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We construct the integral equations which describe the problem of the kinematic planetary dynamo. Using
these equations we propose a method for calculating the characteristics of the field, using perturbation theory.
To do this we construct the vector Green function for the unperturbed equation that includes axisymmetrical
differential rotation. When analyzing the perturbation-theory series we point out the special case of
degeneracy of the damping of the axisymmetric toroidal and poloidal dipoles. We estimate within the
framework of the theory developed here, for a number of models, the generation conditions and the values of

the observed characteristics of the geomagnetic field.

PACS numbers: 91.25.Cw

1. INTRODUCTION

There is at the present time a generally accepted idea
that the planetary magnetic field is the consequence of
the motion of the conducting medium in the liquid
core.'™ The basic equation for the analysis of the
terrestrial (and also of the planetary) dynamo is the
induction equation for the magnetic field in a frame of
reference fixed at the Earth’'s surface, in the form

dH r

—d7—=—rot0rot.}{+rot[\ xXH]. 1)
Here H is the magnetic field strength, D the magnetic
diffusion coefficient, V the velocity of the conducting
medium, and the magnetic permeability is taken to be
unity. For a complete solution of the problem Eq. (1)
must be supplemented by a dynamic equation for the
velocity V of the conducting medium.

Up to recently in most papers were restricted in the
analysis of the equations for the planetary dynamo to a
simplified kinematic statement of the problem, in
which the velocity field of the conducting medium was
assumed to be given while the field generation conditions
were that Eq. (1) have solutions that did not vanish as
Even in this simple kinematic form the solution
of the problem met with considerable difficulties. A
large number of so-called anti-dynamo theorems' were
found which showed the impossibility to generate the
observed magnetic field at velocities subject to very
simple restrictions (for instance, when axial symmetry
was conserved). The problem of the general necessary
and sufficient conditions for generation then remained,
as was shown in Ref. 6, unsolved even in the kinematic
formulation. A natural way to analyze Eqs. (1) for the
case of arbitrary velocities is the use of perturbation
theory. Braginskif7 was the first to suggest such an
approach; he considered the problem with axisymme-
tric velocities of the conducting medium as the unper-
turbed problem. One is not allowed to choose an un-
perturbed problem corresponding to a very high degree
of spherical symmetry in the velocities, as it is known
from paleomagnetic data and from data about other pla-
nets that the magnetic axis is always close to the axis
of rotation. For the same reason the non-axisymmetric
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motions cannot be large although their presence is
necessary to violate the conditions for the anti-dynamo
theorem. Further analysis of various variants of the
dynamo theory, performed basically by using numerical
computer calculations, led either to contradictory re-
sults®® or started from conditions which are certainly
not satisfied in the Earth. °

Considerable difficulties arise from the necessity to
satisfy the restrictions which are imposed on the dyna-
mo mechanism by the presence of an upper limit, al-
lowable independent considerations, on the velocities in
the liquid core. It is also necessary to have agreement
between the results and the observed spatial-temporal
structure of the magnetic field, namely the angle of in-
clination of the magnetic axis, the ratio of the ampli-
tudes of the higher field harmonics to that of the dipole,
the presence of inversions, and so on. It turned out
that it was far from trivial to satisfy simultaneously the
restrictions and the conditions for generation. In par-
ticular, in Ref. 11 this was attained by imposing rather
artificial conditions on the functional form of the mo-
tions in the conducting medium. )

In connection with what has been said above we con-
sider in the present paper consistently a method for
analyzing the induction equation, using perturbation
theory based upon a study of integral equations. We
have included here in the unperturbed equation a term
with axisymmetric differential rotation. We show in
the second section that the unperturbed vector Green
function in the integral equation can be expressed in
terms of two scalar Green functions which satisfy ordi-
nary differential equations. When analyzing the spec-
tral properties of the latter Green functions it turns
out to be possible to use the efficient apparatus of the
theory of ordinary differential equations.

2. BASIC EQUATIONS

The induction equation for the field H in the reference
frame which is fixed in the Earth’s surface can be writ-
ten as follows:

-d%(tiﬂ +rot D(r)rot H(r,¢) —rot[[Q(r)esx rJH X (r, t) ]
—(RH) (r,t)=0, (KH).(r,t)=rot; [V (r)x H(r,?)]. (2)
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We shall call Eq. (2) with K =0 the unperturbed equa-
tion. We have included in the unperturbed equation a
term that takes into account differential rotation around
the third axis e; with a radius-dependent angular velo-

. city Q(r). We denote by D(r) the magnetic diffusion
coefficient, which is inversely proportional to the con-
ductivity. We assume for simplicity that D(r) depends
solely on the radius. The velocity V(r) of the conduct-
ing medium is contained in the perturbation; we write
it in the form

V(r)=V7(r)+V?(r),

(3)

VT (r)=rot[rf*(r)], V*(r) =rot rot[rf*(r)],

where f*(r) and fT(r) are some scalar functions. Fol-
lowing the usual definitions in dynamo theory we call
VT the toroidal and V” the poloidal component of the
velocity. The choice (3) corresponds to a zero diver-
gence of the velocity. This condition is not an import-
ant restriction as, according to Vainshtein's theorem!?
a velocity which has the form of a gradient cannot lead
to generation.

