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A soliton-type solution is obtained for resonant ultrashort pulses (USP) whose propagation in a molecular gas
medium is accompanied by a large number of multiphoton processes that lift the forbiddenness of vibrational-
rotational transitions with |47| > 1 (j is the rotational quantum number). An analytic solution is found for an
arbitrary dependence of the susceptibility y(l#!?) of the substance (is the radiation amplitude), i.e., for any
number of mulitphoton processes of various orders occurring in the resonance transition. The solution
describes the waveform of the stationary USP with account of both the quadratic Stark effect and phase
modulation of the radiation. It is shown that the presence of a small dipole moment of the resonance
transitions, due for example to collisions, may ensure the existence of stationary USP. For ordinary
multiphoton processes of orders higher than the second this would be impossible. The pulse waveform is
investigated for y =d,, + x®#|* which describes simultaneously two processes, one involving a single

photon and the other three photons in the elementary absorption act.

PACS numbers: 33.80.Kn, 51.70. + f

Coherent interaction of ultrashort light pulses (USP)
with a medium in the case of one-photon absorption
(OPA), as well as in the case of second-order reso-
nances such as two-photon absorption (TPA) and stimu-
lated Raman scattering (SRS), has been investigated
quite fully.!” The possibilities of formation of sta-
tionary USP had been discussed, and analytic solutions
were obtained for stationary amplitude profiles in the
presence of one of the resonances, OPA or TPA (SRS).
A substantially different situation is possible, how-
ever, when the USP propagates in a molecular medium,
and its carrier frequency lies in the IR band and is at
resonance with any one of the frequencies of the vibra-
tional-rotational transitions in the molecule. At such
a resonance, absorption of intense radiation is due as
a rule not only to one-photon but also to three-, five-,
and even seven-photon processes in the elementary
act of which one photon is absorbed (OPA of third,
fifth, etc. order®'").

These “hindrance lifting” processes take place effec-
tively at intensities 10-100 MW/cm?, thus indicating
that they can influence strongly the propagation of USP
in OPA. Such a situation is perfectly feasible if, for
example, the USP are nanosecond pulses from a CO,
laser. In the investigation of coherent interaction of
USP with molecular media, particularly when consider-
ing the possibility of self-induced transparency or the
wave forms of the stationary USP, it is therefore
necessary to take simultaneous account of both the OPA
and the various multiphoton processes.

This calls in fact for the solution of a problem more
general than that considered in Refs. 4 and 5, that of
the existence of stationary pulses in a resonant medium
with a susceptibility that is a more complicated func-
tion of the radiation amplitude than in the case of TPA
or SRS. We shall show below that this problem can be
solved. Its solution yields the waveform of the sta-
tionary pulse when simultaneous account is taken of
OPA and of multiphoton processes of the hindrance-
lifting type, and, as a particular case, the waveform of
the stationary pulse in all the heretofore investigated
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processes—OPA, TPA, and SRS. We note that on the
basis of the asymptotic solution for the front of a
stationary USP in three-photon absorption, and also
with the aid of an analog of the area theorem and the
Manley-Rowe relations, it was concluded earlier that
stationary pulses cannot exist in ordinary multiphoton
processes of order higher than the second.®*® The
procedure proposed here makes possible an analytic
solution of this problem. It will be shown that a distin-
guishing feature of multiphoton processes of the hind-
rance-lifting type is the possible existence of stationary
pulses when OPA of higher orders play a decisive role,
if the dipole moment that causes the one-photon ab-
sorption of first order is arbitrarily small but differ-
ent from zero.

1. BASIC EQUATIONS

We consider the propagation of pulsed laser radia-
tion ‘

E(z,t)= 2 &,(z, t)expli(og—kit) ]
i

in a molecular absorbing medium. If the fieldE has a
frequency w;=wy that is at resonance with a certain
transition 1-2, the resonance conditions for a multi-
photon process of the hindrance-lifting type“'7 are of

the form
30,—20,=w0,,, (1)

20,~ 0=z,

etc. The conditions (1) mean that in a 1-2 transition
there can take place, besides first-order OPA, also
OPA of third, fifth, etc. order.®

For ordinary multiphoton resonance we have

Z N0~ @21, (2)

where n; are positive integers that indicate the multi-
plicity of the degeneracy of the resonance with respect
to the frequency w;, and the sum Z,n,:q yields the or-
der of the resonance.

