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The collision of an electron with an atom in the field of intense electromagnetic radiation that is at resonance
with two atomic multiplets is investigated theoretically. Expressions are obtained for the amplitudes of the
elastic and inelastic scattering with emission (absorption) of photons. The case of a ground state at resonance
with a doublet is considered in detail. It is shown that photon absorption takes place predominantly in the
case of resonance in inelastic transitions from a state of the lower multiplet, and photon emission takes place

in transitions from a state of the upper multiplet.

PACS numbers: 34.80.Bm, 34.80.Dp

1. To describe the interaction of intense electromag-
netic radiation with a plasma, particularly laser heat-
ing of a plasma, and the kinetics of the excitation of
atomic states, it is necessary to know the cross sec-
tions for the elementary processes. Many methods
have by now been proposed for the calculation of the
cross sections for elastic and inelastic scattering of an
electron by an atom in an intense electromagnetic field.

Stimulated emission and absorption of photons by an
electron in scattering in an external field was investigat-
ed in the Born and in the low-frequency approximations
(see the reviews"?). In both approximations the contri-
bution of the multiphoton transitions turns out to be
substantial when the parameter y=F,/F,. becomes of
the order of unity. Here F, is the amplitude of the elec-
tric field intensity and F.. =#w?*m/ep, where w is the
frequency of the wave, p =muv is of the order of the mo-
mentum transfer, and ¢ and m are the charge and mass
of the electron. If we assume as an estimate w ~10"
sec™ and v ~10° cm/sec, we obtain F.- ~6 x 10° V/cm.

The influence of the internal degrees of freedom of the
target atom on the probability of single-photon transi-
tions was accounted for, in first order in the electron-
atom interaction and in the interaction with electromag-
netic field, in Refs. 3 and 4. The restructuring of the
atomic states by the electromagnetic field was deter-
mined by the parameter F,/F,<« 1, where F, is the
characteristic atomic field. Therefore if F,, < F_ there
is no need, when the stimulated emission and absorption
by an atom is considered in the Born approximation,
for taking into account consecutively in all orders the
restructuring of the atomic wave functions by the field.
The action of the electromagnetic field on the incident
energy can be taken into account exactly, and the ac-
tion on the atom need not be taken into account at all,
except for a number of special cases. These include,
e.g., scattering of an electron by a hydrogen-like atom
in a low-frequency field,> when strong mixing of spec-
ifically degenerate states takes place, and also the case
considered in Refs. 6 and 7, of resonance between two
atomic states.

In this paper we consider the scattering of an electron
by an atom in the case of resonance between two atomic
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multiplets.

The Schrodinger equation for an “electron plus atom”
system interacting with an electromagnetic field is writ-
ten in the dipole approximation in the form"’

0¥ (q, r, t)/0t={H,(q, ¥, t)+V(q, 1)} ¥ (g, T, 1), (1)

where r is the coordinate of the incident electron, q
=(q,,. . .,q,) is the set of the coordinates of the atomic
electrons, Z is the charge of the atomic nucleus,

V(qr)=-2r" +Z lr—qq |- (2)

=1

is the interaction of the incident electron with the atom,

Hy(q, 1, t)=H.(q)+W(q, t) +p*/2+A (t)p.fe. (3)

Here H,(q) is the Hamiltonian of the atom A(¢) =ReAe!v*
is the vector potential of a plane monochromatic wave,
and

z
W(q,t)=A(t) E§u¢/0=We‘"‘+W*e-‘“‘ (@)
Q=i
is the operator of the interaction of the atom with the
electromagnetic wave.

If we are interested in transitions between quasiener-
gy states (QES) (Ref. 8) of the operator H, in the col-
lision process, then the scattering problem for Eq. (1)
can be posed in a stationary formulation on the basis
of the QES in the same manner as was done for the prob-
lem of scattering in an external field in Ref. 9. The
final expressions for the transition amplitudes are of
the same form as in ordinary scattering theory, but the
scalar product of the state vectors is taken to mean the
expression

in/e
WI¥D=(0/2n) [ dtf dv¥, (5,0 ¥alr, 1), (5)
o
where d7 is the volume element in configuration space.