We construct for the unperturbed induction equation
a retarded Green function G,,(r, ', { - t’) which satisfies
the equation
-gt- G(r, v’ t—t") teinermn VD (r) VuGos(r, ', t—t")
—e-ueq-/vn[Q(’)esAl’]-G_- (r, !" t—t')=8,6(t—t)8*(r—r'),

where e, is a completely antisymmetric tensor. Sum-
mation over repeated indices is implied. We take the
Fourier transform with respect to ¢ and expand in terms
of the vector spherical harmonics of the field H(r. {):

‘ H(r,t)=Wl::j. dm{e“"z-—:— [H*(r, LM, 0)YZ ()
-0 IN

+2—-—(—)H’(r LM ) Y,SY (¢ + 2 (

(4)
D(r)
U+

In (4) we have allowed for the fact that the divergence
of the magnetic field vanishes and we denote, respec-
tively, by Y7 (F), Y% (#)., YS)(F) the magnetic, longi-
tudinal, and electric vector harmonics in Newton’s no-
tation (Ref. 13)." The scalar functions H*T(7,J. M, w)
give, respectively, the poloidal and toroidal field com-
ponents. We shall drop in what follows completely or
partially the arguments of the functions where this does
not cause confusion. AtK =0, Eq. (2) takes, after sub-
stituting the expansion (4), the form of a set of equa-
tions for H?(»,J,M) and HT(r,J, M):

D*(r) Td:;D"(r)H”(J'M)

_ D(r)J(J+1)

- —iMQ(r)H? (J, M) +ioH? (J, M) =0, (5a)

H*(J.M)

MH’(J,M)—[MQO)H’(], M)

J+1) (*—=M*) §':
J(4F*—1) ]

]"’} =0. (5b)

d d

—_ — HT -

er(r) drH J, M)
sz()

+ioHT (J, M)+D"(r) {H“(J—i,M)
I[(J+1) =M

(J+1)*=1) (J+1)

—H’(J+1.M)[ a
The set (5) has a characteristic triangular structure and

accordingly no components of the toroidal field oc-
cur in the equations for the poloidal components. We
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HP(r, 1. M, 0) YL (r))]}.

introduce scalar Green functions G“’,(r, , w) and
G®) (7, 7', w) which satisfy the following equations:

@ DU .
[0%) _dFD'-(r)_er_L HQ () +0 |62 (7', 0) ==8(r—r')
_ DU ©

[—D( ) — — iMQ(r) +im]G,(:)(r, r,o)=—8(r—r).

r

The functions G{%y(w) and G{3(w) are constructed in the
standard way from a pair of fundamental solutions sat-
isfying the zero boundary conditions at »=0, », respec-
tively. It is important that G{%*’(w) are meromorphic
functions of iw with poles for values of iw equal to the
eigenvalues of the operators on the left-hand side of

(6). One shows easily that all these eigenvalues
iw®(J, M) and iw™(J, M) satisfy the condition

Re iw' " (J, M)>y, (7)

that corresponds to impossibility of generation. One
can directly check that the total retarded Green func-
tion G (r.r’, {-t') of the unperturbed Eq. (3) can be
written in the form

1 *
Gy, ' t—t')=—= | dof{e-"*"""'Gy(r,r, 0
“ - z,‘_-‘_: { (6 Y, 0))

1 . D*(r) o -
— | dwe~'e'-" {[ —— Y, (r)
V2 Z‘ r "~

- IM
1 d( D-(r)
rodr\[JJT1))

_Z_n‘“’(;)] jdr"o,,. (rnr", o)

)\}'J( )] G (r,r, @)D=+ (r) (Y () ]

(1) =) ] 5
1) (4+1)=1) o

] 8 s c,f.:,(r",r'.mw-f(r')[\';-”;'(?'n,

dQ(r”)
dr’ (

(J+1) (2=M7)
- [ GrE=1)J

YT P16 (r o) & V5" @)1} (8)

When writing down (8) we have taken into account the
fact that the Green function G,;(r.r’, ~t') acts only on
vector functions with zero divergence. As in Eq. (5),
there are no transitions from toroidal to poloidal field
components in (8). That G,(r,r’, t-t’) vanishes when
t<t' (initial condition) follows from the fact, noted
above, that the functions G{)(, ', w) and 0‘ e ', w)
have no singularities in the lower complex half-plane of
w. Using (8) one can replace the complete induction
equation together with the boundary conditions by an in-
tegral equation of the following form:

W) =H (e )+ [ [ d' Gur,r =) (RE),(F,1). (9

Here HY(r, {) is an arbitrary solution of the unperturbed
equation.

