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m scattering is investigated in the region where it can be regarded as elastic. Information is used on four 
different channels of a reaction of the type v p - m N .  A single procedure is used to obtain for all the essential 
vv-scattering phase shifts in the investigated region, 6, O, 6, ' , 6',, 6,  O ,  and 6 ,  ,, values that are in good 
agreement with one another. A continuous plot of 6, O from threshold to 980 MeV is obtained. It is shown 
that it is incorrect to apply the effective-radius approximation to S-wave phase shifts at m,, 2 400 MeV. The 
hypothesis that close near-threshold zeros are present in the S-wave amplitudes is proved experimentally. The 
positions of the zeros are found. Analytic, unitary, and crossing-symmetry partial n v  amplitudes are 
determined, which satisfy the Roy equations and agree well with the phase-shift-analysis results. It is 
concluded that the lower "down" solution is preferable for the 6, phase shift. The scattering lengths of the 
S ,  P, and D waves are obtained. 

PACS numbers: 13.75.Lb, 13.75.G~ 

1. INTRODUCTION 

More than 20 yea r s  have elapsed since the appear- 
ance of the f i r s t  papers on the nn interaction, but de- 
velopments in this  field continue to this  day. The nn 
interaction i s  of interest apparently because i t  is very 
frequently encountered, it i s  relatively easy to describe 
theoretically, and i s  a nonstandard procedure for ob- 
taining experimental information. 

nn scattering enters  in a large number of diagrams 
and determines a large group of phenomena. The small 
mass  and ze ro  spin of the pion, a s  well a s  the complete 
crossing symmetry of the an scattering, make process- 
e s  of the type nn - nn quite sensitive to theoretical pre- 
dictions. In particular, an exceedingly important ro le  
is played by these processes in dual models: na-reso- 
nance spectroscopy is needed to check on the predic- 
tions of these models. Complete crossing symmetry of 
the nn scattering makes i t  the best candidate for  the 
use of models in which the principles of analyticity, 
unitarity, and crossing symmetry a r e  used. P rog res s  
in this  field is due to  the equations of Roy, which will 
be dealt with later .  The study of nn interaction a t  low 
energies i s  of particular interest  because of the possi- 
bility of comparison with the predictions of current  al- 
gebra and of models with broken chiral  symmetry,  and 
of checking the partial conservation of axial current  
(PCAC) hypothesis. In addition, interest  in this  field 
has  increased recently in connection with the develop- 
ment of the theory of n-condensate and of the anomal- 
ous  state of nuclear matter. Exact calculations in such 
models also require data on nn scattering. 

In the absence of colliding pion beams and meson 
targets ,  information on the nn interaction can be ob- 
tained only by indirect methods. In principle, a possi- 
ble source of information can be any process  that in- 
cludes the nn interaction. The most important sources 
of formation a r e  at present the production of severa l  
pions upon irradiation of a very simple target  (proton, 
deuteron) by a pion beam (nN - nnN, nN- nnA). 

In these reactions, a t  a small  four-momentum trans- 
f e r  t ,  the one-pion exchange (OPE) diagram predomin- 
ates.  In the presence of sufficient s tat is t ics ,  it be- 
comes  possible to separate the contribution of the OPE 
diagram and, by studying the scattering of a rea l  pion 
by a virtual one, proceed to a description of the pro- 
c e s s  in the pion pole, i.e., to scattering of r ea l  mes- 
ons. Study of reactions of the type nN- nnN makes i t  
possible in principle to obtain complete information on 
al l  the possible s t a t e s  of a nn system in the entire re-  
gion of dipion m a s s e s  m,,. 

The present paper i s  devoted to the study of nn scat- 
te r ing  in a region in which th is  interaction can be r e -  
garded as elastic ( q : =  1). Strictly speaking, the region 
of elast ic  interaction is bounded by the 477 threshold, 
m ,, = 560 MeV. In pract ice,  however, the r n  interac- 
tion can be regarded a s  elast ic  at  much la rger  m,. 
Thus, T-n+ - a-n+ scattering remains  practically elast ic  
up to the KK threshold, m,,= 960 MeV, while r*nO'n*rO 
and nin* - niai remain s o  even up to m,, = 1200 MeV. 
Many recent papers,  e.g., Refs. 1-4, based on abun- 
dant statistical material ,  a r e  devoted to the study of nn 
interaction. The main emphasis  in these papers, how- 
ever ,  i s  on the la rge-mass  region, m,, > l GeV. Yet a 
number of unsolved problems still  remain in the elastic 
interaction region: there i s  no reliable agreement be- 
tween the values of the So-wave phase shift obtained 
near  threshold a lso  at la rger  m,,, the uncertainty in 
the behavior of the phase shift 6,O in the region of the p 
resonance (the "up-down" ambiguity) was not resolved, 
contradictory data were  obtained on the nn scattering 
lengths, and others. 

To obtain information on the na interactions we used 
reactions of the type np - nnN. Since the study of any 
particular charge channel does not yield all the possible 
amplitudes, we used data on four different channels. 
This  has  made i t  possible to obtain by a single proce- 
dure  all the nn scattering phase shifts that a r e  of im- 
portance in the investigated m,, region. We used for  
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TABLE I. 