Assume that the stationary amplitude profiles &;(z,?)
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=&,(7=t ~2/v), propagating with velocity v <u, (i, is
the speed of light in the given medium) are established
at a certain distance in a one-dimensional absorbing
medium. The equations that describe the stationary
USP, neglecting relaxation processes and the Stark
effect (the role of the Stark effect is considered in Sec.
4) take the following form. For a multiphoton process
of the hindrance-lifting type (1)

d&/dv=iy" % (1& ) 0sa, (3)
dopldv=—isy (|& ) e, (4)
dnu/de=1sx(|&|) Im (0,:5"). (5)

Here € is the field at the resonance frequency w=wy,
and 1y, =0y — 0y, is the difference between the popula-
tions of the working levels; oy and ¢,; are the diagonal
elements and gy, is the off-diagonal element of the den-
sity matrix,

1 =2n0N/uw, Y=1/R, Yy=4/h,

N, is the particle-number density, and v;=1/v —=1/u, is
the velocity mismatch. Since resonances of third, fifth,
etc. orders take place in the process (1) under consid-
eration besides one-photon absorption, we have

1 (&) =dt Y nomroi&iem,
where d,, is the dipole moment and »*™!’ are polari-
zabilities of order ¢ =2m +1.

From (3) and (5) follows the first integral, which es-
tablishes the connection between the stationary ampli-
tude and the population difference. Regardless of the
order of the resonance we have

N (I8 =ny —5711“-, &1, (6)

where 7}, is the initial population difference. In addi-
tion, if we introduce the quantity

S=2h-‘5 x(1&1)1&1dx,

it follows from Eqs. (4) and (5), in the absence of phase
modulation, that 7,, =7, cosS. Taking this into ac-
count, it is easy to find from (6) that the increment of
S during the time of the pulse is 2mn. Thus, if a sta-
tionary pulse is produced in the process under con-
sideration, the quantity S(«) is finite and is a multiple
of 27, regardless of the order of the resonance.

The change of variable

t=[ x(1&dx
reduces the system (3)-(5) to a single second-order
equation for the field &:

812~ 1 (181)E=0, (M

where nlz(fifi) is the known function (6). This equation
will be investigated below, and at present we shall show
that stationary USP are described by an equation similar
to (7) also for the usual g-photon nondegenerate reso-
nance (2).

The system of equations for the g-photon resonance
(2) is of the form
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dg (@)
O Mo =120, (8)
drt & . 9
doyo/ dr=—iv:12% VI, ( )
dﬂlz/d‘f'—_’hﬂaw Im (Uiznq‘) ’ (10)

where JI,=#,#,...%,. 1t is easy to show that the ¢
equations for the amplitudes &, in this system can be
replaced by a single equation for the quantity Hq,
which coincides in form with Eq. (3) for the multiphoton
resonance (1) of the hindrance-lifting type. Indeed, it
follows from (8) that the amplitude product H,, satisfies
the equation
d . &)

11 < Y1
= ial® 2 ——
=in 111, a.,j : e

(11)

The Manley-Rowe relations for Eqs. (8) yield the con-

nection between the stationary amplitude profiles | 8’,,12
= ¥/yi")| #&|%. Therefore any amplitude | #,| can be
expressed in terms of the modulus of the product | Hal :

(& 1= (1 /) L1275, (12)

where y, =[y{Vy {2+ - y{¥]'/%. Substituting (12) in (11)
we obtain for II, an equation similar to (3):

dllo/dr=i1sx (1 IIs]) 0120 1)
where
$ (TT 1y =qu@ [ TL 1277,

Just as in the preceding case, the change of variable
t=f 2 (M) dr

reduces the system (13), (9), and (10) to a single sec-
ond-order equation for JJ,:
2. (@)

%'g'q""fﬂzﬂu(lnql) ;'(I;‘.ITHF—‘Q . (14)
where (| IL|)=1% - ¢/ 3/2y,)| IL,|?/% is the first inte-
gral of the system (8)-(10). We note that in the case of
g -photon resonance the quantity

S (o0) =2 @1 j |T,ldv

-

should also be a multiple of 27 for stationary pulses.

