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A calculation is made of the energy of the indirect exchange interaction of impurity spins in 111-V 
semiconductors; this energy is related to the Anderson hybridization of the impurity and valence-band d -  
electron states, and to the interference of the hybridization with the s-d exchange. The dependences of the 
exchange integrals on the distance and on the masses of the light and heavy holes are determined. The 
spin-orbit interaction in the valence band results in a strong anisotropy of the indirect exchange energy 
relative to a straight line joining a pair of interacting impurities. At large distances the exchange of the 
transverse components of the spin is four times stronger than the exchange of the longitudinal components. 
Since the impurities are distributed at random, the alloys formed by such impurities are magnetic materials 
with a random exchange anisotropy. Therefore, the spins should become ordered in a spin glass state 
irrespective of the sign of the exchange integral. 

PACS numbers: 7 1.70.Gm, 7 1.55. - i, 75.30.H~ 

INTRODUCTION According to Ref. 6 ,  interference of the s-d inter-  

Semiconductors with magnetic impurities a r e  a c lass  action of Eq. (1) and of the hybridization considered in 

of impurity magnetic materials  which a r e  just begin- the third-order perturbation theory in the ca se  of s im-  

ning to at tract  interest. ple energy bands gives r i s e  to a ferromagnetic ex- 
change which decreases with distance in accordance - 

The indirect exchange interaction of localized spins with the law 
has been investigated in the case  of zero-gap semicon- 

J ( R )  ,R-Ze-?bR, kc= (emc-j )  '13 , 
ductors' and semiconductors with a finite band (3) 

A theory of spin glass s ta tes  in semiconductors with a where A is the energy of a localized level measured 
many-valley electron spectrum i s  developed in Ref. 2. from the bottom of the conduction band. 
All these investigations a r e  concerned with the indirect 
interaction of localized spins due to the mechanism In the fourth-order perturbation theory the indirect 

exchange i s  solely due to the hybridization mecha- of Bloembergen and   owl and.^ The Bloembergen-Row- 
land exchange interaction involves virtual transitions n i ~ m ? ' ~  which has the antiferromagnetic sign and it 

of electrons from the valence to the conduction band decreases with R somewhat more  slowly than given by 

due to the exchange interaction of the band electrons Eq. (3): 

and those localized at impurities: J ( R )  --R-'e-zkcR. (4) 

Magnetic impurities and their exchange interaction in 
III-V semiconductors a r e  of topical interest.leg How- 

where Sf i s  a spin localized a t  a lattice s i te  R,; ao is 
the electron spin operator. In the case of simple 
spherical  energy bands of electrons and holes this 
mechanism leadszr3 to the Heisenberg exchange Hamil- 
tonian, and at  large distances R the exchange interac- 
tion energy decreases on increase in R in accordance 
with the law 

where &# i s  the band gap, and m ,  and m ,  a r e  the mass  - 
e s  of electrons and holes, respectively." 

The indirect exchange in semiconductors need not be 
due to the Bloembergen-Rowland mechanism, but also 
due to mechanisms associated with the Anderson hy- 
bridization of the d electrons of the impurities with the 
band  electron^.^'^ These mechanisms involve virtual 
transitions of electrons (holes) from a local level to a 
band, s o  that we shall  cal l  them the level-band (LB) 
mechanisms. These LB mechanisms have been used516 
to explain exchange in ordered rare-earth semiconduc- 
tors .  However, the results obtained apply equally to 
semiconductors with magnetic impurities. 

eve r ,  the formulas (2)-(4) cannot be applied directly to 
the semiconductors because the band s ta tes  in these 
materials  cannot be described generally by plain waves. 
In particular, the strong spin-orbit interaction in the 
valence band may give r i s e  to an anisotropic Hamil- 
tonian of the indirect exchange via this band. 

We shall  find the energy of the exchange interaction 
of impurity spins in 111-V semiconductors due to the LB 
mechanisms. We shall  consider one of the most tho- 
roughly investigated magnetic centers  in 111-V semi -  
conductors, which a r e  iron impuri t ies ,  and we shall  
assume that the d shell  of the impurity is half-filled 
( 6 ~  s ta te ,  total spin $). 

We may expect that in the case  of 111-V semiconduc- 
t o r s  the contribution of the interband mechanism to the 
exchange is l e s s  than that of the LB mechanism, be- 
cause i t  follows from the symmetry considerations that 
the matrix element of the energy I(r) between the func- 
tions of the bottom of the valence band and of the con- 
duction band vanishes.1° Moreover, i t  is c lear  from 
Eqs.  (2)-(4) that the interband exchange decreases 
more rapidly with the distance than the LB exchange. 
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F o r  these reasons the interband exchange will be ig- 
nored. We shall allow only for the hybridization of the 
impurity d electrons with the valence band because, 
f i rs t ly,  the levels of magnetic centers  in 111-V semi-  
conductors a r e  usually located c loser  to the valence 
than to the conduction band and, secondly, the matrix 
elements of the energy of the hybridization between the 
d s ta tes  of the  impurity and the s ta tes  at  the bottom of 
the conduction band vanish. 