Reaction I g z t " m  I ".of 
events 

I I I I I 

n-p - IT-p 4.5 5936 IT+P - n+p 3.05 5615 

n-p - n-nQp 

this purpose n p - n N  events obtained by bombarding a 
liquid-hydrogen bubble chamber with  pion^^-^ (see Ta- 
ble I). Problems involving the identification of the 
events and their measurements a re  described in Ref. 
10. 

The available materials yielded the m scattering 
phase shifts in the elastic-interaction region for m,, 
>370 MeV, and enabled us also to extrapolate the re- 
sults to the threshold and determine the scattering 
lengths. In addition, to  study the region of small m,,  
we used 496 events of the reaction n-p - n-r'n, obtained 
in the JINR by an emulsion method at an incident pion 
energy T,= 200-260 MeV.'' This yielded for one and 
the same reaction and by a unified reduction procedure 
a continuous curve for the phase shift 6: from thresh- 
old to m,= 960 MeV. 

2. DETERMINATION OF THE CHARACTERISTICS OF 
THE REACTIONS nip +rip, n'p +r'n+n, nip + s'nop 

2.1. Elastic nip scattering 

The study of elastic scattering makes it possible not 
only to investigate this process but also to obtain a 
normalization c ross  section for the other nn interaction 
channels. 

In the measurement and reduction of the elastic- 
scattering events, short proton tracks on the photo- 
graph a r e  sometimes lost. This occurs when the pro- 
ton momentum i s  small o r  is directed towards the 
cameras. A correction must be introduced for 
these missed counts. This correction depends on the 
azimuthal angle cp and on the pion scattering angle 9. 
The procedure for obtaining the correction coeffi- 
cients and the results of an investigation of elastic ntp 
scattering a re  described in Ref. 10. Using the optical 
theorem, we can obtain the total number of reaction 
events, the normalized c ross  section per event, and 
the cross  sections of the reactions: 

2.2 The reaction n-p + n-n'n 

The azimuthal distributions show that no missed 
counts occur in the events of the reaction n-p - n-n+n. 
The reason i s  that in this case the measured pion 
tracks a r e  much longer than the proton tracks. The 
c ross  sectioc of the reaction was found to be 

The reaction n-fi-n-r'n can proceed via resonant 
states of two pions o r  of a pion and a neutron, i.e., 
through the production of p0-, f O-,g"-, A* resonances. 

FIG. 1. Distribution of the events of the reaction n'p -*-r +n 
in m,. The dash-dot curve shows the reflection of the A(1232) 
resonance, magnified 5 times, the dashed lines show the phase 
volume. and the solid curve is  the sum of the Breit-Wigner 
curves for the pO, f O, and go resonances, the phase volume, 
and the ~(1232) reflection. 

Although the cross  section for the production of the A* 

isobar i s  small at our energy, this resonance influ- 
ences the distribution of the events in the dipion effec- 
tive mass  m,,. The reflection of the isobars from the 
pion resonances can be taken into account by using the 
eauationlZ 

where F,, is the Breit-Wigner form of the n isobar, 
$(cos9) = I?-'dN/d cos9 i s  the angular distribution of the 
A decay products, and 

where E ,  i s  the total energy in the c.m.s. 

From the angular-momentum and parity conservation 
laws it follows that the A resonance decays into a neu- 
tron and a pion in the P state, for which ~J(cosO) - cos28. 

The distribution in m,-,, was approximated by a sum 
of five curves: of the invariant phase volume, of the 
Breit-Wigner curves for the pO, f O, and $ resonances, 
and of the A-isobar reflection (see Fig. 1). This has 
made it possible to determine the parameters of the 
resonances and their c ross  sections. The obtained val- 
ues a r e  given in Table 11. 

TABLE 11. 
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Resonance 

P- 
Po 

fPp+ 
g- 
go 
A* 
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mnn, MeV 1 F. MeV 

790+15 
790*10 
780*15 

1270*20 
1680*20 
1680*20 

1232 (fixed) 

0.50+0.04 
0.85*0.05 
1.07*0.11 
0.52*0.04 
0.03*0.03 
0.05*0.03 
0.06*0.02 

180*15 
t70*10 
t40*15 
200*30 
190*25 
190*25 

120 (fwd) 

4.5 
4.5 
3.05 
4.5 
4.5 
4.5 
4.5 



FIG. 2. Distribution in the effective mass m, for the reaction 
~ + p  --n+~Op. Dashed line-phase volume, dash-dot-sum of 
reflection of the A resonances and of the phase volume, solid 
curve-sum of the Breit-Wigner p+ resonance, phase volume, 
and reflection. The shaded part of the histogram shows the 
corrections for the missed counts. 

2.3. The reaction r' p +r' r0 p 

Missed counts take place for the reactions n*p - n*nOp, a s  indicated by the azimuthal distributions. 
After taking these missed counts into account, the fol- 
lowing reaction c ros s  sections were  obtained: 

The parameters  of the p* and the g- resonances, ob- 
tained with account taken of the A-isobar reflection, 
a r e  given in Table 11. The obtained description of the 
experimental distribution i s  shown in Fig. 2. For  n-p 
-n-nOp the contribution from the A* isobar i s  small, 
and for the reaction Vp-  n+nOp a t  p,+ = 3.05 G ~ V / C  the 
contribution of the A i sobars  amounts to a, =0.73 

0.15 mb. Using the isotopic relation a,+= $Q,+,, we 
can obtain a,+= 0.22i0.05 mb; a,++= 0.51 0.11 mb at  
p,+= 3.05 GeV/c. 