We consider now the shift of the eigenvalues of the
induction equation when the perturbation is switched on.
We shall in this case start from Eq. (9) in which we
substitute for the first term on the right-hand side the
solution H(r, w,)e i“r* of the unperturbed Eq. (5) cor-
responding to a definite damping rate (eigenvalue) iw,.
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We shall be especially interested in the solution

HO(r, w,)e "o with the smallest value of the real part
iw,. For this solution there is the largest probability
for a change in sign of the real part after the perturba-
tion is switched on and, indeed, for the occurrence of
magnetic-field generation. It is natural to assume that
iw, corresponds to the damping rate of a solution cor-
responding to a poloidal dipole. In that case the solu-
tion of (5) corresponding to an axisymmetric poloidal
dipole has the form

D()

He(r, :)-n,ﬂ(r)e—w=e-w'{ Ho(r, 1,00 Y, (1)

LAY o]y

) .[dr'[GJ?’ de(rrI') V:—::uw(r',m) ]} (10)

In (10) the function H?°(r, 1, 0) is the solution of the
first of Eqs. (5) for w =w,. It is then convenient to
choose for H?°(r) the normalization

j HP (r) HP (r) dr=1. (11)

Following the usual scheme we transform the integral
Eq. (9) in such a way that we eliminate its secular
terms. We then get the set

H,(r,0)=H,(r, wo) + J‘d"r’ (G (r.r', —ioe= ") (RH),(r") },
(12)
== [ar {1 (1) (K1) ()}

io=iw,TA,”

We have denoted in (12) by G;;(w) the modified Green
function of the unperturbed equation, obtained from ex-
pression (8) for G;;(w) by eliminating the terms which
are singular when w=w,. To do this it is sufficient to
replace (regularize) the function G{%)(w) contained in
G;;(w) by

H»*(r) B ()
iw—iw, '

(o)

6% (@) =G (0)=6 (0)— (13)

The expression for A} in (12) determines the eigenvalue
shift which specifies the time dependence of the field.
The set (12) will be the basis for constructing the pertur-
bation-theory series in the non-degenerate case. Rec-
ognizing that divH =0 and also the symmetry of the un-
perturbed problem, we shall use in what follows an ex-
pansion in a spherical basis and write H as a sum of a
poloidal, H?, and a toroidal, H”, components.

One can see the meaning of the notation used in what
follows from the equations:

(R0, M, =Y [ar (ke (', 0,0, M, M)

M0

XH>(r', 1, M)+ R (' LT MO MO B (0, 1\ M), a=p, T (14)

The operators K?(r, 7'), R*T(r, "), RTT(r,7'), and
KT?(y, ') introduced in (14) have the following meaning:
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R*?(r, i, I M, M') = — qu)d cos® {D""(r) [J(I+1)]*
(" )

©
Yooa(

XYL @ [Ven, )

-d%[ (7%%-)—1—)-) ]Y;.')x:(;’) ]G(r—r') }, (15)

R (7, 0,0 M, M) = — [ dgd cos (D4 (r) [7(J+1) 1Y ®

X[V (), Y ()16 (r—r")},
R (', 1,0, M, M) = [ dgd cos

x{ Y (r)roz[vu).—a“’ ¢ ')]a(r—r')r'*},

(mye ~

Ko, ', 1,1, M, M')= Id«pdcose {""Y“' ()

oot [V (), 2oL ¥ G

4l e ),

The basic quantity A2 can be expressed as follows in
terms of the operators Ko,

- ¥ [arariln oy (R r AT 0V B T M @)
I

+R7 (', 1,1 ,0, M H (', ]\ M’, @) ]}. (16)

The discussion given here must be modified when the
eigenvalue iw, is degenerate. In the problem con-
sidered, greatest interest attaches to the possibility
of exact or approximate equality of two eigenvalues
corresponding to symmetric poloidal and toroidal di-
poles. Accordingly we assume in what follows that the
eigenvalue iw, corresponds simultaneously to two solu-
tions of the unperturbed equation: the solution H(r, ¢)
of the form (10) and also the solution

H™(r,1,0)

