Particle collisions in an expanding universe
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A collision integral is derived for particles interacting only gravitationally in a flat expanding universe
described by the nonrelativistic Milne-McCrea solution. The collision integral does not contain divergences at
large impact parameters and small deflection angles. This is a consequence of the growth of the expansion
velocity of the particles with increasing impact parameter and not Debye screening, as in a plasma. The time

required for establishment of a Maxwellian distribution is calculated.

PACS numbers: 95.30.Sf

1. INTRODUCTION

The collisions of stars or other bodies interacting
gravitationally occurs in the same way as the collisions
of particles in a plasma interacting in accordance with
the Coulomb law. However, there is an important dif-
ference. In a quasineutral plasma, there are particles
of opposite charges, which screen collisions which are
not close, so that effectively they take place only within
the Debye radius. In a medium of particles which
interact only gravitationally, such screening is absent.
Because of this, it is impossible to have the existence
and correct mathematical description of a homogeneous
gravitating liquid or gas at rest, which always serves
as the basic model for analyzing collisions in a plasma.

Gravitating systems can exist either in the form of
equilibrium objects of finite size, such as galaxies and
clusters, or in the form of a homogeneous and infinite
but nonstationary gravitating medium which describes a
model of an expanding universe. The first studies of
gravitational collisions of stars were based on analysis
of the motion of a test particle inahomogeneous medium
at rest.! Thisled to a Fokker-Planck equation, which
was identical with the Landau equation derived earlier
for a plasma.? As was shown on a number of occa-
sions,®~" such an approach is incorrect for gravitating
particles. In the case of equilibrium systems of finite
size, the distribution of the test particles cannot be re-
garded as homogeneous; it is necessary to take into
account the finite size of the system and consider real
curved particle trajectories. For a homogeneous but
expanding universe, it is necessary to take into account
the relative velocity of the separation of the particles
when collisions between them are being studied. In
these cases, no divergence arises in the collision inte-
gral despite the absence of Debye screening.

In Refs. 3-7, collisions in systems of finite size are
analyzed. In [8], it is shown that Hubble expansion
is equivalent to a negative mean density, which reduces
the problem to a plasma problem. In the present paper,
we derive a collision integral for gravitating particles
in an expanding universe described by the nonrelativis-
tic Milne-McCrea solution. The obtained integral does
not contain divergences at small deflection angles and
large impact parameters because of allowance for the
separation velocity for colliding particles. However, in
the equations there is a divergence at small impact
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parameters, which lead to large deflection angles. The
reason for this divergence, which also occurs in a
plasma,? is the use of the approximation of a small de-
flection angle in the derivation of the corresponding
equations®*7 [see Egs. (1)-(3) below]. To eliminate
this logarithmic divergence, it is assumed that the
minimal distance p ;. between the particles is equal to
the distance at which the corresponding potential energy
of the interaction between the particles is equal to the
mean kinetic energy: Gm?/p,,,=(mv*/2). The obtained
result then agrees with the result of calculations in
which close encounters are taken into account correctly
in, for example, an integral of Boltzmann type,® in
which divergences do not arise at small p. The ob-
tained collision integral is used to calculate the relax-
ation time of the distribution function of gravitating
particles in an expanding universe and is applied to
nonrelativistic neutrinos of finite mass and to collisions
of galaxies.

2. DERIVATION OF THE COLLISION INTEGRAL

We proceed from the system of equations for the
single-particle distribution function f, and the correla-
tion function g,,, so that f,,=f,f, +g,,, derived under a
number of simplifying assumptions in Refs. 4, 5, and
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The system of equations (1)-(2) is similar to the
system (see, for example, Ref. 10) from which the
Landau collision integral? is obtained, though it also

- takes into account the self-consistent potential ¢. In

the calculation of the Landau collision integral logarith-
mic divergences arise at both large and small impact
parameters, but these can be eliminated if more ac-
curate allowance is made for the binary correlations
associated with screening and Eq. (2) is made some-
what more complicated. For the collisions of gravitat-
ing particles in an expanding universe that we consider
below, divergences do not arise at large impact param-
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eters.