2.4 The reaction r+p-+r+~+n 

The c r o s s  section of this  reaction is u(r*p-n+n+n) 
= 2.18i0.16 mb at  p,+= 3.05 GeV/c. The m a s s  distr i-  
butions of m,, and m,, a r e  well described by the phase 
shift curves. The contribution of the A' resonance can 
be estimated from the relation aA,(n+rin) = -$uA++(n+nOp), 
whence or+= 0.12 mb, which amounts to -5% of the total 
c r o s s  section. 

3. PREPARATION OF THE DATA FOR THE PHASE- 
SHIFT ANALYSIS 

In the reaction n-p -n-n'n, we selected for further 
processing events with It 14 0.3 (GeV/c)'. This  res t r ic -  
tion is imposed by the fact that the main background in 
th is  reaction i s  due to A, exchange. As shown, e.g., by 
Kimel and Reya,13 allowance for the background be- 
comes important at  l t  12 0.25 (GeV/c)'. The calcula- 
tions were performed for p,-= 17  G ~ V / C ,  and for  a 
smal ler  momentum the contribution of the A, exchange 

should decrease compared with the n exchange. The 
same restr ict ion I t  I 6 0.3 (GeV/cI2 was imposed also 
on the events of the reaction n-p - n-nOp, but for  this 
reaction we introduced one more  restriction: Itl 
30.08 (GeV/c),. This  was due t o  the presence of miss- 
ed events with short  proton tracks,  i.e., with small  
It 1, which a r e  difficult to take into account. This addi- 
tional restr ict ion,  however, has  also a favorable as-  
pect: the w exchange is largest  precisely for  I t  l s 0.1 
(GeV/c)' (Ref. 14). It is difficult t o  take the w ex- 
change into account in explicit form, so  that i t  i s  use- 
ful to decrease  i t s  contribution. 

The stat is t ics  for reactions with positive incident 
pions was  smal ler ,  it was therefore desirable to ex- 
tend the employed region to It I s  0.5 (GeV/c)'. To  get 
r id in this  c a s e  of the la rge  percentage of admixtures 
of other diagrams,  the selection was based on the van 
Hove angle w (Ref. 15). This  angle is defined a s  

where q ,  is the longitudinal momentum of the particle i 
in the c.m.s. 

As shown in Ref. 16, one-pion exchange corresponds 
to a definite sec tor  which amounts in the coordinate 
system chosen by us  to 240" 4 w S 300". The  selection 
of events in accord with the angle w yields good resul t s  
for  a sufficiently large initial momentum, and at  our 
momentum p,= 3 G ~ V / C  one should expect a smearing 
of the boundaries and intermixing of events due to dif- 
ferent  mechanisms within a single sector .  Cne can as- 
sume nevertheless that the region 225's w 6  315" is en- 
riched with events of the OPE exchange type and extra- 
polation of these events yields correc t  results .  It 
should be noted that events with I t  1 < 0.3 (GeV/c)' prac- 
tically all land in the chosen sec tor  (at  least  a t  m,, 
<I100 MeV). 

An important question i s  the allowance for  the isobar 
formation in the final state. Whereas for  the reaction 
with p,- = 4.5 GeV/c no noticeable contribution of the 
i sobars  was  observed, for p,,= 3.05 GeV/c the c r o s s  
section for  the production of ~ ' (1232)  and especially 
~++(1232) is quite large.  Therefore events with 1185 
<m,,< 1285 MeV were  not used in the subsequent analy- 
sis. 

Table I11 l i s t s  the number of events remaining after 
all the restr ict ions a r e  imposed. 

Practically all extrapolations of the data to the pion 
pole a r e  based on the old Chew-Low f ~ r m u l a , ' ~  which 
connects the c r o s s  section a,, with the differential 
c r o s s  section of the reaction I~N-nnN: 

TABLE 111. 

Reaction I NO. of events I A%n 

n-p - n-n+n 320CmS1<980 MeV 
n-p -. n-nop 387<m,,51215 MeV 
n+p - n+nOp 387<mnn<1215 MeV 
n+p - n+n+n 1555 387<m.,C1215 MeV 
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Here a is a numerical coefficient equal to 1 for np 
-n*nOp and to 2 for np-nnn, f 2  = 0.08 is the nN inter- 
action constant, p, is the momentum of the incident 
pion, k = (m,,2/4 - p2)*' i s  the momentum of the sec- 
ondary pion in the res t  system of the dipion, and p 
- = m,. 

To obtain the value of the pion-pion c ross  section, 
one usually constructs the auxiliary function 

This function is extrapolated to the pole where 

In the present paper we used the pseudoperipheral-ap- 
proximation method proposed by Baton e t  a1.18 It is 
assumed additionally in it that F(0) = 0, and an auxili- 
ary  function Ft(t)  = F(t)/t i s  constructed, and it i s  this 
which is extrapolated to the pole. Figure 3 shows the 
values of o,, obtained for all the charge states. 

