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Fermi resonance of transverse and mixed E, polaritons with bands of the two-phonon states v ,  + v ,  and 
v ,  + v ,  in a uniaxial centrosymmetric calcite crystal is investigated on the basis of the hyper-Raman scattering 
spectra. It is shown that, the conditions of formation of either a biphonon or quasibiphonon is always satisfied 
within the Agranovich-Lalov theoretical model for polariton Fermi resonance within the band of two-phonon 
states. Fermi-resonances between a polariton and biphonon or quasibiphonon are accompanied by the 
formation of a gap in the polariton spectrum, regardless of whether the biphonon becomes detached from the 
band or not. In Fermi resonance between a polariton and quasibiphonon the intensity of the polariton 
decreases and its width increases when the polariton frequency tends to frequency of the quasibiphonon. In 
the case of Fermi resonance between a polariton and group of two-phonon bands, the polariton intensity in 
the branches located between the bands should be appreciably lower than in the modes outside the band 
group. The resonances and anharmonic interaction constants of polaritons and two-phonon states are derived 
from the polariton spectra. The experimental data on polariton Fermi resonance (dispersion, intensity and line 
width of the polariton) are found to be in satisfactory agreement with the Agranovich-Lalov theory. 

PACS numbers: 71.36. + c 

I. INTRODUCTION 

It i s  known that anharmonicity of oscillations can lead 
to a substantial restructuring of the vibrational spec- 
t rum of a crystal ,  particularly to the appearance, in 
second-order spectra,  of bound (or  quasibound) s ta tes  
of optical phonons (formation of biphonons o r  quasibi- 
phonons).'*' A particularly strong manifestation of an- 
harmonicity takes place in polariton spectra.  The po- 
lariton modes can c r o s s  the entire region of the ele- 
mentary excitations of the crystal ,  including the region 
of the second-order spectrum. If the frequencies of the 
polaritons and of the second-order lines (two-phonon 
bands) a r e  close, unharmonicity can produce a F e r m i  
resonance between the polaritons and the two-phonon 
s ta tes  (polariton F e r m i  resonance). Experimental3-" 
and t h e o r e t i ~ a l ~ * ' ~ * ' ~  investigations have shown that the 
following effects can be observed in the case  of polari- 
ton Fe rmi  resonance: broadening of polariton lines, 
discontinuities in the polariton mode even in the ab- 
sence of dipole biphonons in the second-order spectra,  
redistribution of the intensity in the scattering spectra,  
and deviations of the polariton dispersion f rom the cal- 
culated behavior that does not take into account the in- 
teraction of the polaritons with the two-phonon bands. 

The behavior of the polaritons i s  particularly compli- 
cated inside two-particle state bands. According to 
Agranovich and Lalov (AL)13 a nonmonotonic polariton 
dispersion behavior is expected in the band, particular- 
ly "backtracking" of the dispersion curve that joins the 
individual polariton sections, a s  well a s  a discontinuity 
in the polariton curves in certain cases.  The reverse  
sections of the polariton branch appear when account i s  
taken of the cri t ical  points of the two-phonon state den- 
sity, and have not yet been observed in experiment. It 
should be noted that the presence of damping makes i t  
impossible for  the two-phonon state density function to 
have either sharp  boundaries o r  sharp breaks,14 and it 
s eems  that the role of the cri t ical  points i s  therefore 

not always clearly pronounced in polariton spectra,  
especially in the dispersion curve. 

The authors of experimental papers on polariton 
F e r m i  resonance have up to now interpreted the ob- 
served changes in the spectra only quantitatively. This  
is due both to the complexity of the phenomenon itself, 
which i s  burdened a s  a rule by superposition of two- 
phonon bands o r  by the proximity (at  a distance of the 
order  of the band width) of intense single-particle 
s ta tes  in addition to polaritons, a s  well a s  by the scar -  
city of the experimental data,  for  example, on the den- 
sity of two-particle states.  A quantitative interpreta- 
tion of polariton F e r m i  resonance might serve  a s  a 
check on the validity of the theoretical models of polar- 
iton F e r m i  resonance. In addition, quantitative reduc- 
tion of the experimental resu l t s  would make it possible 
to determine the main parameters  of the polariton Fer-  
m i  resonance, namely the resonant-interaction constant 
I', which leads to a mixing of the polariton and two- 
phonon s ta tes ,  and the anharmonic-interaction constant 
A, which does  not lead to a mixing of the polariton and 
two-phonon excitations, but i s  responsible for the in- 
teraction of the phonons with one another in the two- 
particle band. 

Polariton Fe rmi  resonance was investigated hereto- 
fore  only by the Raman-scattering method, which made 
i t  possible to observe polaritons only in noncentrosym- 
metr ic  crystals .  We have shown'' that polaritons can 
be observed also in centrosymmetric crystals  by the 
method of hyper-Raman scattering (HRS). In the HRS 
process  the system is excited by two photons of fre-  
quency w,, and emi t s  one photon w, = 2 w ,  * w ( w  is the 
vibrational-excitation frequency). In analogy with Ra- 
man scattering (RS), one can introduce the crystal  hy- 
perpolarizability which determines,  just a s  polarizabil- 
ity in the RS case,  the intensity and the selection ru les  
in HEIS. The polarizability and hyperpolarizability a r e  
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tensors  of second and third order ,  respectively. As a 
consequence, in HRS, in contrast to RS, the dipole os- 
cillations, and hence the polaritons associated with 
them, a r e  always active in both centrosymmetric and 
noncentrosymmetric crystals .  