Equation (7) for the field, in the case of a resonance
of the hindrance-lifting type (1), and Eq. (14) for the
product of the fields in g -photon resonance (2), are of
the same type and are solved by the same method.

In the absence of phase modulation, when the initial
conditions (7 --»), and g,(T -——~)=0 are satisfied,
the solution takes the form

r r jT—
== | [X(F) (27'.12 four)Far ) ] dF, (15)
Fq °
where
=&, 6(F)=na®), y=1" _
for the resonance of the hindrance-lifting type (1);

F=T, 0@ =[x/) e, y=[7"4 . 4]

for ordinary g-photon resonance (2). The solution (15)
describes pulses of symmetrical shape with a vertex at
7=0 and with a maximum value F =F,. The plus sign

Bogdanova et a/. 242



corresponds to the rising part of the pulse (7 < 0) and
the minus sign to the decreasing part (7> 0). Let us
now investigate the pulses (15) in specific cases.

2. STATIONARY PULSES IN g-PHOTON RESONANCE

Integration in (15) yields the waveforms of the sta-
tionary pulses in implicit form. For resonances of odd
order ¢g=2m -1,m=1,2,... we have

LI { [1-8//8:']" 1 (2m—1) (2m—3)...(2m~2k—1)
2m—1 P 2*(m—1) (m—2)...(m—k)

Te

1 (2m—-3)!!

1+[1-& /&2 ]"
X i 3
@80 (1)1 A—[1-& & ]" } (16)
for resonances of even order ¢ =2m,m=1,2,...
. _ m—1 1 m—1 li_giz/g’az](zun/z
T _:Fgoa 2k+1( k ) (E/Em)™ amn

where
gioz=4ﬂiza'¥:h /Y:v rq=h/x‘°’6’m¢3’n .o .8’,0.

Equations (16) and (17) correspond in the particular
cases of OPA and TPA to stationary amplitude profiles

of USP in self-induced transparency!™:

& =8.lch(/t), g=1, (18)
81, =& 0, :D/[1+T2/Tzz]”’, q=2. (19)

We note that the solution (17) describes also station-
ary pulses in the case of SRS in an absorbing medium
with anomalous dispersion.’ By the parameter y{%’,
which corresponds to a Stokes pulse, is meant in this
case its modulus ]yfz’l . The stationary amplitude pro-
files of the pump and of the Stokes component of the

SRS are given by (19).

For g-photon resonance of order higher than ¢ =2,
the expressions (16) and (17) contain terms ~1/g?"!. As
T~z the amplitudes &; —~0, and these terms become
dominant. The attenuation of the pulse fronts in ac-
cordance with the law &, ~1/7!/¢ jg too slow to en-
sure a finite energy. The divergence of the energy in-
dicates that in principle no stationary USP are possible
in g-photon resonance if ¢ > 2. This conclusion agrees
with the results of investigations of the asymptotic be-
havior of the USP (Refs. 8 and 9).

3. STATIONARY PULSES IN A MULTIPHOTON
PROCESS OF THE HINDRANCE-LIFTING TYPE

We consider the resonant process (1) when, be-
sides one-photon absorption resonances of third, fifth,
etc. order also take place in the transition 1-2, i.e.,

2 (18)) =dy+ Z'numi'l)lglzm'

m=1

We note immediately that if the dipole moment d{, =0,
the multiphoton process under consideration is describ-
ed in the absence of phase modulation by the same
equations (16) as the ordinary g -photon absorption (2).