In the phase-shift analysis we need the angular char- 
acteristics of the secondary pions, which must be 
known for the scattering of rea l  pions. In the present 
paper the angular distributions a re  described by aver- 
aged spherical harmonics (Y,o)(m,J extrapolated to the 
pion pole: 

where N is the number of events in the considered in- 
terval Am,,, At. We recall the connection between (Y,? 
and the phase shifts for the case I c 2: 

FIG. 3. Values of the pion-pion cross sections for the dif- 
ferent charge channels: a) a+r+ -7 +a+- , b) r- r 0  -*-no (points) 
and r+rO -n+no (circles); c)  r-r + -TI-n*; the insert shows the 
values of a,, near threshold, obtained from an analysis of 
emulsion data of the reaction r-p -r-r+n at 200 < T, s 260 MeV. 

FIG. 4. Extrapolated values of the averaged spherical har- 
monics (e) (m,). L = l ,  . . . , 4for a) *+r+ - r+r+ scattering; 
b) n - n + - ~ - r +  scattering; c)  r-no -r-no scattering (points) and 
r+ro -r +rO scattering (circles). 

4nX1 9 
(Y,'>=--Re(P'D), 

a.. Y7n 

where S =  $4O+ +tb2,p= All,D= $4'. $4'. The inves- 
tigated region of the dipion masses was such that the 
elastic interaction can be correctly represented by A,' 
= sin6,' exp(i6,q. 

Figure 4 shows the values of (~,@)(m,), L = 1, ..., 4 
for different charge states of the dipion. The form of 
(Y,? for the n*no state is characteristic. Being nega- 
tive at small m,,, (ylO) reverses  sign at mrr= 780 MeV. 
It is clear that this sign reversal  is determined by the 
term with cos(4'- a:), which reverses  sign when (6,' 
- 6:) goes through 90". Knowing that the 6,' phase 
shift is positive and is determined by the p resonance 
with mass  m,,-750 MeV, we find directly that the 6,' 
phase shift i s  negative and small. 

The quantity (YzO) is everywhere positive, including 
in the n'n- interaction. Since there is no Pl wave in 
this interaction, it can be concluded that the signs of 
602 and 6; a re  equal. From the smallness of ( Y A  and 
(Y,') it is seen that the D-wave amplitudes a r e  small in 
the elastic region. 

The behavior of (Y,? for a+a+ scattering is very in- 
teresting. In the region of the KK threshold one can 
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see  an abrupt drop, almost t o  zero. Since there  is no 
such drop in (YJ for  the n*rO scattering, just a s  there 
a r e  no singularities of (Y,") in this region (P, wave), it 
is natural to assume that the drop is connected with the 
So wave. Indeed, i t  has  now become generally custom- 
ary  to explain this  anomaly in the behavior of (Y,") 
with the aid of the S* (1000) meson. This  behavior of 
(Y,") provides a weighty argument in favor of choosing 
the lower "down" solution for  the 6; phase shift. It i s  
seen that even from the outward form of the harmonics 
one can discern much that is of interest ,  but of course 
the quantitative conclusions can be drawn only from a 
physical analysis. 

4. PHASE-SHIFT ANALYSIS OF rr SCATTERING 

We used in this study both an energy-independent and 
an energy-dependent phase-shift analysis method. In 
the energy-independent analysis, the data for  different 
m,, a r e  analyzed separately, and the solutions for  the 
phase shifts and the elasticity coefficients a r e  obtained 
separately for  each m a s s  interval. Waves with angular 
momentum exceeding a certain I,, a r e  assumed to be 
negligibly small, and the parameters  of the remaining 
waves (with 1s I,,) a r e  assumed f r ee  within the uni- 
tarity framework. In the energy-dependent analysis, 
all the data for  the different energies a r e  described 
jointly, using for th is  purpose an  energy-dependent 
parametrization of the partial amplitudes. This  method 
yields a smooth solution, and the statistical deviations 
at  individual points manifest themselves less.  Of 
course, it i s  necessary to choose the parametrization 
correctly, otherwise la rge  systematic e r r o r s  a r e  pos- 
sible. 

We consider separately the resul t s  obtained by both 
analysis method. When using the energy-independent 
analysis, the system of equations for  a,, and for  the 
(YLO) extrapolated to the pion pole was solved by an 
iteration method with the phase-shifts 6,' a s  the f ree  
parameters.  

A study of the n+n+ - a+a+ scattering via the reaction 
nip - n+n+n has made it possible to determine the phase 
shifts of the waves with I =  2. We used the resul t s  ob- 
tained for 1600 events with It 1 c 0.5 (G~v/c) '  and 225" 

w c  315", for in the case  of simple cutoff in It l there 
remains the danger of failing to eliminate t o  a suffi- 
cient degree the contribution from the isobar production 
and from the diffractive-dissociation processes.  Se- 
lection based on the van Hove angle s eems  more  prom- 
ising, since i t  adds the one-pion exchange events to the 
events used for the extrapolation. 