The averaged gravitational potential & can be found
from the solution of the Poisson equation, which in a
homogeneous expanding Newtonian universe with critical
density p =p(t) has the form™
0 2 r

0(m=2aGpt)r, omi X @)

0=
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The development of perturbations in such a universe in
the absence of collisions was studied in Ref. 12 by
means of the collisionless Boltzmann-Vlasov equation.
The integrals of the characteristics of the unperturbed
motion of this equation have the form

C=3vt"—rt~*,

u=vt":—2rt="/3. (5)

An arbitrary function f(u) is a solution of the collision-
less equation (1) without right-hand side with the nec-
essary dependence (4) of the density on the time. The
collision integral does not vanish for arbitrary f(u),
which leads to relaxation of an arbitrary f(u) to the
equilibrium fy(u).

To calculate the collision integral, it is necessary,
using (2), to express g,, in terms of f, and f, and sub-
stitute the result in (1). We seek a solution of (2) by
the method of integration along the trajectories, which

we write in the form?!?
r=Ct"*—3ut”, v=—ut""+2Ct="/3. (6)

The solution of (2) has the form

0fc o Ofs fa\ U ,,
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All the functions in the integral (7) are assumed to de-
pend on the time ¢’ in accordance with formula (6). We
go over from the variables (v, r) to the variables

u, §=r/t", (8)
Then
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For the interaction energy, we have
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From (7), we obtain
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Because of the homogeneity of space, the quantities in
the integrand in (11) can be expanded in a Fourier inte-
gral:

4nGmg dk

W’t”"’“ jz; exp[ik (8a—%s) 1.
Since u is an integral of the motion, functions of u can
be taken in front of the integral in (11). Taking into
account the time dependence of £ in accordance with (6)
and (8) in the form

E(t') =E(t)+3u(t"—t"""),

U=~ (12)

we obtain
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Note that in deriving (13) we have not ignored the self-
consistent field, as in the derivation of the analogous ex-
pression in a plasma.'® Substituting (13) in the right-
hand side of (1), going over there to the variables (u, £)
instead of (r,v), using an expansion of the type (12) for
U, in (1), and the relations

fexpli(kta) (8:-8) 1d6=(2m)’0 (ktq),  dvdr=duds,  (14)
we obtain the collision term in the form
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We transform the expression (15). From symmetry

considerations,
dkk.k; ¢ dt’
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where A and B are functions of w, 2,7. To find A and B,

we calculate [;; and I;,w,w;:
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Introducing x =cos(kw;), and using k= kx, dk
=-27k*dkdx, we obtain from (18)

—

In (19), we integrate first over dt and then over dk.
This choice is explained by the fact that (19) contains
the logarithmic divergence mentioned above, which can
be eliminated readily from the physical considerations
only for this order of integration. We have

sin (3kwt) dt dk
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th,  Skw<t®™
Slll(3kw1,')d‘l.'
3.’cwt('|:+t"')z - 20)
nt™ B
—_— >t
hw Skw>t

The integral in (20) can be interpolated approximately
by the formula

I=nt"/ (6kw+mnt"). (21)
Substituting (21) in (19), we obtain
dk neth 6k maxt?
A2t Tt max 22
B=—A=bat J Bkwtnt™ w In (1+ nt ) (22)

Finally, for the collisional term in the expanding uni-
verse we obtain the expression
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A.,,(w)=ln(1+—:;t,,‘—). (23)
The maximal value k,,, corresponds to the minimal
distance p ,, between the particles, which is determined
from the condition
MapV*> ~GMmamy/ Pmin,

Mmay=mams/ (matms), VD> =C(va—vs)?.