It has shown in the preceding section that there are
no stationary pulses at a resonance of order g >2. We
shall assume that d, #0 and investigate the role of di-
pole absorption in the multiphoton process (1). We con-
fine ourselves to OPA of third order, i.e., we assume
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that
1 (|&|)=d+x? | &2

Integrating in (15) for the indicated case, we obtain

T=:=% A { 1
24,8 \[1+d,/x V& 21"

o M/ xOEC -8V E | 1+ [1-8YE "

[1+d/x V& ]~ [1-&*/& 2 ]" 1-[1-&/& 21" } )

An investigation of (20) shows that #(7) is a station-
ary pulse of symmetrical shape with a peak at 7=0 and
with a maximum value $o=[4y§“77‘,’2/y3]“2. At g < gt
the influence of the nonlinear absorption becomes van-
ishingly small and the edges of the pulse fall off
exponentially #(7)~e ™ /" 7,=k/d,#,, thereby en-
suring a finite pulse energy.

x1 (20)

Thus, the presence of dipole absorption in the transi-
tion 1-2 leads to formation of stationary USP, despite
the presence of third-order OPA.

At small nonlinearity, e=»‘Y#%/d,, <« 1, Eq. (20)
leads to an explicit expression for the wave form of the
stationary pulse:

& (1)=&, (1—e th? (1/74))/ch(t/1.). (21)

Figure 1 shows the wave form of the pulse for d|,
=107 cgs esu, =¥ =102 cgs esu, &, =3-10° cgs esu.
We note that in a molecular medium with a dipole mo-
ment d,, =10"%° cgs esu, which is typical of laser tran=
sitions, satisfaction of the condition S(»)= 7 for an in-
put pulse of picosecond duration, in ordinary one-photon
resonance, calls for a peak power ~10'> W/cm?. The
presence of third-order polarizability makes it possible
to observe stationary pulses on laser transitions at a
power smaller by four orders of magnitude. Esti-
mates show that the power needed to form a stationary
pulse with a duration ~107'? sec on account of third-
order OPA at »‘¥ =106 cgs esu becomes equal to the
corresponding power for ordinary one-photon absorp-
tion when d;, =5+ 107" cgs esu.

It must be emphasized that a solution in the form of a
solitary stationary pulse (15) was obtained at zero ini-
tial conditions. If o3 =0,#0 as 7—t», then one cannot
exclude the possibility of a periodic solution similar to
the soliton solutions in Ref. 5. Thus, in the case of
hindrance lifting we have from (15) T =r(h,¢,k), where
m(h,9,k) is an elliptic integral of the third kind,

h=x&/(d+x& ), k=& /(&>+|&;:|?)", o=arcsin(1—&*/&32)",
&, .=2'rmu°/‘.'==*= [ (2yam’/ys)*+ (002n0/uv)?] ",

747 )
FIG. 1. Waveform of stationary pulse in third-order OPA, T,
=8-10"12 sec.
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In particular, if #=Fk, then the amplitude #(7) is deter-
mined from the relation

(1—&*/& ) *=sn {21_ arcsin (1—&*/& )" ]} ,

[1—]:’(1—3'/&’,')]"’

in which sn(z) is an elliptic function. A more detailed
investigation of the properties of the solution, such as
determination of the period etc., calls for numerical
calculations.

1-k“°tg[ 1-kg

4. ALLOWANCE FOR THE STARK EFFECT

Stationary pulses in multiphoton interactions were
considered in the preceding section without allowance
for the Stark effect. In strong fields, and in the pres-
ence of linear polarizabilities of the resonance equa-
tions, it is necessary to take into account the additional
nonlinearity due to the Stark shift of the levels. The
problem of finding the waveform of the stationary pulse
in this case is much more complicated, but the non-
linear equations can be analytically solved with the aid
of the Hamilton-Jacobi method.!?