The behavior of a free electron with a time-average
kinetic momentum p in the field of the wave is described
by a QES of the form

@s(r, t)=exp {ilp(r—a(t))—pt/2]}, (6)
where a(t)=a(t + T)=c™ [ A(t)dt is the classical dis-
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placement of the particle. The QES of the atom in the
field of the wave cp,‘(q, t) will be assumed approximately
known. The total set of the QES of the operator H, (3)
with corresponding quasienergies e=¢, + p*/2 is deter-
mined by the product of the functions qoci(q,t) and cpp(r,
t). The amplitude of scattering with transition of an
atom from a state i into f with change of the electron
momentum p, into p,,, where

pni=pi+2(ei—e;—ko)>0,

k=0,%1 ..., can be represented in the Born approxi-
mation, without allowance for exchange, in the form

fra=—1(27)~"€Q¢, Py, 1V1gs,p 3. 7

The differential scattering cross section is expressed
in the usual manner in terms of the amplitude (7):

dog, v=pnpi~ | f11, 4] dQ.

In the weak-field limit, €, and g, go over respectively
into the energies of the unperturbed atomic states, and
% has the meaning of the number of the photons absorbed
(¢ > 0) or emitted (& > 0) by the system in the collision.
Accordingly, the quantity f;, , (7) will be called the
amplitude for scattering with emission (absorption)-of

k photons.

2. To find the scattering amplitude it is necessary
to construct the QES of the atom in an electromagnetic
field. The sought QES satisfy the equation

{Ha(q)+W (q, t)—i0/8t} . (g, t) =0, (8)

where the operator W(q,?) is determined by the relation

(4).

We assume that the electromagnetic radiation is at
resonance with two atomic multiplets. The correspond-
ing atomic states are strongly mixed by the field, and
the QES can be obtained in the resonance approximation
generalized for the multiplets'® that correspond to the
zeroth order of perturbation theory for the QES!!*!2;

]

9.(q, ) =e~ {iC:“lD;‘(q) Y Crope ), ©)

= =

where &2-%(q) are the unperturbed atomic states,
Ho(@) 0" (@) =E;" 0}* (1),

s, and s, are the number of states in the lower and up-
per multiplets, respectively. The coefficients C%*
satisfy a system of equations obtained by substituting

the function (9) in the Schrodinger equation (8)

. 3p o

Ci“(s—E‘“)—Z CHW. =0, C,”(e—E,f’-i-m)—Z CoWay,=0,  (10)
where i=1,...,s,;5=1, ..., s,. The quasiener-

gy levels ¢ are determined by the roots of the secondary
equation. In the general case, the system (10) deter-
mines s, +s, values of the quasienergy and of the corre-
sponding QES, of which s, functions having the form (9)
and quasienergies ¢,,i=1,...,s, go over, when the
field is turned off, into unperturbed atomic states of the
lower multiplet, and the remaining s, functions can be
conveniently written in the form
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9y (@ 1)=e=" { E Cros (@) e +.ﬁ, cror@}, (11)

Jomet Jumi

where ¢ /=¢,+w,j=s,+1,...,s,+s,, go over into the
unperturbed states of the upper multiplet with energies
Eb

3-sg"

The action of the field on atomic states do not pertain
to the considered multiplets can be neglected. Con-
sequently, the corresponding QES are determined as
unperturbed atomic states:

Pe(q, t)=e"'0(q), (12)

where e°=E°.

When the field is turned on adiabatically, the atom
goes over from an unperturbed state to a QES, so that
expression (7) is valid for the scattering amplitude.

If the atom was in one of the states of the resonating
multiplet prior to the turning on of the field, the con-
dition for the adiabaticity of the turning of the field can
be written in the form 74> 1, where 7 is the turning-
on time, A= |E* = E%~w]| is the detuning from reson-
ance, and

tap

Eeemsy Y ES

{emg
If, however, the atom was in some other state prior to
the turning on of the field, then the adiabaticity condition
takes the form 7w > 1, where w, is of the order of the
frequency of the atomic transitions, and is satisfied for
much smaller 7. We shall assume below the adiabatic-
ity condition to be satisfied, and assume furthermore
that spontaneous transitions during the time when the
field is turned on can be neglected.

Assume that prior to the collision the atom was in a
state ¢, of the form (9). Using the explicit form of (2)
of the interaction V and the function ¢, (6), we obtain
according to (7) the following expression for the ampli-
tude of the elastic (i.e., without change of the state of
the atom) scattering with emission (absorption) of &
photons:

fau=“2pu_z{ Qh(‘Yn) [ i (F (Pu) -Z) IC:..-P

Sb s "
+ Z‘”“"*’ ~2)1Cal+ Y G () el Y, GUipuIClica ]
i=1 ihj k)

a4

FQrss (Y1) 2 E G:,-'b(p,,‘)C:,:C:,j

il jemi

+Q&—1(Tik) “Zb‘i Gil;a(pu) C:,;C.: } * (13)