We investigate here,  for  the f i r s t  t ime ever,  the po- 
lariton Fe rmi  resonance in the centrosymmetric calcite 
(CaCO,) crystal  by the HRS method. The vibrational 
spectra of the calcite crystal  have been well investigat- 
ed by various methods: RS,16 HRS,17 IR a b s o r p t i ~ n , ~ ~  
and inelastic neutron s~a t t e r ing . ' ~  The densities of the 
single-phonon and two-phonon s ta tes  of calcite a r e  
known." Having such a diverse information, we have 
attempted to ca r ry  out a quantitative comparison of the 
experimental resu l t s  with the predictions of the AL 
theory.13 In th is  connection, we present and analyze in 
part  I1 of the paper the main resul t s  of the theory, 
which will be needed later  to discuss the experimental 
data: dispersion, intensities and width of the polariton 
lines in the two-phonon state region. Attention i s  called 
to a fact that follows from the A L  model,13 which was 
not discussed in that reference o r  elsewhere, and is of 
considerable importance for  the interpretation of po- 
lariton Fe rmi  resonances. The fact in question is that 
when the polariton branch c ros ses  a two-phonon state 
band having the s ame  symmetry a s  the polariton, a gap 
should always be produced in the polariton spectrum, 
regardless of whether a biphonon i s  detached o r  not. 
This gap i s  due to the interaction of the polariton 
ei ther  with a bound (non-decaying) state-biphonon- 
with a quasibound (decaying) state-a quasibiphonon. In 
part  I11 of the paper we present our resul t s  of an ex- 
perimental investigation of polariton HRS spectra of 
calcite in the region of the two-phonon bands v,+ v, 
and vl+ v,. These resul t s  a r e  compared with the pre- 
dictions of the AL theory.', 

I I .  FEATURES OF POLARITON FERMl RESONANCE 
WITHIN THE FRAMEWORK OF THE AL  MODEL'^ 
1. Polariton on dispersion. Fermi resonance of polariton 
with biphonon and with quasibiphonon 

In the region of the two-phonon band, the polariton 
spectrum is completely defined by a Green's function 
G(w, k) that takes into account resonant and anharmonic 
interaction of polaritons and two-phonon statesL3: 

G(o,k)=2g(o)/[l+X(o, k)g(o)l, (1) 

where g(w) is the Green's function of the two f ree  pho- 
nons that make up the two-particle band, without allow- 
ance for the resonant and anharmonic interaction, 

B(o, k) =2(A-r'uz/[o-op(k)] ). (2) 

Here A i s  the anharmonic-interaction constant (A'O 
corresponds to phonon attraction and A < 0 to their r e -  
pulsion), r i s  the constant of the resonant interaction 
of the polariton with the two-phonon states (r  > O) ,  u2 
i s  the fraction of the mechanical energy in the polariton 
a t  the frequency w (0 < u2 < I ) ,  and wdk) i s  the frequen- 
cy expected for  a polariton with wave vector k when no 
account i s  taken of the anharmonicity. 

The dispersion of the polaritons is determined by the 

position of the maximum of the polariton state density, 
i .e.,  by the maximum of the imaginary part  of G(w, k): 

The condition that Im G(w, k) be a maximum determines 
the dispersion law o(k) of the polaritons in the region 
of the two-phonon stated3:  

The imaginary and rea l  pa r t s  of the Green's function 
g(w) a r e  uniquely connected with the spectrum of the 
two-phonon state density p(w), normalized to unity 
area:  

p (o) do' 
~ e g ( o ) = j -  Im g (o) =np (a). 

0-0' ' 
(7) 

p(w) should be taken to  be the s ta te  density of a two- 
phonon band which is not perturbed by the anharmonic 
interaction of the oscillations. 

We discuss  now the distinguishing features of the po- 
lariton dispersion law (4). The functionflw) in (4) de- 
te rmines  the deviation of the dispersion dk), which 
takes  into account the anharmonic interaction of the os- 
cillations, from the dispersion wAk) when no anhar- 
monicity i s  taken into account. It becomes infinite at  a 
frequeticy w, which i s  the solution of the equation 

In what follows, it i s  important that Eq. (8) coincides 
with the condition for  the formation of a biphonon o r  a 
quasibiphonon, depending on the anharmoni~i ty . '*~p '~  
If the frequency wf i s  outside the two particle band, 
then it coincides with the biphonon frequency. Cn the 
other hand, if wf l i e s  in the region of the two-particle 
band, i t  coincides with the quasibiphonon frequency. 