H.(r, t) =H,’(r) e it =g=ive! Yl(:l) (r).
We denoted in (16a) by H™°(r, 1,0) the solution of Eq.
(5b) at J=1, M =0, and the terms proportional to
dQ(r)/dr set equal to zero. * In the case of degeneracy
we must, by analogy with the usual perturbation theory

at the degenerate level, choose special combinations
H,'=a,H,°(r) +8.H,°(r),

where a, and g, are constants to be determined (s =1, 2).
One can use these combinations, taking them as the
first terms of the right-hand side of (12), to construct
two solutions H (r) which depend linearly on a, and 8,.
The quantities a,, B, and A, are determined from the
conditions that the secular terms be excluded. These
conditions reduce to the requirement of satisfying at

s =1, 2 the relations

Z j drdr {H? (r,1,0) [R**(r,F' 4,7, 0, M')H2 (r', ], M’, @)
J'M’
SR (A0 M I M 0) )+ =0,  (17)
ZJ’ drdr'{ll"'(r, 1,0) [ K™ (r, ', LI, 0, MYV H . (r 1" M’ @)
7'M’

TR (r, ' A0, M)HT(F T M, )

42" 1/ 2 e
—jdr"{ VY269 (00 (R, 2,0,0,0)
dr b)

XH,» (", 1 M. o) ¥ R (¢ 7. 2,0 0. M VH (7 1 M o)) }]}+ 8.A,=0.
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3. PERTURBATION THEORY

In the analysis of the integral equations the principal
role is played by the operators K’ (7, 7’), with y, 7’
=p, T, introduced in (15). They satisfy the following
relations:

R (r, 7, 1, 1, 0, 0)=0, (18a)
R (r,r’ 1,V ,M,M')=0 whenV(r)= Y v(r) Y, 2 (7),
; (18b)

R (r,r',3,7°,0,0)=R"(r,r’,J,J’,0,0)=0 whenV (r) = 2 v Y5 ().

(18c)
These must be understood to be operator equations,

i.e., e.g., (18a) corresponds to vanishing of an inte-
gral of the form

fdrdr’ @V () R (r, 1,0, 77,0,0) N (') } =0,

where N;‘ () and N,(7) are functions of the radius which
vanish when =0, ©. Precisely such integrals enter in
all the formulae which we consider. The proof of (18a)
and (18b) follows from (15) if it is recognized that in the
axisymmetric case (i. e., when the angular-momentum
components vanish) the spherical vector functions

Y, Y8, Y for all J are directed, respectively,
along the orthogonal unit vectors T, 8, and @. The
proof of (18¢c) follows from the vanishing of the triple
product of vectors lying in one plane. It is important
that it does not follow from (18a) that K™(r, »'.J,J’,0, 0)
vanishes.

It is important for what follows to know the proper-
ties of the operators K””(r, »') for the case when they
contain only poloidal or only toroidal velocity compo-
nents. In that case we get from the condition that the
velocity be real and from the rule for the behavior of
spherical vector functions, when the complex the con-
jugate is taken,

R (r,r' 1,0 M, MYy = (=)' R?*(r, ', 1, 7, =M, =)I'),
R (r, v, 1,1, M, My =(=0)!R™™(r, ¥, ], J', =M, —M'),

R (1, 1,7, (19)

M, M=
R™(r,r', 1,7, M, M) =

(—) R (r, 7, 1, 1, =M, =),
(D)™ R (r, 1, 1, ', =M, —M").

Here f=0 for poloidal velocities and f=1 for toroidal
velocities.

In the non-degenerate case we get from (12) and (16)
a perturbation-theory series for A in the form
AP=AL AP ..., AP'=—H"(r,1,0) R (r, 7, 1, 1,0,0)H™(r', 1,0),
AP =—H" (r,1,0) K*(r,r’ 1,4,0,M)GS3Z (r,r", wo)
X[ KT (r’,r”,1,2,M,0) G (r”,r'Y, o) D (r'Y)

v o
x‘—di(—-rn ) (‘ng—) H? (r'Y,1,0) +R?> (", 1", 1,1, M, 0)
r

XH™(r"”,1,0) ] +H*»* (r,1,0) K*"(r,r’,1,,0,M)
XGw (r, 1", @) { K70 (1" 1,1, M,0)H* (" 1,0)

/2
FRT(, 1,2, M, 006, 1Y, wg) D (r) (— ]/—“ )

dQ(r'Y) ey oy dR07)
X— g i L,0 - —5
( J(U+H1)*—M) ] 3 _[ (J+1) (*=M*) 7"

G =) J+1) 7(4°—1)

(e) 4 ”
Sarar Gy (r7, 1", @)

xam.) [ Re»(r”, 1Y, 1,1, M, 0) H (7Y, 1,0)
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T AV ’ _2 ™) v v X
+RIT (T, ,J.z,M,O)(-V5 )6 it 00 D)
XdQ(r")
darYy
We imply in (20) summation over the indexes J, M, J',
M’, and integration over all variables 7, ..., 7" from
0 to .