The study of the a+# and a-fl s ta tes  i s  of interest  not 
only because it is possible t o  obtain 6,' and 6,', but al- 
so  for  the possibility of estimating the influence of 
small  contributions from the higher waves with the D, 
wave a s  the example. It has  turned out that despite the 
smallness of 6,' in the investigated region, it cannot be 
neglected even a t  m,,< 900 MeV, because of the con- 
siderable s,-D, and PI-D, interference. 

The greatest interest attaches to the study of a-a' - a-a+ scattering in which al l  possible waves a r e  pres-  

m,,, 10' MeV 

FIG. 5. Two versions of the calculations for the phase shift 
6!, obtained by the energy-independent method from the reac- 
tion ~ ' p  -a-*+n at  p,-=4.5 GeV/c. 

ent. It is impossible to obtain simultaneously phase 
shifts with identical spin by studying one channel, 
therefore the phase shifts 4, and 6; were  determined 
f rom n+n+ scattering data. It is known that the solution 
for  6: ha s  an ambiguity of the form 6:' = 6,'+ (n/2 
- 6,'). At m,,< 750 MeV, i t  i s  easy to choose the solu- 
tion by comparison with u,,, but in the region 750 
< m,,< 950 MeV, where up is substantially la rger  than 
us, the choice of the solution i s  a ra ther  complicated 
matter .  We discuss  the problem in grea ter  detail be- 
low. Figure 5 shows the obtained values of the 6,' 
phase shift. 

In the energy-dependent analysis we minimized a 
functional of the form 

The simplest parametrization was used for  waves with 
I = 2. Fo r  the 6: phase shift we used power-law se r i e s  
in m,, and q,  e.g., 

where k = 2 and 3. Fo r  the S-wave phase shifts we used, 
besides the power-law ser ies ,  the effective-radius for- 
mula a s  well a s  the Serebryakov formula,'@ which takes 
into account the existence of a subthreshold zero in the 
S-wave amplitudes: 

where aol i s  the scattering length, and Bo and Do are 
f r ee  parameters.  The P, wave, whose behavior deter- 
mines the p resonance, was parametrized by different 
versions of the Breit-Wigner formula, e.g., 

The energy-dependent approach yielded a good descrip- 
tion of the experimental points for  all the reactions. 
Besides the energy-dependent analysis of individual 
charge channels, we car r ied  out a general energy-de- 
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FIG. 6. Results of energy-independent analysis. Shaded 
region-region of possible values from the complete energy- 
dependent analysis, lines-results of analysis for separate 
charge channels: the solid, dash-dot, dashed, and dotted 
curves correspond to a+ao, *+a+, fao,  and a-a+, respectively. 

pendent analysis, in which all the experimental data 
were described simultaneously. This  made it possible 
t o  obtain all the nn scattering phase shif ts  in the inves- 
tigated region directly, without fixing any parameters.  
The shaded region in Fig. 6 shows the region of the gen- 
e r a l  analysis, while the l ines show the calculation re-  
sul ts  for individual channels (the e r r o r s  a r e  not shown). 

5. BEHAVIOR OF nn SCATTERING AMPLITUDES 
NEAR THRESHOLD. SCATTERING LENGTHS 

Knowing the n r  scattering phase shifts, we can at- 
tempt to determine the nn scattering lengths. We recall  
that by definition the scattering length is 

Naturally, the experimental value of the scattering 
length depends on the formula used to  extrapolate the 
phases to the threshold. One uses  quite frequently for  
th is  purpose the effective-radius approximation, which 
is valid if q i s  not too large. In the case  of the S wave, 
however, there a r e  long-standing objections to the use 
of this formula, in view of the possible existence of a 
threshold ze ro  in  the r ea l  part  of the S-wave amplitude 
not f a r  from the physical region. In this  case  the ex- 
pansion 

has  a very small convergence radius, while a direct  ex- 
trapolation of the quantity F,'(q2) from the physical re-  
gion does not take into account i t s  abrupt growth near 
zero,  and leads to an  overestimate of the scattering 
length. This was  pointed out, e.g., in Refs. 20-22. To 
finally resolve the question of existence of the sub- 
threshold zero,  i t  is desirable to have S-wave phase 
shifts obtained by the same method both near threshold 
and in  the region of large dipion masses .  

Usually the phase shifts of the nn scattering near the 
threshold a r e  obtained from an analysis of K,, decays 

FIG. 7. Behavior of the function q cot 68(q2). Dashed line- 
effective-radius approximation for 280 < mrr& 320 MeV and 
450 < m, c 725 MeV. Solid line-calculation by a formula that 
takes the subthreshold zero into account. 

by a ra ther  complicated method that requi res  a la rge  
amount of statistical material. It was therefore impor- 
tant to attempt directly near threshold the phase-shift- 
analysis procedure used to reduce events in the region 
of large m,,. To do this, 495 events of the reaction 
n-p - n-n+n, which were  obtained by the emulsion method 
in the incident-pion kinetic energy 200 -' T, 260 MeV 
(Ref. 11) were analyzed. This  made i t  possible to ob- 
tain the r-n+ scattering phase shifts 6,' and 6,' f rom 
threshold to m,, = 320 MeV. 