We note certain general features of the function B(w), 
which do  not depend on the specific form of the function 
p(w).  Fi r s t ,  within the two-particle state band there 
exis t s  a t  least  one frequency w, such that B(w,) = 0 (Fig. 
1). For  simplicity we consider the most frequently en- 
countered case  of a single-hump density curve p(w) 
[ ~ i ~ .  l(b)]. In this  case  the position of the frequency 
w, i s  close to the center  of gravity of the density do). 
It is seen from Fig. l (a)  that B(w) < 0 at  w < w, and 
B(w) > 0 at  w > cu,, and the modulus I B(w) 1 increases 
with increasing detuning I w - w, 1 .  From the indicated 
propert ies of the function B(w) i t  follows that the condi- 
tion (8) can be satisfied independently of the magnitude 
and sign of the anharmonicity A. Consequently, if the 
anharmonicity is insufficient to detach a bound state-a 
biphonon-from the band, at least one quasibound 
state-quasibiphonon-is produced in the two-particle 
state band. 

The propert ies of the function B(w) determines the 
behavior of the functionfi w). Inasmuch a s  in the two- 
phonon band region the condition for  the formation of a 
biphonon o r  of a quasibiphonon can be satisfied, there 
exists  a frequency wf that coincides with the frequency 
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FIG. 1. Schematic form of the functions B(w) (a, b) as func- 
tions of the shape of the contour of the two-particle state den- 
sity p ( o )  (c, d); wo, y,, wo2, and w,, are the frequencies at 
which B(w) = 0.  

of the biphonon o r  quasibiphonon and satisfies the con- 
dition (8), under whichfiw) [the deviation of w(k) from 
w,(k)] becomes infinite. The sign of the function f (w) 
is determined by the expression B(w) + A, which is 
negative at w wf and positive at w > wf. Therefore 
f(w)--a, a s  w-wf from the left and f(w)-+w a s  w - wf from the right. Fa r  from the two-phonon band, a s  

I w- wf I -m, the function f(w) -0, i.e., the w(k) and 
wkk) practically coincide. 

Using the established properties of the function f (w) 
i t  is easily seen from the polariton dispersion law (4) 
that a splitting of the polariton curve into two branches 
should always take place near the frequency wf (Fig. 2), 
namely the lower and upper branches 2 and 1, and a 
gap of width 6 ,  must be produced between them. 

It follows thus from the AL model that the appearance 
of a gap in the polariton spectrum, in the region of the 
biphonon band, can be due to Fermi  resonance between 
the polariton and either the biphonon o r  the quasibipho- 
non, and one of these possibilities can always be real- 
ized. 

2. Intensity of polariton spectrum and polariton line width 

At Fermi  resonance, the intensity of the polariton 
spectrum in the region of two-phonon states is given 
by1= 

where w,= wdk) - r u D / ~ ,  F and D a r e  the matrix ele- 
ments of the two-phonon and polariton transitions, re- 

FIG. 2. Splitting of polariton curve into two branches at the 
Fermi resonance of the polariton with the biphonon (quasibi- 
phonon). The symbols are explained in the test. 

spectively. Thus, the intensity of the polariton spec- 
trum is the result of interference of two-phonon states 
whose proper intensity i s  proportional to P, with po- 
lariton states, whose intensity in the absence of polari- 
ton interaction with the two-particle band i s  proportion- 
a l  to 02. 

Let us analyze the peak intensity (the intensity at the 
maximum) of the polariton lines in the two-particle 
state band. An expression for I, can be obtained by as- 
suming in (9) that the frequency satisfies the dispersion 
law (4): 

It is seen that in the band Io(w) = 0 at w = w, and B(w) 
= -A. Satisfaction of the condition w= w, i s  practically 
impossible, since it requires that the proper intensity 
of the two-particle states be of the order of the polari- 
ton intensity. The second condition B(w) = -A can be 
realized i f  the anharmonicity is small and a quasibipho- 
non is produced. Consequently, at Fermi  resonance 
between a polariton and a quasibiphonon, the peak in- 
tensity of the polariton tends to zero a s  w - wf, where 
wf is the frequency of the quasibiphonon. 

Outside the two-particle-state band, expression (9) 
takes the form (we assume that D>> F) 

where the frequency w i s  a solution of Eq. (4). Attention 
must be called to the fact that outside the band the po- 
lariton intensity can still differ quite strongly from the 
intensity expected in the absence of an interaction of 
the polariton with the two-particle band. 

In the two-particle-states band, a new channel i s  
produced for the decay of a polariton into two phonons, 
a s  a result of which the polariton line should broaden. 
According to Refs. 2 and 14, the width A(w) of the po- 
lariton line in the band i s  

where A ~ W )  i s  the expected width of the polariton line 
in the absence of interaction of the polariton with the 
two-particle states, and Go(w) is the Green's function 
(1) at r = 0. We note that the frequency wf of the quasi- 
biphonon i s  a pole of the function G0(w) (Refs. 13,14). 
Consequently, a s  w-wf the polariton line width in- 
creases  strongly. 