Jumy et

Here p,,=p,,~p:, the index ¢, indicates that the coef-
ficients C;" are the solution of the system of Eqs. (10)
corresponding to ¢ =¢,,

£t o)=Y, | dal @i (@ trere (14)

o=

are the atomic form factors, and

GTff(p)=Zjdq(D‘“‘(q)‘D,-"(q)e“"““, Qu(Yn)=€""J, (1), (15)

a=1
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where

2n/0

Ja () =(w/2n) j dtexpli(ysin ot—not) ]

are Bessel functions of n-th (integer) order. @,(y,) has
this form in the general case of elliptic wave polariza-
tion, when

a(t)=a, sin ot+@a,cos ¢, a,a,=0,

where -1 <¢ <1 is the degree of ellipticity of the polar-
ization,

2

Ia, I = | azl =F,07% Yu=[ (ﬂ:Pn) z_+_qu (a:p1) 2]]1’,
sin Qo=qapuYi~", C€OS Po=a,0uYun"".

The same procedure is used to determine the ampli-
tude of the scattering Si1,p © Ss, with transition of the
atom into a QES corresponding to an arbitrary state of
the lower atomic multiplet. The amplitude is obtained
from (13) by replacing p,, by p;,, 71, bY ¥4, and cg;g*
by Cp*.

The scattering amplitude with transition of anatom in-
to one of the states (11), corresponding to the upper
- atomic multiplet, and emission (absorption of & pho-
tons) can be represented in the form

fun= —2Piu_2{ Qrr (Yar) [ i (Fe(pa)—2) c::jC:d

i=1

= L3
+ Z (FP(pa)—2)CY Coi+ Z G5 (pu) CorCoy
=1 it

s

+ic§’;’i (0o )c,",.‘,c.",,-v] +Qu(un) Z E Gi7 () C.Coy

it =1 =1

‘a

+Quiz2(Yar) Z y G!‘,.!l: (o) C:,-.:'Czb,i’ }, (1 6)

je=1 j'=1

where p,, =p,, =P1,p% =p: +2(g, =g/ —kw),s,<i <s,+s,.

We present also an expression for the amplitude of
scattering with transition of the atom to the nonreson-
ant state (12):

fer=—2pa"" {Qn (Yer) i G (pah) Cost Qupr (Yer) i G (Per) C:j }, (17)

i jumt

where

z
6" (0)=Y | da® (q) (@) e 0.

The coefficients Cg‘v} in the formulas obtained for the
scattering amplitudes have a resonant dependence on
the electromagnetic-radiation frequency. Far from
resonance, W, , I«<A, the functions ¢, (9) i<s,
go over into a lower-multiplet state unperturbed by
the field, while the functions ¢.; (11), s, <i< Sg+ S,
go over to the upper multiplet. This means that far
from resonance the coefficients C¢;} have the following
behavior? :

a

Cz,-i—’aii: Cz,-)—’or igsﬁ;

¢l ~0, >S5,

Near resonance, IW”, | =2 4, all the coefficients C,:“i'j"
have the same order ofi magnitude and the amplitudes of

b
Cz‘i_’éi,l+sa E]
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the processes (13), (16), and (17) differ substantially
from the nonresonant ones.

In the case of a weak field, when 7,,<< 1, the Bessel
functions in the equations for the scattering amplitudes
can be represented in the form J, (y) = (n! )Y Hy/2) at n
> 0,J_,=(-1)"J, so that the resonant terms, on the one
hand, violate the simple powerlaw dependence of the
multiphoton-transition amplitude on the field strength,
and on the other lead to a considerable increase of the
amplitude. Thus, in inelastic transitions from the
states of a lower resonant multiplet with photon ab-
sorption, the resonant scattering amplitude exceeds
considerably the nonresonant one, since |J,,, > |J,|

‘at k< -1and |Jy., 1> |J,4, | at k< -2 [see Egs. (16) and

(17)]. In the case of elastic scattering, the increase of
the amplitude (13) takes place near resonance both
when photons are emitted and absorbed.