Thus, we have obtained in the present paper, using 
the same reaction n-p - n-n'n and the same data-reduc- 
tion method, the values of 6; f rom threshold to  m,,= 1 
GeV. Figure 7 shows the values of the function 
q cot6:. The dashed l ines show the resul t s  of the ef- 
fective-radius approximation for  the near-threshold r e -  
gion mr,< 320 MeV and the region 450 :: mr, & 725 MeV. 
One can clearly s e e  a break that confirms the nonlinear 
behavior of q cotbo0 in the considered region. The solid 
line is an  approximation of the Serebryakov formula, 
which takes into account the subthreshold zero. It is 
seen that the result  demonstrates that the linear ap- 
proximation cannot be used for  m,,> 350 MeV, and by 
the same token confirms experimentally the hypothesis 
that a subthreshold ze ro  exists  in the So wave ampli- 
tude. 

The behavior of the partial amplitudes near the 
threshold can be analyzed with the aid of models that 
use the principles of analyticity, unitarity, and cross-  
ing symmetry. Very useful for m scattering a r e  the 
exact equations, obtained by Roy,23124 using dispersion 
relations with two subtractions at  fixed t and the cross-  
ing symmetry properties of the scat tering amplitudes. 
These equations determine the partial wave amplitudes 
in the region -4 S s G60, ( s  mr:/p2) in t e r m s  of the 
values in the physical region 4s s < w .  The Roy equa- 
tions and the unitary relation constitute a system of 
nonlinear singular equations. This  system is conven- 
ient t o  work with and makes i t  possible in principle to 
determine the scattering lengths and the positions of 
the subthreshold zeros ,  a s  well a s  to resolve the "up- 
down" ambiguity. In the case  of charged pions, the 
Roy equations can be written in the form 
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s 1 -  

+ x J K:;" (s, s') Im flvr' (sf) ds'+cptl(s), 
I ' m 0  1'-0 N 

where hlqs) a r e  the subtraction terms, which take for 
the S and P waves the following explicit form: 

cpll(s) is the 'sum of contributions from the higher par- 
tial waves with 12 2. ~fl/ '(s) a r e  the kernels of the in- 
tegral equations. The number N is chosen such that the 
Regge representations can be used at N < s < 0. 

When comparing the quantities that enter in the Roy 
equations, it was found that the principal role i s  played 
by integrals over the region 4 < sf c N for 1 < 2 (Refs. 
25, 26), while for contributions from the t e rms  with 1 
k 2 and N < st < Q one can get along with an estimate 
that i s  not very accurate. We used the estimate of these 
contributions from Ref. 26. The solutions of the Roy 
equations differ most strongly from one another in the 
region of small s, so that to work with them it i s  de- 
sirable to have experimental information in this region. 
In the present study we had this information for the 
most important So-wave phase shift, and could there- 
fore obtain reliable results. 

To find S- and P-wave amplitudes that satisfy the 
Roy equations and correspond to the experimental data, 
we calculated Im fll(s) and substituted them in the Roy 
equations represented in the form 

Since we a re  interested primarily in the near-thresh- 
old region of small s, the accuracy of the estimates is 
sufficient. For a direct use of these equations it was 

necessary to know the subtraction terms X,I(s). The 
value of a,' was calculated from the Gribov-Froissart 
representation: 

4 " dz Irn f,O (z) 5 
ati - - J T[- ~rnf ,~(z) - - -~mj: (z ) ]  

3n4 z 3 6 

+ (1.3kt0.16) .10-'. (13) 

Substituting the experimec.:cw) ~~ ,= lues  of Imf,I(x) we ob- 
tained a,' = (0.034,. 0.003) P ' ~ .  Using a,', it is possible 
to calculate ( 2 4  - 5%'). To this end, we used the 
transformed Wanders representation 

The values of q , O  were fixed in the interval -0.05 
a 0 . 6 ~ "  and the RefIf(s) were calculated. A com- 
parison of the solutions with the experimental points 
was carried out in accord with the criterion. 

Since the P, wave is not very sensitive to changes of 
aoO, while the values of 6: have not been sufficiently 
well defined near the threshold, xZ was determined 
from the So wave. We obtained c+,O = (0.24 0.03) p-l. 
Adding the unitarity requirement (the Roy equations 
correspond only to analyticity and crossing symmetry), 
we a r e  left with the region 0.22 G aoO c0.27p-l. Figure 
8 shows the experimental and calculated values of 
RefIf(s) for a:' ;3,24y-'. It is seen that the description 
of all the porctonal amplitudes i s  quite good. The be- 
havior of Re fIf(s) in the unphysical region -4 < s < 4 is 
shown. It is seen that the S-wave amplitudes have sub- 
threshold zeros  quite close to the physical region at s, 
= -0.2 and s, = 2.4. 

FIG. 8. Comparison of the obtained solutions of the Roy equa- 
tions at a!= 0.24 p-' (region between the solid lines) with the 
experimental real parts of the S- and P-wave amplitudes 
Re f:(s). 

597 Sov. Phys. JETP 55(4), April 1982 Alekseeva et a/. 597 



6. ANALYSIS OF EXPERIMENTAL RESULTS 

6.1. Scattering lengths 

The S-wave length aoO was  determined in a la rge  
number of studies, but the resu l t s  differ greatly. Let  
u s  discuss this  discrepancy with account taken of our 
data. 