Ill. EXPERIMENTAL PART 

1. Experimental procedure 

Since the hyperpolarizability is small, the HRS is in- 
tense enough to be registered only in the case of strong 
excitation fields (-lo6 V/cm), which a r e  produced by 
pulsed lasers .  The HRS spectra of calcite were excited 
by the 1064 nm line of a pulsed AYG laser  and regis- 
tered by a previously describedz0 multichannel photo- 
electric spectrometer. Owing to the low dielectric- 
breakdown threshold of calcite, the peak intensity of 
the laser  pulses did not exceed 2. lo4 W. The laser 
radiation was focused into the crystal by lenses of focal 
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length F =  6 cm at a scattering angle 8 = 90" and F =  24 
cm at  small angles 8. To decrease the level of scat- 
tered light in the spectrometer, the exciting radiation 
passing through the crystal was cut off with an inter- 
ference light filter, which transmitted the HRS radia- 
tion. The HRS spectra were obtained at a spectral 
width of the gap -10 cm-'. 

We have investigated, for the first time ever, HRS on 
polaritons in calcite. It is k n o ~ n ~ - ~ * ' ~ * ~ ~ * ~ ~  that polari- 
tons a r e  observed at small  scattering angles 8. To ob- 
serve light scattered at small angles 8 we used a 
scheme with annular diaphragms." The annular dia- 
phragm was located at a distance -100 mm from the 
crystal in such a way that the center of the annular s l i t s  
coincided strictly with the axis of the exciting ray pass- 
ing through the crystal. The average radius of the ring 
and the distance from the crystal to the diaphragm de- 
termined the scattering angle 8, and the width of the 
ring gap determined the angle A0 in which the scattered 
light was gathered. In our experiment the angle A8 was 
O.ZO, the laser-beam divergence did not exceed 0.3" in- 
side the crystal. A set  of diaphragms with different 
average ring radii was able to cover in discrete fashion 
the entire range of investigated scattering angles w 
= 0-3". We were thus able to measure the polariton 
functions w(8). The energy and momentum conserva- 
tion laws make it possible, knowing the dielectric con- 
stants of the crystal and the 4 8 )  dependence, to relate 
the angle 6 with the magnitude of the wave vector k of 
the excited polaritons and consequently obtain the ex- 
perimental polariton dispersion 4k).15 

Calcite i s  a centrosymmetric uniaxial crystal of the 
space group D& with two formula units per unit cell. 
Active in i t s  HRS spectra a re  the dipole vibrations 
3 4 u +  5Eu and the 2AlU vibrations which a r e  forbidden 
in the IR and RS spectra.23 In Table I a re  listed the 
line frequencies in the HRS spectra of calcite, mea- 
sured by us at scattering angles 8 = 90". In Ref. 17 
they observed in the HRS of calcite only three lines 
(90, 100, and 125 cm-') which were known earlier  
from the IR spectra. We have observed many more 
lines active in the IR spectrum. Moreover, we have 
succeeded in observing lines of the forbidden A,, oscil- 
lations. Certain IR-active oscillation turned out to be 
very weak in our spectra, and their frequencies listed 
in Table I were taken from Ref. 24 (they a re  marked by 
asterisks). 

Note. The frequencies of the AII and Ex oscillations were ta- 
ken from Ref. 16; asterisks mark frequencies taken from 
Ref. 24. 

TABLE I. Frequencies (in cm-') of the vibrational spectrum of 
a calcite crystal and their identification. 

FIG. 3. Geometry of scattering by transverse (a) and mixed 
(b) polaritons in calcite; kj and kS are the wave vectors and 
Ej and ES are the electric vectors of the exciting (i) and scat- 
tered ( s )  light; c) placement of the annular diaphragm relative 
to the crystallographic axes for the case a. Dark sections- 
locations of concentration of the light scattered by transverse 
polaritons. 

External oscillations 

The polaritons in the calcite were investigated by us 
in two scattering geometries (Fig. 3). In the first  ge- 
omet ry -~(xxx)~  - the exciting radiation, polarized 
along the x axis, was directed along the y axis [Fig. 
3(a)]. In this case the polaritons of noticeable intensity 
were concentrated only near the xy plane, s o  that an- 
nular diaphragms could be used [Fig. 3(c)]. According 
to the selection r ~ l e s , 2 ~  in such a scattering geometry 
only transverse E u  polaritons a r e  active. 

Internal os*llations 

In the other geometry [Fig. 3(b)], the direction of the 
exciting radiation, polarized in the xz plane, was in the 
same xz plane and made an angle 44" with the z axis. 
The scattered radiation was concentrated also near the 
xz plane and in the interval of small scattering angles 
(8 < 2"). At the given geometry, the wave vector k of the 
polariton made an angle # 90" with the z axis. In ad- 
dition, the scattered radiation was polarized in the xz 
plane. Mixed polaritons were therefore excited in this 
case. 