Ho (Y, 1,0)]} ) (20)

The expression for the shift in the lowest eigenvalue
corresponding to a toroidal field is also of interest.
Repeating the reasoning leading to (16) we get for the
eigenvalue corresponding to a toroidal dipole the ex-
pression

b= Y [ arar (B0, 4,0) (7 () Ho (7,0, M)

+RT(r, FYHT (', 1, M) ]). (21)

It is important that when there is a “large” axisymme-
tric toroidal motion (e.g., differential rotation) pres-
ent. AT can be less than AP, This follows from the
fact that, according to (18), only the operator KT*(r, ')
is non-zero for that kind of motion.

By considering the signs of the terms in the perturba-
tion theory series for A% we can prove the main anti-
dynamo theorems: Cowling's theorem,® Backus’
theorem,!? and Vainshtein's theorem.!?

Of most interest is the elucidation of the necessary
conditions under which generation occurs. In order to
advance in that direction we use the pole approximation
for the scalar Green functions in (20). This approxima-
tion corresponds to replacing the kernel of the integral
equation (12) by a finite-rank operator.!® We then re-
tain in the spectral representation for the scalar Green
functions, corresponding to the unperturbed equations,
only terms?’ corresponding to the lowest eigenvalues
iw,. for which [iw, - iw,|<iw, These terms give the
main contribution in the case |A}|= |iw,| which is of
interest to us when we consider generation. In this
approximation the series can be summed® (see the Ap-
pendix). In that case (as in the case when one sums a
geometric series) the sign and the order of magnitude
of A? are determined by the first terms of the perturba-
tion-theory series, evaluated up to the order which is
equal to the number of terms retained in the spectral
representation of the Green function, provided that the
displaced higher eigenvalues iw, + A, remain larger
than iw,+ A5, If. however, this last condition is vio-
lated for a finite number of eigenvalues, one must go
over to a calculation scheme which takes degeneracy
into account.

We consider the properties of the perturbation-theory
series (20). First of all we note that the terms of the
series for A? which contain only toroidal velocities
make a positive contribution to Rea’, as can be veri-
fied in agreement with Backus’ theorem,'* and can
therefore not lead to magnetic-field generation. We
further show that as a consequence of (19) the terms in
the series for A? are real. As an example we consider
the first term on the right-hand side of Eq. (20) for
A?? corresponding to a total angular momentum J and to
a z-component M. It equals
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e, M)=H™"(r)R*(r,r', 1,1,0, M)Gix (', ", @1)

Q(r'Y)
d IV
Here, as in (20). we assume integration over all
variables 7,...,r!Y. We use the obvious relation

XRPT(r", ', 1, 2, M, O)V 622 iy ). (22)

"-, rr, Qo)-ai-v r,r, o),

Eqs. (19), and the fact that the velocity of the conduct-
ing medium is real, and easily find that

o' (J, M)=8(J, M). (23)

It follows from (23) that the imaginary part of the term
corresponding to (22) in the series for A} vanishes.

We now turn to the degenerate case. Degeneracy of
the lowest eigenvalues in Eqs. (5) is directly possible
only for a special form of D(r). More realistic is the
possibility of dynamic degeneracy caused by the effect
of axisymmetric motions. It follows from the discus-
sion following Eq. (21) that axisymmetric motions must
cause the lowest eigenvalue iw) corresponding to a
poloidal dipole to approach closer the lowest eigen-
value iw! corresponding to a toroidal dipole. For
axisymmetric velocities for which iw) and iw! are
approximately equal it is necessary to use the pertur-
bation theory at the degenerate level. In order not to
complicate the kinematics, we take into account in the
exposition which follows the effect of degeneracy-
causing axisymmetric velocities by introducing addi-
tional shifts A% and 5(7,' of the eigenvalues in the unper-
turbed equations. After this addition the equations of
the type (5) take at J=1 and M =0 the form

Y2D(r)
,.L

[D""(r) -:%D'”(f)— +(iwo“+§a’)]H"(1.0) =0,

¥ D(:) (24)

[ D() - +(:mJ+AJ)]H’(l 0)=0,
dr

lm.,’+Ao'=zo)o'+5., .

The shift of the eigenvalue in the degenerate case is
found by setting the secular determinant corresponding
to (17) equal to zero. It follows from (18a) that in first
approximation the quantities A{"’(s =1, 2) are the same
as A and AT!, respectively. After the second itera-
tion the system of secular equations takes the form

a'A(:) —a,a,—bf,=0,
(25)
3.A% —a.0,—b.B,=0.

From the condition that the determinant of the set (25)
be equal to zero we get for A{®’ and the ratio §,/a, ex-
pressions of the following form:

ALY ={aitbox[ (atb) —4 (arb—a:b)) 17} /2,
31, /e, :=(2b|)_'{(b:“‘(’l)::tf(b:—al)z+[lb|“:] 3. (26)

Expressions for the quantities a, , and b, , can be ob-
tained by comparing (25) and (17) after substituting
there the second iteration instead of H and HY.