In the present study, a: was  obtained by three  inde- 
pendent methods. 

1. By applying the effective-radius formulas to the 
phase shifts 6: in the near-threshold region 280 s m ,, 
s 320 MeV: a," = (0.24 i 0.07) y-'. 

2. By using the Serebryakov formulas,  which takes 
into account the existence of a subthreshold zero,  for  
the values of 6; in the region 280 c m, ,c  700 MeV: 
aoO= (0.25*0.05)y-'. 

3. By the method of the Roy equations for  the experi- 
mental phase shifts 6,O, b:, and 6,' in  the region from 
the threshold to  960 MeV: 0.22 c a," G 0.27~- ' .  It i s  
seen that the resu l t s  a r e  in good agreement with one 
another and the most probable i s  the value a,"= (0.24 

0.03) y-'. 

If the existence of a subthreshold ze ro  in the So wave 
close to  the physical region, and hence the inapplicabil- 
ity of the effective-radius method to  the experimental 
phase shift at  m,,a 400 MeV, i s  regarded as proved, 
then the grea ter -par t  of the remaining papers  yield val- 
ue s  of that agree  with ours. Thus, in the latest  pa- 
pe r  on K,, decayz7 the value obtained i s  a," = (0.26 
i 0.05)~-'; the application of the dispersion relations to 
nN- nN (Ref. 28) yielded a,,'= (0.26 i 0.09) g-'; the r e -  
su l t s  of a joint description of the data of the K,, decay 
and of r-p-n-r+n by an equation that takes  into account 
the subthreshold ze ro  yielded a," = (0.23 i 0.05)~-I  (Ref. 
29). It is difficult to  explain the la rge  S-wave amplitude 
obtained at threshold in a number of studies of n-a+ 
- f f rO scattering, and consequently the la rge  a,"-(0.5 
- 0 . 8 ) ~ ~ '  (Refs. 30 and 31). This  i s  possibly due to  
some systematic e r r o r  resulting from the complexity 
of the corresponding experiments. We note that in not 
al l  the nOnOn studies were large aoO obtained-in Ref. 
(32) the value is q , O  = (0.15i 0.08)~-'. 

The S-wave lengths a r e  strongly correlated with one 
another. This  was  f i r s t  pointed out by Morgan and 
S h a ~ , ~ ~  who noted that the S-wave values corresponding 
to  possible solutions in the dispersion-relation ap- 
proach a r e  located in a narrow region on the  (a:, a t )  
plane. This  region is called "universal curve." Figure 
9 shows calculations of the universal curve from a num- 
be r  of papers,  as well as our experimental region ob- 
tained by averaging the r e su l t s  in the method of the 
Roy equations (a: = (-0.02 i 0.02) p-') and from Serebry- 
akov's formula (aoz = (-0.07 i 0.03) y-') . It is seen that 
the region f i t s  the universal curve well. 

The PI-wave scattering length a,' obtained in the 
present  paper lies in the usual region all = (0.034 
i 0.003) /.L-~. Practically all the papers yield closevalues 
of %'. An exception i s  the paper by Manner34 in which 
a,' - 0.1 /.L-'. I t  s e e m s  to  u s  that since the absolute value 

FIG. 9. 'LUniversal curve" on the (aj,a$ plane. The double 
lines limit the region of possible values from Ref. 25, the 
region between the solid lines contains the corresponding data 
from Ref. 45. Shaded region-predictions of the Weinberg 
" soft-pion9' model, region I-experimental results of Ref. 26. 
Region 2-result of present paper. 

of 6,' i s  very small ,  i t  is difficult to determine it a t  the 
required accuracy -O.lO, and calculations of the type by 
the Roy method seem more  reliable. It appears  that 
the most  promising in the future a r e  the studies of 
e'e--n+n- at  energ ies  close to threshold. 

Wavelengths with e r r o r  13 2 a r e  smal l ,  and there  
a r e  few exact da ta  for  them. Until recently, even the 
sign of %z was  not established. The review by Nagels 
e t  a1 .35 c i tes  the value 4' = (1.3 i 3 .O) . p-'. Our  da- 
t a  favor a positive sign a:= (3 .8 i  1.4). lo-, p-'. T o  
conclude the section, we present  the obtained scat ter-  
ing lengths: 
aoe= (0.24rt0.03) p-I, a," (-0.04*0.04) y-I, a,'- (0.034*0.003) p-', 

%0-(7.8+6.0) .10-' p-', a,'= (3.8k1.4) . lo-' P-~.  (15) 

6.2. The m-scattering phase shift in the elastic region 

We regard  one of the most  interesting resu l t s  of the 
present  paper to be the continuity of the phase shift 6; 
f rom the threshold to  m,,= 960 MeV. The values of 6: 
near  threshold were  previously obtained by a different 
procedure and the question whether the da ta  at the 
threshold can be continued to match the resu l t s  at  l a rge  
m,, remained open. Figure 10 shows the values of the 
boo phase shift obtained f rom one reaction n-p - a-s'n 