In the present study we investigated upper-branch 
polaritons in the frequency region 2000-3500 cm-'. In 
this region of the vibrational spectrum of calcite there 
can be located only overtones and composite tones of 
the internal vibrations of the C q -  group of calcite (see 
Table I). From among these, only the dipole-active 
two-phonon states of the same symmetry a s  the polari- 
ton can interact with the polaritons. We note that in 

FIG. 4 .  IR absorption spectra at E 1 z (a) and Lntegrated HRS 
spectrum of transverse Eu polaritons ( O =  0-3") (b) of a calcite 
crystal. The arrows indicate the broad maxima inside the 
gaps. 
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centosymmetric crystals, such a s  calcite, the over- 
tones a r e  not dipole-active. 

In the region w > 2400 cm-I of the IR absorption spec- 
t r a  of calcite, only two intense and asymmetrical bands 
of symmetry E, a r e  observed, with maxima at 2620 and 
2990 cm' [ ~ i ~ .  4(a) and Ref. 191. Since the form of 
these bands has been distorted in Ref. 19, Figs. 4(a) 
shows the calcite IR absorption spectrum obtained by us 
as room temperature. Our analysis of the selection 
rules in the second-order spectra of calcite has shown 
that two groups of composite tones of symmetry E, 
can be dipole-active in the region 0,2400 cm-l, name- 
ly 

In accordance with Table I and Ref. 19, the 2620 and 
2990 cm-' bands of the IR spectrum [ ~ i g .  4(a)] can be 
associated with these two groups of composite tones: 
v, + v, (three two-phonon bands) and v, + v, (two bands). 
It follows from spectroscopic investigationsz4 and cal- 
c u l a t i o n ~ ~ ~  that the vl(AIJ and vl(alJ oscillations have a 
negligibly small dispersion in the entire Brillouin zone, 
while the oscillations v,(h AT)), E,, and E,(L) have a 
noticeable dispersion and form a "sandwich" of three 
practically non-overlapping bands with total width 145 
cm-'. The oscillation frequencies vl(&J and vl(A,,J 
almost coincide (see Table 1). Therefore the density 
of the two-phonons bands vl + v, coincides with the sum- 
mary density of the one-phonon states v,. The density 
of the two-phonon states v, + v, of symmetry E, is gov- 
erned by two bands: E,BE,,(T) and E,@E,(L), while 
the state density of each band can be obtained by calcu- 
lation. Thus, at w > 2400 cm-' the polariton branch of 
the calcite crystal crosses  two groups (two sandwiches) 
of two-phonon bands, each sandwich consisting of sev- 
era l  (two o r  three) bands with known density of the two- 
particle states. 

2. Ferrni resonances in HRS spectra of transverse E, 
polaritons 

The Fermi-resonance gaps in the dispersion curves 
of the transverse E, polaritons of calcites a r e  easily 
observed even in the integrated HRS spectrum [ ~ i g .  
4(b)], i.e., in a spectral obtained with a large gather- 
ing angle A8 of the scattered light (8 = 0-3"). Taking in- 
to account the exceeding low intensity of the spectra of 
HRS by polaritons, it is advisable to begin the search 
fo r  possible polariton Fermi resonances with similar 
integrated spectra. 

In the absence of Fermi resonance on the upper 
branch, the polariton states form a continuous set of 
values w(k). According to the requirements of the en- 
ergy and momentum conservation laws, the transverse 
E, polaritons a r e  allowed in the HRS spectra of calcite 
starting with -2430 cm-I. Therefore in the absence of 
Fermi  resonance we would observe in the integrated 
HRS spectrum a continuous spectrum starting with 
2430 cm-'. In the case of Fermi  resonance, a gap can 
be produced in the polariton spectrum and is due to the 
appearance of two branches at Fermi resonance (see 

Fig. 2); it depends both on the magnitude of the interac- 
tion of the polariton with the two-phonon band and on the 
geometry of the experiment.'l 

Two gaps, each -200 cm-' wide, were observed in 
the integrated spectrum of the transverse E, polaritons 
of calcite [Fig. 4(b)]. Weak broad maxima a re  seen in- 
side the gaps. Each of the observed gaps coincides 
with one of the sandwiches v,+ v, o r  v,+ v, (Fig. 4). 
We did not succeed in observing in the HRS spectra a t  
8 = 90" any lines whatever in the region of the sand- 
wiches v, + v, and v, + v,, although the scattered light 
was gathered from a much larger  solid angle than in 
the geometry at small angles. This is evidence of a 
negligibly low proper intensity of the two-phonon trans- 
itions that participate in the polariton Fermi  reso- 
nance. 

In the polariton spectra obtained at different angles 
8 and with larger angular resolution A8 (-0.2") one can 
see  near both gaps typical features of Fermi  resonance 
(Fig. 5), namely the appearance of new resonances, a 
characteristic redistribution of the intensity among the 
branches, and the tendency of the frequencies of cer- 
tain branches to a definite limit with changing angle 8. 

Using the values of the refractive indices of calcite 
for the exciting (w,) and scattered (w, = 2w, - w) radia- 
tionsZ5 

the dielectric constant E, = 2.7 (Ref. 24), the frequen- 
cies of the E,  oscillations (Table I), and the frequency- 
angle spectra 4 8 )  (Fig. 5), we obtained for the trans- 
verse E, polaritons the experimental w,(k) dependences 
and calculated the theoretical dispersion curves wAk) 
without allowance for the two-particle states (Fig. 6). 
It is seen from Fig. 6 that near the two-phonon bands 
v, + v, and v, + v, the experimental dependences &,(k) 
deviate strongly from the calculated wAk) curves. We 
examine now the features of the discussed polariton 
Fermi resonances (Figs. 5 and 6). 