4. CONCLUSION

We consider those consequences from the formulae
given above for the terrestrial dynamo problem which
can be obtained without performing numerical calcula-
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tions with specific expressions for the velocities. We
dwell first of all upon the degenerate case. Starting
from the eigenvalues for the freely damped magnetic
field modes, which are, e.g., indicated for a specific
model of the Earth in Ref. 1, one can reach the con-
clusion that even the terms with the lowest eigenvalues
J=1,2 in the spectral expansion of the scalar Green
functions should yield reasonable answer in the search
for the necessary conditions for generation. It then
turns out to be sufficient in the non-degenerate case to
retain terms in second order of the perturbation
theory. The axisymmetric poloidal motions must be
small, since they shift iwf in the positive direction
according to Cowling’s theorem and thereby inhibit
generation. We shall therefore assume in what follows
that the first term in the series (20) for A}, which is
not zero only when the velocity has a component
u(r)Y{Q(r), is not important.

We make some model estimates of the velocities
necessary for generation. To fix the ideas we assume
that the velocity that enters in the perturbation can be
written in the form

V(r)=V?(r)+V7(r), V7 (r)=v,"(N Y (F)
+F MY O+ (DY (),
Vo(r)= Z {u,v(r)y,‘:” O +v DY () (27)

Jemy2

+ r[J(I+l)] '[d (rv,? (’))Y“’(rH——(r‘v, Y ()]}~

The choice of the velocities in the form (27) (with the
smallest angular momenta that allow the necessary
transitions) corresponds, in the estimates of the per-
turbation-theory series, to retaining the largest terms
so that adding velocities with larger angular momenta
does not change qualitatively the conclusions that follow.
Moreover, one can give a direct physical meaning to
velocities of the form (27). In particular, V7(7) in (27)
can include a differential-rotation component that arises
when the rotation axis of the mantle deviates from the
rotation axis of the core by an angle y. According to
independent data'® this angle has an upper limit of the
order? of 107° radians. For a model estimate it is suf-
ficient to retain in the expression (20) for A% only the
first two terms. After evaluating the angular integrals,
which are of order unity, we can express the quantity
A% in the form

A= [ drdrar H»"(r)u'(r)cf? (r, 7', @)
(’/)H*“’(r” )} +farar

XV”(’)Gzo)(’ r”, @)

XUH? (r)v7 () G (r, ', @o) 0,7 (r') H** (1) }. (28)

It turns out that the first term in Eq. (28) is the main
one in the limit of large differential rotation, while the
second one is the main one in the limit of small dif-
ferential rotation. Using the spectral representation of
the Green functions (see the second footnote) and re-
placing the radial integrals of the velocities and their
derivatives by average values (marked by bars) we ar-
rive at the following expression:
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AP cRa(0)Ra(@?)Ra?  c\(Ru(v7))
o, ) (Rn?)*+c, + R e, ! €2,34:>>0,
oYY —_— (29)
o BOR Ry = 2LDR:
D(T) D(r)
Ru(or) =208
D

The dimensionless constants c,, c,, c,, ¢, in (29) are of
order unity. That c,, c;.c, are positive is a conse-
quence of the antidynamo theorems listed in the Intro-
duction. The possibility of negative c, follows from the
fact that the corresponding term contains the indepen-
dent velocities »](r) and v4(r) to the first degree. When
¢, is positive, generation cannot proceed, notwithstand-
ing the violation of axial symmetry. The violation of
axial symmetry is thus in the general case insufficient
for the appearance of generation. In writing down (29)
we made the following estimates of the frequency iw,
and the frequencies w”(2,0) and w(1, |1]) corresponding,
respectively, to the eigenvalues in the spectral expan-
sions of G{i"’ and G{["®’ + G{™:

©7(2, 0) —wo~wo~D (r) R:?,
—_ (30)

o(1, [1])~ee~Q(r)*R/D(r).
These estimates follow from the form of the equations
satisfied by the corresponding combinations of Green

functions. It is clear from (29) that the condition for
generation
Aq”/i(t)u"—i (31)

can be satisfied for negative ¢, only if
R.°>1, Rn(v,")Ra(v:")>R.,°. (32)

If we use for R the estimate 10* based on the westerly
drift of the magnetic field' we get for R, (¢T) ~R,(12) a
value 10? which corresponds to average velocities of the
order of 102 cm/s, which are admissible from geophy-
sical considerations. The second of the inequalities
(32) is a reflection of the condition that according to
Backus’ theorem generation is impossible when | Q(7)R,|
is much larger than all other quantities with dimen-
sions of velocity. Retention of two terms in (29) corre-
sponds to an interpolation between the cases R% >1 and
Rj < 1. In the range of values R? ~1 a more complica-
ted behavior of A%? is possible, which depends on the
detailed structure of the velocities. It is important that
in the case considered the ratio of the energies of the
toroidal and the poloidal fields is of the order (R%)?,
i.e.. very large.