The increase of the amplitude of scattering with emis-
sion (absorption) of photons in a weak field near reson-
ance can be explained using simple qualitative consid-
erations. In a weak field, the probabilities of direct
absorption (emission) of a photon by an electron in a
collision are low. In the case of resonance, the photon
absorption (emission) can be represented as a cascade
process: a transition of an atom from one resonant
state to another with absorption or emission of photons
are subsequent exchange of energy with the electron, or
emission of photons followed by exchange of energy with
electron, absorption (emission) of photons by the elec-
tron. In such a cascade transition the electron absorbs
(emits) directly a smaller number of photons, and the
transition probability increases correspondingly. Thus,
in elastic scattering with absorption of photons the atom
absorbs resonantly a photon and transfers the excita-
tion energy to the electron, thus returning to the initial
state of the lower multiplet.  This transition is de-
scribed by the second term of (13), which in the case of
resonance exceeds substantially the remaining terms.
When photons are emitted in the elastic collision pro-
cess, one photon is resonantly emitted by the atom pre-
viously excited by an excited electron into the upper
multiplet state [see the third term in (13)]. In inelastic
scattering with transition of the atom into a nonreson-
ant state and with absorption of photons, one photon is
resonantly absorbed by the atom, after which a transi-
tion of the atom to the final state takes place, accom-
panied by a change of energy with the electron [see the
second term in (17)]. Finally, in scattering with ex-
citation of the state of the upper multiplet and with ab-
sorption of a photon, the atom absorbs resonantly a
photon [see the first term of (16)]. On the other hand,
if more than one photon is produced in the collision, the
atom transfers the energy to the electron after the re-
sonant absorption and goes over to a lower-multiplet
state, from which it is resonantly excited by absorbing
another photon. Such a transition is described by the
last term of (16).

3. In the case of resonance between two states, the
equations obtained for the transition amplitudes in the
preceding section coincide with the results of Refs. 6
and 7. We consider here in greater detail the scatter-
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ing of an electron by an atom under conditions of reson-
ance between the ground state with energy E¢ and the
doublet E? E3.

The system of Eqs. (10) for the coefficients of the
linear superposition of the atomic state that are not
perturbed by the field takes the form

CA' (E—Ea) _Canl_beW2=O' C-’D (8"€(h) —CaaWi. =Ov (1 8 )

where W, =W, ., &;=E} -w,i=1,2. The roots of the
corresponding secular equation

(e—E°) (e—e,’) (e—e.")— | W,|*(e—e,") — | W, |*(e—e,") =0 (19)
can be obtained from the Cardano formulas
ee=yi—a/3,

where

Y1, »=—(A+B)[2+i(A—B)-312/2, y,=A+B,
A=(utv")", B=(u—v")", AB=(a*/3-b)[3,
u=ab/6—c/2—(a/3)*, v=u'+(b—a'[3)"/21,

a, b, and ¢ are the coefficients of the powers of ¢ in the
cubic Eq. (19):

a=—(E*teS te,’), b=E"(e+e,") e le,"— | W, |~ | W,|?,
c=e W, P+e.’| W, |*—E% e.".

From the system (18) and from the normalization con-
dition
[Ce* G0+ Cr =1 (20)

we obtain the coefficients cg‘,l,cg“,cgi,,-.

b S . -
C. ‘j=C:‘lWJ‘ (8,-—8,-0) Y

In the particular case E}=E}%=FE?" (the formulas that
follow are valid also in the case of a “strong” field,

|W | > E} - E%) the expressions for the coefficients and
for the values of the quasienergy are simplified. We
obtain directly from (19) the values of the quasienergy

&, o= (E+E—0£Q)[2, &,=E'—a, (21)
where @ =[6*+4(IW,1*+ |W,[%)]'/?,6=E> ~Es - @,
For the coefficients, taking the normalization (20) into
account, we obtain the following expressions (i,j=1,2):
Ci=[Q+(=1)8]1"(2Q) 7",  Cey=(—1)"*2W;[2Q(Q+(~1)'8) 17",
(22)

Co=0, Co=W,(IWHIW,I)",  Coom=—W (|W,|*+|W:])".

As follows from (21) and (22), the function ¢ (11) is
a linear superposition of the unperturbed states of the
upper degenerate level, €5= E®. In the case 6 <0 the
QES ¢, (9) goes over, when the field is turned off, into
a lower unperturbed state of the atom, while ¢z, goes
over into a superposition of upper states. I the de-
tuning & is of the opposite sign, the functions ¢ and
¢¢, g0 over into a superposition of upper states and into
a lower state of the atom when the field is turned off.
Assuming for the sake of argument 6<0, so that when
the field is turned on adiabatically the atom goes over
from the ground state into the QES @,» WE obtain, say,
for the amplitude of elastic scattering with emission
(absorption) of a photons (13) the expression
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C:‘»x=[1+Ilez(ei_sxb>—c+lWzlz(ei—&‘gb) —:]“‘h.

fl.,~=-2p,,—={ (1w [F,“ (Pu) (1+161/Q) /2—2
rarQ@+1sl) - [ ‘Vz_‘lpi»(pl.) W1+ 2 62 (pw) W.W,']]

+Q- [Qlﬂ('hk) 2(;:; (Pu) Wi""Qx-a('Yiit) 2 G:.'f (Pn) W:]} ) (23)

j=1 i

where the form factors F and the functions G are de-
fined by (14) and (15). Equation (13) determines ex-
plicitly the resonant behavior of the scattering ampli-
tude f;, ,. We note that the simplest example of the con-
sidered type is scattering of an electron by a hydrogen
atom under conditions of resonance between the ground
1S and the 2P levels in a field of elliptic polarization,
when the ground and 2P states are mixed, with orbital-
momentum projection 1 on the field propagation direc-
tion.