FIG. 5. HRS spectra of transverse E, polaritons in a calcite 
crystal at various scattering angles 0. Scattering geometry 
y(xxx)v (see Fig. 3a). 
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FIG. 6. Dispersion curves in calcite crystals; points-mea- 
sured values of w,(k) ; dashed line-dispersion of polaritons 
wp(k) without allowance for two-particle states; solid lines- 
plots of w(k) with allowance for the interaction of polaritons 
with two-phonon bands; the shaded regions correspond to 
broad unresolved regions inside the sandwiches. 

A s  might be  expected, i n  the region of the  sandwich 
v,+ v,, which cons i s t s  of two bands, namely E ,8Eu(T)  
(2830-2920 cm-I) and E,%E,,(L) (2870-3040 em-') 
[Fig. 7(a)], polariton resonances  with each band a r e  ob- 
served.  A s  a resu l t ,  t h r e e  b ranches  a r e  seen  in the 
spectrum, lower (below 2870 cm-I), middle (2900-2980 
cm-I), and upper (above 3005 cm-I). In addition, a 
broad (2940 em-') maximum is observed,  which d o e s  
not shift  when the angle 0 is changed and probably per-  

FIG. 7. Density functions of two-phonon states p(w) of the first 
(solid line) and second (dashed) band in the sandwich v g +  v 3  of 
a calcite crystal (a); calculation of the function B(w): I) for 
the first band and 11) for the second band (b); (c) dashed line- 
the function fI(w), dashed-dot-fII(w) and solid line-f(w) . The 
arrows show the method of constructing the symmetry function 
fh). 

ta ins  to  the two-phonon s ta tes ,  which can only be en- 
hanced by the interact ion with the polariton. 

In the  region of the  sandwich v, + v,, with increasing 
0 ,  the  lower branch of the f i r s t  resonance tends t o  a 
definite frequency, which l i e s  inside the f i r s t  band 
[E,B E,(T)] of the sandwich. The frequency of the reso-  
nance with the  second band l i e s  inside the second two- 
par t i c le  band E, €4 ELL) .  Therefore,  within the frame- 
work  of the A L  model, the  observed resonances  in  the 
reg ion  of the  sandwich v,+ v, should b e  due to  the in- 
t e rac t ion  of t h e  polariton with quasibiphonons of the 
f i r s t  and second bands. We note that  the lower branch 
of the F e r m i  resonance with the sandwich v, + v, a l so  
t e n d s  t o  a frequency that l i e s  inside the lower band of 
t h e  two-particle s t a t e s  of th i s  sandwich. 

Another feature of polariton resonances  with the  
sandwiches v, + v, and v, + v, is that  the  intensity of the 
polariton branches,  which l i e  between the bands (middle 
branches)  is much l e s s  than the intensity of the lower 
and upper branches.  Therefore  when the polariton is 
a t  resonance with the sandwich v, + v, we a r e  able  t o  
observe  with a s s u r a n c e  only the lower and upper 
branches.  In the region of the  resonance of the polari- 
ton with the sandwich v,+ v,, the sca t te r ing  in the r e -  
gion of the middle branch, while observed,  w a s  weaker  
than f o r  other  branches.  

We sha l l  use  below the density of the  two-phonon 
s ta tes ,  which is known f r o m  the l i t e ra ture ,  and the 
we(k) dependence t o  de te rmine  the interaction constants  
r and A of ordinary polar i tons with quasibiphonons of 
t h e  v, + v, band. Next, using the  obtained constants,  
we  calculate  the  c o u r s e  of the  polariton branches w(k) 
i n  the  region of the  sandwich v, + v,, and a l s o  the widths 
and intensi t ies  of the polariton l ines  in  the bands of the 
two-particle s t a g e s  v,+ v, and compare  the r e s u l t s  of 
t h e  calculations with the measurement  data .  By the 
s a m e  token, we  check on the c o r r e c t n e s s  of descr ipt ion 
of the polariton F e r m i  resonance with the aid of the 
A L  model. 

3. Determination of the anharmonicity constants and 
comparison of the experimental results with those predicted 
by the AL model 

T o  de te rmine  the constants  of the  interaction of the  
polar i tons with the two-particle bands v, + v, i t  suffices 
t o  know the positions w, and w, of the maximum of the 
polariton a t  any two angles  8, and 0, of the scat ter ing by 
polariton branches of each resonance.  It follows then 
f r o m  the dispersion law (4) that 

A = K2B'w"-K1B(wi) , P-K,[B(o,) +A]=K.[B(o.)+A]. (13) 
K , - K 2  

where  

The  phonon fract ion u2 in the polariton is obtained in 
the  usual manner.26 The  function B(w) [Fig. 7(b)] is de- 
termined by the  density p(w) of the two-particle s ta tes  
[Fig. 7(a)] with the aid of Eqs.  (6) and (7). 