FIG. 10. Values of phase shift 68 from the reaction a - p - f a + n  
in the region 280 Cm,, C 980 MeV. Shaded region-calculation 
by the Roy-equations methods for a:= 0.24 p " ,  region between 
solid lines-predictions of the model with broken chiral sym- 
metry.36 
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by a unified calculation procedure. It is seen that the 
6 2  phase shift has a smooth behavior, and that the 
phase shifts near threshold obtained from emulsion da- 
t a  agree well with the values at 320G m,< 960 MeV ob- 
tained at p,-= 4.5 GeV/c with a bubble chamber. The 
figure shows also the plotted theoretical calculations. 
The shaded region is the result of calculation by the 
method of the Roy equations for 0.25 F-', the re- 
gion between the solid lines shows the calculation of the 
behavior of 6 2  in the theory of broken chiral symme- 
try.36 The agreement between the theory and experi- 
ment i s  good, and it appears that the obtained values of 
6,' describe r n  scattering quite correctly up to m ,  
= 750 MeV. As already mentioned, there a r e  two possi- 
bilities, "up" and "down" solutions. The upper "up" 
solution leaves a possibility for the existence of the 
4750) resonance. 

Our energy-independent analysis did not reveal a 
possibility of choosing between one of the two existing 
solutions. In the energy-dependent analysis we ob- 
tained the lower solution. In the calculation with the 
Roy equations the lower solution has X2/n= 1.0, where- 
a s  for the upper solution X2/n= 3.5. Cf course, this re-  
sult does not exclude the upper solution, but i s  an ar-  
gument favoring the lower. It seems to us that if we 
analyze the available pertinent data on this problem, 
the lower solutions seems at present preferable. The 
main arguments in i ts  favor a r e  the following. 

1) The upper solution predicts a drop in the Pro 
cross  section, something not confirmed by the existing 
data.30e37.38 

2) Searches for the ~ ( 7 5 0 )  meson that corresponds to 
the upper solution were not s u c c e ~ s f u l . ~ ~ * ~ ~  

3) The lower solution explains naturally the anomaly 
in (Y,? for the n-r+ - r-r* scattering near the KK 
t h re~ho ld .~ '*~ '  

4) The energy-dependent and model-dependent analy- 
s e s  led to the lower s o l ~ t i o n . ~ ~ ' ~ ~ ~ ~  

5) It i s  impossible to describe the upper solution in 
the Roy-equations a p p r o a ~ h . ~ '  The final answer a s  to 

FIG. 11. Values of 6;.  Points-data of r'rO-r-r0 scattering, 
circles-of r+ro -r +rO scattering, triangles-of r-r + - R-r+ 
scattering. Solid curve-approximation of the phase shift by 
the relativistic Breit- Wigner formula. 

FIG. 12. Values of hZ0 from the present paper (points) and 
from Refs. 3 b), 46 (0). 47 (A), 48 (01, and 49 (r). Shaded 
region-calculation by the Roy-equations method, region be- 
tween solid lines-result of energy-dependent analysis from 
the present apper. 

which of the solutions is correct  can apparently be ob- 
tained only from exact data on the rOrO cross  section, 
but at present the lower solution seems desirable. 

In the remaining phase shifts there a re  no such am- 
biguities in the investigated region. Figure 11 shows 
the values of the 6,' phase shifts obtained from elastic 
r-r', r-TO, and r+ro scattering. The comforting fact i s  
that the data from different channels a re  in good agree- 
ment with one another. Cf course, the 6,' phase shift 
points to a p resonance. I ts  description by the Breit- 
Wigner formula 

yields the parameters m,= (782.3 * 4.4) MeV, r, = (140.1 
+ 8.6) MeV, and R = (4.1+ 1.4) GeV-'. 

The behavior of the S, wave in general outline has 
been known for a long time, and the phase shift of this 
wave i s  negative and small. Figure 12 shows a sum- 
mary of the values of the phase shift 6: (the points a re  
the results  of the present paper). The shaded region 
was  the result of the phenomenological calculation by 
the Roy method. At agreement between all the quanti- 

FIG. 13. a) Do-wave phase shift @. Points-from the present 
paper, circles-from Ref. 43, solid and dashed lines-energy- 
dependent solutions from Refs. 44 and 1, respectively; b) D2- 
wave phase shift 64. Points-from present paper, .-from 
Ref. 3, &Ref. 48, &Ref. 46. Solid line-calculation by 
the method of the Roy equations from Ref. 25. 

599 Sov. Phys. JETP 5514), April 1982 Alekseeva eta/. 599 



t i e s  is satisfactory, although finally, it  would be de- 
s i rab le  to  know 6; with bet ter  accuracy. 

Figure 13 shows the D-wave phase shif ts  6: and 6;. 
The points a r e  the r e su l t s  of the present  study. It  is 
seen  that bZ2 h a s  an easily understood shape, decreas-  
ing slowly f rom -(-0.5)" a t  600 MeV to  -(-4") a t  1200 
MeV. In our  da ta  on the 6; phase shift there  is a cer -  
ta in r i s e  a t  m,,- 750 MeV, which ag ree s  qualitatively 
with the resu l t s  of Estabrooks and   art in.^^ At the 
presently available s tat is t ical  accuracy, however, we 
cannot s tate  that the effect is not a resu l t  of the method. 
On the whole, 6,' is positive and increases  f rom 0.5" 
a t  500 MeV to  -5' a t  950 MeV. 
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