We consider a multiphoton process of the hindrance-
lifting type (1), in which

x(l&'l)nd,,+2 20| F |am

and take into account the Stark level shift ( ‘if |)
=Q,| #|%. The complex amplitude #(7) of the stationary
pulse is described by the system of equations

d&[dv=ixy, (| &) o1, (22)
doy,/di—iQ(|&|)ou=—irx(|E ) na(|E]E,
where

Tllz(]gl):ﬂiao"(Ya/Z‘h) l&’]’

The change of variable

t={ x(1&)dx
reduces the system (22) to a single equation for the
amplitude &:

g—%;l'— 1.'m..(l8l)8’-0. (23)
‘We separate the real and imaginary parts of the com-
plex amplitude #=x +éy. Then the system of equations
%+%%=Yﬂzﬂn’v %—g—%ﬂfrmﬂy. (24)
obtained from (23) coincides formally with the system
describing the motion of a particle with unity mass and
unity charge in an electric field and a magnetic field
which are constant but nonuniform. Using this formal
analogy, we solve the system (24) by the Hamilton-
Jacobi method!? developed for the solution of problems
in classical mechanics. This method was applied to the
propagation of nonlinear wave in Refs. 11 and 12.

The Hamilton-Jacobi equation for the action function
S takes in cylindrical coordinates of the form
as 1 508\* 1 108 2
o (s) ol r—a—w“‘*> + V=0, (25)

da, 2

in our case
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dr, r=z*t+y*.

7
V=—1:"2 ‘2—( Thzo—£ ‘7’2\) ,

_Lirﬂ(ﬂ)
4y, T

x(r*)
Separating the variables S ==\ { + 1,9 +S,(7), we obtain

So(r)== j [ ZM—ZV—( %-— ) z] * dr;  A,,=const. (26)

Using the fact that in the Hamilton-Jacobi method

das a8, as aS,
1=, = t, =+ C
_0 - =~-t+ . 1= conS’ -——(n2 (1) -—-6}" =(,; = const, (2 Z)

we obtain the solution in the form

ar

Cott= [y (28)
B (A—A/r)dr

V= | v AT (29)

Equation (28) yields implicitly the dependence of the
field amplitude » on the temporal variable ¢, while Eq.
(29) establishes the connection between the phase ¢ and
the amplitude ». We change over in (28) to a running
time 7, using the fact that dg/d7=x(|#|):

=it j{x(ﬁ)[zx.—zv-(%—fa )2]"’ }_’ dr. (30)

Here &, is the maximum value of the amplitude » =(x?
+y%)!/2=|#|. If the dipole moment in the considered
process is d, #0, then the function A(» =0)=0. The
initial conditions #(7 =—=)=0 and g,(T -~-=)=0 are
satisfied if the constants x| =X, =0. We present the
form of the solution for the particular case of the reso-
nance (1) for third-order OPA, i.e., for x(r*)=d,
+ 032,

18

== | dr(d+»*r*)-*{ Y.’ 7]120_"‘1"7'2
4y

Qoz 'z d,, %(s)rz 2, ="
ke e + .
41’[ w® ()2 ln( ! di, )] } (31)
We investigate the influence of the Stark effect on the
stationary wave form of the pulse in the case of small
nonlinearity »‘®g%/d, < 1. In this case it follows from

(31) that ihe Stark shift of the levels decreases the
maximum amplitude of the stationary pulse:

&im 4117]110— Q?
’ Ys 2daz"{2‘f; ’

(32)

The pulse waveform remains the same and is de-
scribed by expression (21), which was obtained with
the Stark effect neglected. It must be emphasized that
the stationary pulse determined from (31) is meaning-
ful only at dy; #0. If dy; =0, then just as in the absence
of the Stark effect, pulses of infinite energy are obtain-
ed.

We note in conclusion that expressions (29) and (30)
yield the wave form of a stationary USP for arbitrary
multiphoton processes of the hindrance-lifting type with
allowance for both Stark effect and phase modulation.

A distinguishing feature of these processes is the de-
pendence of the function x on lelz. For ordinary g -
photon resonance we have x =x[(#*)°!]. In this case
the procedure presented for solving equations with
Stark nonlinearity is inapplicable.

In molecular media, multiphoton processes of the
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hindrance-lifting type can be used to shape much short-
er pulses than in ordinary one-photon absorption, by
using resonance with vibrational-rotational transitions
|Aj| > 1, j is the rotational quantum number. The pos-
sible existence of stationary USP is ensured in this
case by the presence of small dipole moment of the
resonant transition, due, for example, to collisions.
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