T h e  polariton dispersion in the  region of the sand- 
wich v, + v, is determined by the interaction of the po- 
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laritons with two bands, while below the sandwich the 
main contribution is made by the first  band E,@E,(T), 
and above the sandwich by the band Et8E,,(L). Inside 
the sandwich, both bands can make equal contributions. 
Therefore, when determining the anharmonicity con- 
stants for the first  band we used the experimental points 
of the lower branch, while for the second band we use 
the points of the upper branch. The calculated con- 
stants of the interaction of the polaritons with the bands 
E,@E,(T) and E,aE,,(L) a re  given in Table II. Accord- 
ing to the classification of Ref. 14, the resonant and 
anharmonic interactions of the polaritons with a band 
v,+ v, turn out to be weak, since r u / T  and I Al /T  < 0.2 
(T is the width of the band). In this case, no biphonons 
can be produced. This agrees with the conclusions of 
Sec. IU.2 that the observed singularities in the region 
of the sandwich v,+ v, a r e  connected with the interaction 
of the polariton with the quasibiphonons of the bands. 
The obtained negative values of the constants A (Table 
11) a r e  evidence of the mutual repulsion of the phonons 
that make up the two-particle bands. 

Knowing the constants A and r, we can obtain the 
dispersion relation w(k) that takes into account the in- 
teraction of the polaritons with the two-particle states. 
The w(k) dependence i s  determined graphically in the 
following manner. We plot f irst  the functions 

where the subscripts I and I1 pertain respectively to the 
first  and second bands of the sandwich v,+ v,. Accord- 
ing to (4), the functions f,(w) and fI,(w) specify the par- 
tial contributions of each band to the total deviation 
f(w) of the dispersion curve w(k) from wkk) [fiw) = w 
- wkk)]. When the total deviation f (w) is determined, 
successive account is taken of the interaction first  with 
the first  band and then with the second. The function 
f (w) can be easily constructed graphically [Fig. 7(c)]. 
The points of intersection of the plot off (w) and the 
straight lines w - wAk) determine the unknown frequen- 
cies q k ) .  The w(k) dependence is shown in Fig. 6 by 
the solid line. It i s  seen that the anharmonicity con- 
stants determined by us can describe satisfactorily the 
experimental dispersion curves obtained when polari- 
tons a re  at resonance with the band v,+ v,. 

We discuss now other features of the Fermi  reso- 
nances in the region of the sandwich v,+ v,. 

1) It was noted above that at Fermi  resonances of the 
polaritons with the sandwich v,+ v, the intensity of the 
polaritons on the middle branch turned out to be lower 
than on the lower and on the upper branches (Fig. 5). 
This decrease can be explained within the framework of 
the AL model. Indeed, the intensity that the polariton 

TABLE 11. Parameters of Eqs. (13) for the calculation of 
the bandwidths T and of the constant of interactions of the po- 
laritons with the two-particle bands v3 + v3 of a calcite crystal. 

would have in the absence of i t s  interaction with the 
two-particle bands decreases considerably a s  a result 
of the Fermi resonance, and even tends to zero a s  w 
- wf [ ~ q s .  (10) and (ll)]. In our case, the decrease of 
the polariton intensity is due to the combined contribu- 
tion of the two bands of the sandwich v,+ v,. It is easily 
seen that the polariton intensity is small on the lower 
part of the middle branch, since the frequency of the 
polariton is close to the quasibiphonon frequency wi, 
while on i t s  upper branch it is close to wjl. Therefore, 
the expected intensity of the polaritons of the middle 
branch i s  always lower than on the lower and upper 
branches where the influence of only one nearest band 
manifests itself in the main. These qualitative consid- 
erations a r e  confirmed by quantitative estimates that 
agree with experiment. T h w ,  when the polariton 
branch crosses  a group of bands (a  sandwich) the inten- 
sity of the polaritons on the middle branches should al- 
ways decrease. 

2) The measurement of the polariton-line widths is 
made complicated a s  is well known, by the fact that in- 
strumental function contains a component that depends 
on the angle A0 into which the scattered light is 
gathered." It is not always possible to take a correct  
account of this component. We were therefore able to 
measure the polariton line width only in those sections 
of the polariton branches where the contribution of A0 
could be neglected. Table 111 l ists  the polariton line 
widths A at the frequency 2865 cm-I a s  determined by 
experiment and calculated by Eq. (12). It i s  seen that 
the line width i s  satisfactorily described within the 
framework of the AL model. We note that if no account 
were taken of the two-particle states, the width Adw) 
would be approximately 1 cm-' and only because d the 
interaction with these states is the line broadened to 
41 cm-'. 

3) The finite gathering angle AO makes it also diffi- 
cult to determine correction the polariton intensity. 
Figure 8 shows the frequency dependence of the peak 
intensity Io(w) of the polaritons on that section of we(k) 
where the intensities a r e  least subject to distortion on 
account of the finite angle A@. It i s  seen that the mea- 
surement results  (points) correlate satisfactorily with 
the calculated ~,(w) dependences (solid line) calculated 
from Eq. (10). The scale for the calculated curve was 
chosen such that the curve passes through the experi- 
mental point at w = 2865 cm-'. 