We have
kmax=t""/ pmin=t"<v*>/ G (ma+ms). (24)

Taking into account approximately w =(2?)*/?t%/® under
the logarithm in (23), we obtain

Aw=In (1+6£0*>*/7G (matms) ). (25)

The mass of weakly interacting objects in the uni-
verse varies in a wide range from 5x 107 g for neu-
trinos if thier rest energy is 30 eV (Ref. 13) to the
mass 10M,=2 x 10¥ g of clusters of galaxies. Ac-
cordingly, A varies from

6-6-10'7-216-10**
7-6,7-10%-5-10-*
for neutrinos to

Aw=In (1 + ) ~170 (26)

6-6-1017-10%
=4+
Ado ]“(1 76.7-10-°-2.107

for clusters of galaxies. Here, we have assumed ¢{=6
x 10'7 sec, corresponding to z=0, (v3)2=6x 10° cm/
sec (see, for example, Ref. 14), and (v%)'/?=10° cm/
sec.

) ~4.5

3. EQUALIZATION OF THE TEMPERATURES OF
PARTICLES IN AN EXPANDING UNIVERSE

We consider a universe filled with two species of
collisionless objects with masses m, and m,. We as-
sume that both species have Maxwellian distributions
but with different “invariant temperatures” ©, and ©,,
i.e., (see Ref. 12)

h

fom 2 ( M, ! mae’
= BnGm, 2ne,) e“p( 26, )

b= s (zrer) ().

(27
m, J fa dv¢+mb.f fo dvy=1/6nGt*.
If ©,=0,, then the functions (27) satisfy the kinetic
equation
0fe 0fe __0_0%_ a/a a/b_
7-’-“ dr Or av¢—St St 0 (28)

where St®/® is defined in (23); the equation for f, has
the same form.

If ©,#@,, then the collisions result in energy transfer
and equalization of the “temperatures.” Assuming @,
and ©, to be functions of the time, and substituting (27)
in (28), we obtain as in Ref. 2

(m,‘u“2 3 ) fa dB, _Mr_n,_)’_ ]
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The integral on the right-hand side of (29) with the func-
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tions (27) was calculated in Ref. 2 for the case m,/m,
« 1 and in the general case in Ref. 15. Multiplying (29)
by m,%%/2, and integrating over du, in accordance with
Ref. 15, we obtain

d0. 4(1—4) 0,—6.

@& 9a (MaBy+my8,) "
The characteristic relaxation time 7 of the “tempera-
tures” in a flat universe with nonrelativistic free par-
ticles is ‘

1— 1—
1=Au /(1+——°‘), Aomte—tm 2,
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9 (Mma8p+my8,)% 1 (31)

= 4(1—a) Gm2m, (2nm.ms)" Ae
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Although (31) has been obtained as the time of
establishment of equilibrium between two species of
particle, it can be used in order of magnitude to esti-
mate the relaxation time in a medium of particles of
one species. For this, it is necessary to'set m,=m,
=m, ©,=0,=0, bearing in mind that © = (3mu?).

We make estimates for two different situations. If
the neutrinos have mass, then on the transition from
the relativistic to the nonrelativistic state the dis-
tribution function becomes a nonequilibrium functioné:

f~exp (—muc/8), (32)

and it relaxes to the nonrelativistic Maxwell distribu-
tion (27) because of collisions. We consider the ideal-
ized situation when perturbations of the density are
absent and homogeneity is preserved.” At the time

t =6x 10'" sec for m,=5x 1073 g 13 the mean velocity is
(¥*)= 6 km/sec (Ref. 14) and ©=m (t#)t**~9 x 10°, Then
for the relaxation time we obtain the huge value 7,~ 10%
sec, i.e., there is virtually no relaxation.

Obviously, with increasing mass of the objects their
relaxation time decreases. Using the approximate re-
lation @ =m(1#)t*3, we rewrite (31) in the form

T=9r"(v*)t*/2GmA. (33)

For clusters of galaxies with mg=10"M,~2x 10 g,

w010 (2) () () (ED)me o0

Note that (34) is valid for objects corresponding to the
maximal inhomogeneity scale in the universe under the
condition that the diameter of the objects is much less
than the distances between them. By the present epoch,
the random velocities of clusters of galaxies in the ex-
panding universe could have achieved a Maxwellian dis-
tribution.

Din the real universe, there are inhomogeneities in the den-
sity and velocity distributions. This leads to the development
of gravitational instability, and the real situation with mas-
sive neturinos differs from the idealized case considered
here.
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