4, We discuss now some generalizations and con-
sequences of the results.

We have confined ourselves above to electron scatter-
ing by an atom in the case of one-photon resonance be-
tween two multiplets. In the case of two-photon reson-
ance, and also when account is taken of the contribution
of the nonresonant levels in one-photon resonance, the
system (10) is somewhat modified. It contains com-
posite matrix elements of second order, which deter-
mine the restructuring of the levels of each multiplet,
and in the case of two-photon resonance, in addition,
the matrix elements Waib; are replaced by correspond-
ing composite matrix elements of second order. Such
a system of equations was obtained in Ref. 12 in con-
nection with an investigation of the restructuring of
atomic multiplets in two-photon resonance. For alkali-
metal atoms the composite matrix elements can be cal-
culated by the model-potential method.'* A more sig-
nificant difference of the case of two-photon resonance
is the change in the indices of the functions @, in Egs.
(13), (16), and (17) for the scattering amplitudes, name
ly, #+1 is replaced by k +2, and £+ 2 by k& +4.

In the case of resonance of multiplicity m > 2, the off-
diagonal composite matrix elements which couple the
resonant states are of the order of (F,/F,)™ in the field,
and the composite matrix elements were coupled with
states of a given multiplet » of the order of (f,/f.)>
At small detunings, |E®-E®~muwl s (F,/F,), the con-
tribution of the resonant terms to the scattering am-
plitude turns out to be substantial only in a sufficiently
‘weak field, Fo/F.. < (F../F,)m/*? for transitions with
emission (absorption) of £ = m photons. The nonreson-
ant terms are in this case of the order of (F,/F. )},
and the main contribution is made by the resonant
terms ~(Fy/F. P} "™F,/ F, )"? [for inelastic scattering
with transition into an upper multiplet state at 2 = 2m
the main contribution is made by terms ~(F,/ F. }2™(F,/
Fﬂ)Zm-é]'

We have obtained the amplitudes of scattering with
transition from the state ¢, corresponding to the low-
er atomic multiplet. The expressions for the ampli-
tudes of scattering with transition from states of the up-
per multiplet have the same structure, except that the
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functions @, have different indices: 21 is replaced by
k¥landk+2 by k=2. If the atom was in some non-
resonant state prior to the collision, the amplitude of
scattering with transition to another nonresonant state
does not have a resonant part in the Born approxima-
tion, and the scattering amplitude with transition into
one of the states of the resonating multiplets has a
structure of the form (17).

Analysis of the resonance between multiplets makes
it possible to take into account the strong influence of
the radiation polarization on the mixing of the atomic
states, and consequently on the scattering amplitude.
Thus, for the resonant 1S and 2P levels of hydrogen in
a field with linear or circular polarization, only two
atomic states with definite projections of the orbital
momentum will be mixed, in contrast to the usual case
of elliptic polarization of the field, when the ground and
2P states are mixed with projections of the angular mo-
mentum 1 on the field propagation direction.

It was noted in the analysis of the resonance that the
amplitude of the inelastic scattering of an electron by
an atom, with absorption of photons in a weak field, in-
creases strongly if the atom is in one of the lower mul-
tiplet states prior to the application of the field. Con-
sequently, in the resonance region, at relatively low
field intensity, F,<«< F.,, the radiation is predominantly
absorbed in the collision process in this case.

On the other hand, if the atom was excited into one of
the upper multiplet states prior to the application of the
field, it is obvious that under these conditions predom-
inant emission of photons should take place in the course
of the collision. This conclusion follows directly on the
change, indicated above, of the form of the inelastic
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scattering amplitudes for this case.

1) We use here the atomic system of units = m = e= 1,

D If some of the multiplet levels are degenerate, the cor-
responding unperturbed states of the atoms are not uniquely
defined. The coefficients Cip iss, and ct 0 1>, will
behave in the indicated manner if the unperturbed states are
so chosen that the QES go over into these states when the
field is turned off.
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