4) It i s  seen from Figs. 4 and '?(a) that the contours 
of the IR absorption band v,+ v, and of the density p(w) 
of the dipole-active states of this sandwich a re  differ- 
ent. Generally speaking, this disparity can be due to 

TABLE 111. Widths of polariton lines [calculated from Eq. (12) 
and obtained from experiment] and the imaginary part of the 
Green's function GO(m) in the bands of the two-particle states 
of a calcite crystal. 

I I I A. m-' 
Composite tone I ~ a ~ c v ~ t i o n  I ~per iment  
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FIG. 8. Peak intensity I. of polariton vs. frequency in the two- 
particle state band EI@E,(T) of the sandwich us+ v3 in a cal- 
cite crystal. 

the unharmonic interaction of the p h o n o n ~ . ' ~ * ~ "  In the 
case  when a quasibiphonon is produced, the maximum 
of the absorption band can coincide with the position of 
the quasibiphonon. The quasibiphonon frequencies a r e  
solutions of Eq. (8), and i t  follows from Fig. 7(b) that 
they amount of w:= 2894 cm-I in the f i r s t  band and wjl 
= 2990 cm-' in the second. The quasibiphonon frequen- 
cy 2990 cm-' (E,~E,,(L))  coincides with the position of 
the maximum of the IR absorption band. The absence 
of other maxima from the v,+ v, band may indicate that 
the two-particle states of the f i r s t  band manifest them- 
se lves  weakly in the IR spectrum and a r e  revealed only 
by the fact that the 2990 cm-' absorption band i s  asym- 
metric.  Thus, the considered features of the polariton 
F e r m i  resonance not only do not contradict the IR-ab- 
sorption data, but offer also a possible explanation of 
the absorption line shape. 

Although the quantitative features of the polariton 
Fe rmi  resonance with the sandwich v, + v, a r e  the s ame  
a s  with v,+ v, a complete quantitative interpretation i s  
made difficult by the fact that the sandwich v, + v, con- 
tains three bands and there  should be two middle 
branches, whose dispersion we did not succeed in mea- 
suring. Reduction of the experimental polariton curves  
in the region of the sandwich v, + v, has  made it possi- 
ble only to establish the position of the quasibiphonons 
in the f i r s t  and third bands, 2508 and 2620 cm-'. The 
position of the 2620 cm-' quasibiphonon [A,, XJE$L)] co- 
polaritons in a scattering geometry of Fig. 3(b) turn 

FIG. 9. HRS spectra of mixed E, polaritons in a calcite cry- 
stal at different scattering angles 0.  The scattering geometry 
is indicated in Fig. 3b. 

FIG. 10. Dispersion curves of mixed polaritons in a calcite 
crystal. The notation is the same as in Fig. 6. 

out to be allowed start ing with 2160 cm-' (Fig. 9). This  
h a s  made i t  possible t o  reserve  two more  polariton 
incides with the IR absorption maximum (see Fig. 4). 
It i s  probable that a composite tone of the phonons, one 
of which i s  longitudinal [E,(L)], manifests itself most 
strongly in the IR spectra of the sandwich v, + v,, just 
a s  in v, + v,. A comparison of the measured polariton 
line widths at  the frequency 2500 cm", measured and 
calculated by formula (12) in the region of the sandwich 
v, + v, has  shown that they agree  satisfactorily with 
each other, just a s  in the ca se  of the v,+ v, sandwich 
(Table 111) . 

4. Fermi resonances in HRS spectra of mixed polaritons 

It i s  knownz8 that mixed polaritons contain a smaller  
fraction of E, oscillations than the t ransverse  E ,  po- 
lari tons.  Therefore the resonance interaction between 
a mixed polariton and two-particle s ta tes  i s  expected 
to  be smaller .  

Whereas the t ransverse  polaritons of calcites a r e  
resolved in the HRS starting with 2430 cm-', mixed 
F e r m i  resonances, near  2260 and 2360 cm-I, which 
were  poorly resolved in our experiments and turned out 
t o  be close to the maxima of the weak two-phonon IR 
absorption bands with symmetry E,, namely 2240 and 
2335 cm-' (Ref. 19). 

It is from the dispersion curves  of the mixed polari- 
tons (Fig. 10) that the experimental points deviate very 
slightly from the wAk) curve calculated for  the mixed 
polaritons by an iteration methodz9 without allowance 
for  the interaction with the two-phonon states.  Esti- 
mates  have shown that at the anharmonicity values A 
taken from Table I1 the experimental points agree best 
with the calculated w(k) curves  if the resonant-interac- 
tion constants a r e  taken to be the values of r s in* ,  
where r i s  taken from Table 11 and @ is the angle be- 
tween the polariton wave vector and the z axis. In the 
region 2400 cm-' the angle @ varied insignificantly and 
was  close t o  30". 

The author thanks V.M. Agranovich for interest in 
the present work and for  a number of valuable discus- 
sions. 
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