We now turn to estimates in the degenerate case. The
quantities a; and b; which enter here and in terms of
which A} , in (26) can be expressed are very unwieldy.
We therefore confine ourselves to two limiting variants
of physical interest. We assume in the first variant
that K™%(r,7’,1,1,0,0)=0 or, which is the same, that
v3(r)=01n (27). The simplest estimate for a} , will
then be the same as in the non-degenerate case; how-
ever, a detailed analysis of the radial integrals shows
that the restrictions on the velocity of the conducting
medium, which enter in the perturbation, are weaker.
We consider in more detail the second variant, assum-
ing the existence of a velocity that ensures the non-
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vanishing of K™(r,7’,1,1,0,0). In this variant the
transition from the poloidal to the toroidal symmetric
dipole becomes important; this transition is deter-
mined by the quantity
drdr’ {(H™ (r) ™ (r, 7', 1,1,0,0) H* (')}
~ dlnD(r) vy"(r)D*(r) H? (r) H™(r) ar

dlnr r
. (33)
dinD(r) ——v,"(r
=~ D" (r) .
dlnr "R

In deriving (33) we used (15) and Eqs. (24). Starting
from (26) and (33) and using arguments similar to those
leading to (32) we get for generation in the degenerate
case the following condition:

Re ~\|:~_ dln D(") R,,.(v.')R,..(U")Rm(U;T) )
- ( dlnr ' +e’ (Ra®)* '

im, (34)
where ¢; and c, are dimensionless constants of order
unity. When writing down (34) we assumed that the in-
equality

(B (7)) <R (v:") R (v,7) (RW°)Y, (35)

which is equivalent to the condition Re(b,a,-a,b,) <0 for
the quanities in (26), is satisfied. When the inequality
which is the opposite of (35) is satisfied, generation is
utterly impossible. When (35) is satisfied we get for
the ratio of the energies of the toroidal and poloidal di-
poles in the degenerate case, according to (26), the
relation

(%)
ay
where ¢ and c; are dimensionless constants of order
unity.

Ra(v,")

m—lc‘”ﬂ;’(mrl. (36)

We note the following four important differences from
the non-degenerate case considered earlier. Firstly,
generation becomes possible for small differential ro-
tation. Secondly, the energy ratio of the toroidal and
poloidal fields need not be necessarily so large as in
the non-degenerate case. This is particularly impor-
tant because for a large toroidal field the balance of the
energy dissipated due to ohmic losses is worsened.
Thirdly, in the expression for AZ in the degenerate
case the v-dependence of D(r) may become important.
For large dInD(v)/d Inr the velocities which are criti-
cal for the generation threshold will be significantly
lower. Fourthly, in the degenerate case the appear-
ance of imaginary A, is possible, and thus magnetic
field oscillations are possible. The physical cause of
these oscillations are beats corresponding to energy
transfer between the toroidal and poloidal dipoles.

Both in the degenerate case and in the non-degenerate
case, due to the appreciable contribution to (27) from
non-axisymmetric velocities, the observed total poloi-
dal dipole must be deflected from the rotational axis
by an angle y. If v is small, we get for if the estimate:

Ran(v,T)
T TG (RS (3.7)
The relation (37) limits considerably the values of the
non-axisymmetric velocity components.

In conclusion I must express my gratitude for useful
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discussions to S.I. Braginskii, A.A. Ruzmaikin,
V.M. Fishman, and A.P. Anufriev.

APPENDIX

We consider a partial summation of the perturbation-
theory series in the pole approximation and indicate
simultaneously a method for proving a number of anti-
dynamo theorems corresponding to the case of an anti-
Hermitean perturbation operator K. In symbolic (Di-
rac) notation we can write (12), when there is no de-
generacy in the form

[H=|HS>+G'R|H>, A, =—(H,|R|H). (A.1)

Retaining a finite number N of eigensolutions in the
spectral representation of the Green function G’ we can
write it in the form

N

G,=Z IH.><H,*| )

i0n—iwo

(A.2)
Such an approximation is valid when |A|<iw, - iw,,
attainable in the dynamo problem®’ at sufficiently large
N by virtue of the structure of the operator 1;’0 indicated
in the text. After substituting (A. 2) into (A.1), the de-
termination of A, reduces to solving an algebraic set of

N+1 linear equations in (H,|K|H), (n=0,1,...,N):

CHLIKIH,» CH.|KIH>

iwn—iw,

(A.3)

<H,|1§’|n>=<n,,|1('mu>+2
The solution of (A. 3) is equivalent to a partial summa-
tion of the perturbation theory series in which the tran-
sitions between H,, ..., H, are retained. Assuming®
that (H,|K |H,) =0 for all n, we get for 4, the following
expression in the form of the ratio of two determinants:

