For large values of angular momentum when the re- 
gion of localization of a particle is removed from the 
string by a distance greater than the amplitude of ther- 
mal vibrations, the expression in the parentheses can 
be expanded in series in & 

In the general case analysis of the expression (40) 
can be simplified by going over to a Fourier transforma- 
tion of the screening function in the coordinate. Even- 
tually we obtain 

ki2+ka2 *.= dki j mt, fh  ~ X P  (- T) 

We shall now calculate this quantity for the 1s and 26 
states from the data of Sec. 2, using the well known 
Fourier transform of the function f,: 

The diagonal matrix elements of the exponential in Eq. 
(42) a re  

Numerical calculation of z, according to Eqs. (42)-(44) 
in silicon gives for E =4 MeV and the (111) direction 
z, =450 and for E = 3.81 MeV and the (110) direction 
z, = 3200 A ,  which is in agreement with the experi- 
mental values of these quantities determined from the 
known transition widths: z$fs, =270 (Ref. 13) and 
z2fbP, = 3200 X.14 

CONCLUSION 

1. Analysis of the initial population showed that, to 
achieve the greatest fraction of channeled electrons, 
angles of incidence much less than the critical channel- 
ing angle a re  necessary. This conclusion is qualitatively 
different from the case of scattering of positive par- 
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ticles, for  which angles of incidence of the order of 
the critical angle are sufficient. Under these conditions 
the longest-lived states are populated with transverse 
angular momentum close to zero. 

2. Fo r  any angles of incidence only a fraction of the 
possible bound states are filled. Diffusion to unfilled 
states significantly increases the dechanneling length. 

3. Good agreement of the theoretical and experimental 
values for scattering of low-energy channeled electrons 
can be achieved without taking into account the band 
structure of the spectrum of states of the transverse 
motion, with a potential of a simple type which permits 
a complete analytic calculation of the populations. 

4. The kinetics of the behavior of channeled elec- 
trons in a crystal  differs qualitatively f rom the kinetics 
of positrons, since the main mechanism of inelastic 
scattering of channeled electrons is nuclear. Corre-  

spondingly the intensity of the scattering of channeled 
electrons is approximately z ~ ~ ~ / z , u ~  times la rger  
than for  positrons. This circumstance is important 
in the radiation problem, where from crystals  with 
large Z o n e  expects a harder spectrum and a higher 
intensity of y rays  at the maximum of the spectral  
density.. Therefore a quantitative analysis of the kinetic 
equation is  necessary for  choice of the optimal condi- 
tions fo r  radiation. 

The author is pleased to thank M. A. Kumakhov and 
V. V. ~ e l o s h i t s k i i  for  valuable cri t ical  remarks.  

')we note in this connection that the rectangular shape of the 
Kronig-Penney potential permits formation of bound states 
for any values of angular momentum in the classical limit, 
which, as follows from the estimates given above, does not 
correspond to reality. Together with the estimate discussed 
above of the height of the centrifugal barrier, this makes un- 
likely the possibility of population of resonance levels dis- 
cussed in Ref. 12. 
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