0 <“o|i€]“,> <“"|I€|"N
(i — i) * Glow —ionT
I Ik | Hod
(i — i) 1 e
Ao =det (i(l)l — i(l)n)'/; Bin
My | R |1
m.. Bp, cos 1
1 0 0 ... ¢
0 1 By ... Biy
Xdet t|0 B 1 ... B
det : :l ; :2N (A. 4
0 Bny By ... 1

where the B, denote the quantities

CHp| R|HWD /[ ((0m—iwo) (iwa—iwe)]™.
(n,m=1,...,N). The numerator of (A.4) has, as can
easily be checked, the structure of the N-th term of
perturbation theory (without repeated factors). The
matrix in the denominator of (A.4) has the form 1+A,
where A vanishes when K =0. When ||AlI<1 the sign of
4, is determined by the §ign of the numerator of (A.4).
For an anti-Hermitean K the expression for 4, is found
to be positive.

The operator K can be reduced to anti-Hermitean form
when the conditions for Cowling’s, Backus’, and Vain-
shtein’s theorems are satisfied (the reduction of the
induction equation to the necessary form when the con-
ditions for the generalized Vainshtein theorem are sat-
isfied was performed in Ref. 17). We demonstrate this
using as an example Cowling’s theorem, which is form-
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ulated as follows: The generation of an axisymmetric
magnetic field by an axisymmetric velocity is impossi-
ble when the diffusion coefficient is constant. Under
the conditions considered, the induction equation re-
duces to a set of scalar equations for scalar functions
describing the behavior of the poloidal and the toroidal
components of the field. In the axisymmetric case the
toroidal component of the magnetic field and the vector
potential of the poloidal component are directed along
the unit vector ¢. We can therefore express the mag-
netic field and the velocity field in the form

H=H"(r, 8) +H" (r, 0) =rot{4”(r, 8) grad ¢} +H™ (r, 6) grad
=[grad A*(r, 8)grad @] +H7 (r, 6) grad g, Jende
V=vr+y7,

and get the following scalar equations:
P
%=DAA’—ZD([rot&,c}lgradA’)——(V’gradA’), (A.5)

H™ P
%=DAH’—2D([rotnp,¢p]grad HT)—(V» grad H7)

+ (@rot[ VT rot{A4®(r,0)grad }]). (A.6)

We consider first Eq. (A.5). Splitting the second
term on the right-hand side of Eq. (A.5) into its Her-
mitean and anti-Hermitean parts, one shows easily by
direct integration that the Hermitean part is negative-_
definite. Choosing then as the perturbation operator K
the anti-Hermitean part of the second term plus the
third term on the right-hand side of (A.5) (which is also
anti-Hermitean), and using the arguments given above,
we find that A?(rv, )~ 0 as t— . A similar study of
Eq. (A.6) shows that also H™(», 8) -0 as ¢t— =, thus
proving Cowling’s theorem.

DIn the notation used the following equations hold:

(m) ~.

-~ ) uy ()
Y;(:,‘ =rY;u, Y,(: = i[(J+1)J] LY s, YJ;I =[Y;xr],

where the Y, are the usual spherical harmonics and L
=~i[rx V] is the angular-momentum operator. The vector
spherical harmonics have then the following properties
under complex conjugation, which are used below:

Y2 @ = T .

D1t is impossible to guarantee for the scalar Green functions
G’f","') (r,r’ ,w) with V¥ =0 the existence of spectral representa-
tions, as they satisfy Eqgs. (6) with non-Hermitean operators
on the left-hand side. However, the Green-function combina-
tion

Glu(rr @) =[G (n 7, @)+ G323 (r, 7, @) 12,
which occurs in the expression for A}T satisfies an equation
with Hermitean operators on the left-hand side, in the sym-
bolical form

(e.m)t

[Gs,

(e.m)

+ M2QG, ™ QIG u (r, 7, 0) = 8(r—7).

DA similar method of partial summation of the perturbation-
theory series isused in the quantum theory of scattering (see,
e.g., Ref. 13) and is called the separable-kernel method. We
assume below in the text that the Fredholm determinant does
not vanish under the conditions considered.

9In the model in which the motion in the liquid core is repre-
sented as the motion of a viscous fluid between two rotating
concentric spheres we have!®

1 1
viT (1) = R*Rs* (RA—Ry%) ( - R—’,) Qotgy.
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Here Ry and R, are, respectively, the inner and outer radii
of the liquid core.

$)specific peculiarities, which for the sake of brevity have not
been considered, arise only when an M-th shifted eigenvalue
“overtakes” the M +1st value. In that case it is necessary
to use a scheme of calculations which is similar to the one
described in the text for the degenerate case.

)This condition is not a restriction, as the terms proportional
to (H,|K|H,) can simply be included in the unperturbed
equations.
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