As expected, the exchange interaction Hamiltonian i s  
anisotropic. The exchange energy depends in a com- 
plex manner on the distance. At large distances the 
main contribution to the exchange comes from light 
holes and a reduction in the exchange on increase in R 
occurs in accordance with laws such a s  those given by 
Eqs. (3) and (4) witha characterist ic  radius -(2c4m , ) ' l J 2 ,  

where m,  i s  the m a s s  of the light holes and c4 is the 
energy required to transfer  an electron from the va- 
lence band to a d  level. The sign of the exchange ener-  
gy due to each of the two LB mechanisms i s  the s ame  
a s  in the isotropic case ,  s o  that the interaction is anti- 
ferromagnetic in the limit R - 0 0 .  

The exchange anisotropy depends on the distance. As 
a rule, the exchange of the t ransverse  (relative to a 
straight line joining a pair of impurities) spin compo- 
nents is severa l  t imes grea ter  than the exchange of the 
longitudinal components. Since a straight line joining 
a pair of impurities i s  oriented a t  random in space,  i t  
follows that 111-V semiconductors with magnetic impur- 
i t ies  a r e  materials  with a random exchange anisotropy. 
Therefore, even if over the average distance the f e r ro -  
magnetic exchange exceeds the antiferromagnetic 
mechanism, such impurity magnetic materials  should 
not go over to a ferromagnetic s ta te  a t  low tempera- 
tures  but t o  a spin g lass  state.  

1. WAVE FUNCTIONS AND THE INTERACTION 
BETWEEN BAND AND LOCALIZED ELECTRONS 

The valence band of III-V compounds is quadruply 
degenerate at  the point k=O. The wave functions of 
holes Ikw) a r e  characterized by three quantum num- 
bers:  k i s  the wave vector; v distinguishes the light 
and heavy holes and assumes  correspondingly the val- 
ues I and h ;  y distinguishes the s ta tes  transforming 
into one another a s  a result of time reversal ,  and they 
assume the values plus and minus (Fig. 1). It i s  con- 

FIG. 1. Energy band model of a 111-V semiconductor with a 
localized impurim state (d%configuration, 5~ state). 

venient to write down the wave functions in the / P ) x ( A )  
representation where / p )  =X,  Y ,Z i s  the coordinate 
part of the wave function in the Kane notation" and X(X) 
is the spin part of the wave function. According to 
Ref. 12 (Chap. 4), 

where the angles 8 and cp represent  the direction of the 
wave vector k and the functions r:,,(O,q) have the 
following form: 

The bar above the function r represent  complex con- 
jugacy . 

We shall  assume that the energy spectrum of light 
and heavy holes is parabolic: 

We shall  discuss below the validity of this approxima- 
tion in our case.  

The results  of optical experiments demonstrate that, 
in the zeroth approximation, the wave functions of 
magnetic-impurity electrons a r e  the d atomic func- 
tions.? The energy c4 required to t ransfer  an electron 
from the valence band to an  impurity level generally 
depends on the symmetry of the d s ta tes  and i s  usually 
l e s s  than half the band gap. On the other hand, the ex- 
perimental data on the g factor of localized electrons 
deduced from nuclear resonance indicate that the d 
s ta tes  include a considerable admixture of the band 
states.' Fo r  reasons mentioned in the Introduction, we 
shall  allow for the hybridization of the d s ta tes  only 
with the valence electron s ta tes .  

The total Hamiltonian of the system can therefore be 
regarded a s  the sum of three terms2' :  

Here ,  

where at,, (a,,,) a r e  the creation (annihilation) opera-  
t o r s  of a hole in a valence band s ta te  I kw); b;,, (b,,,) 
a r e  the creation (annihilation) operators of a hole in the 
d shell  of an impurity which is  in a s ta te  characterized 
by a magnetic quantum number m and a spin h .  The 
energy is measured from the top of the valence band in 
the downward direction. 

The operator  representing the exchange interaction 
between holes in the valence band and localized spins 
S i  i s  

I 
?=- I - exp {i(k'-k) ~ , ) r : ~  (k) r:iT(kf) ( 0 ~ ~ 6 ~ )  a&arST, 

1 k.7 PI, '  
k'r.7' (10) 
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where o a r e  the Pauli matrices,  and I i s  the diagonal 
matrix element of the energy I(?') between the wave 
functions ~f holes at  the bottom of the band: 

O I = ( ~ ~ F ( ~ .  . 

I t  follows from symmetry considerations that al l  the 
diagonal elements a r e  the s ame  and the nondiagonal 
elements vanish. 

Finally, the hybridization operator is 

Here,  Im) is the coordinate part of the wave function of 
the d electrons. The expression (11) can be simplified 
bearing in mind that in a field of cubic symmetry the 
d shell splits into two subshells: t2 and e .  The wave 
functions of the t2 s ta tes  a r e  transformed by the sym- 
metry operations of the tetrahedron group in the s ame  
way as the 1 p)  functions of the valence band, whereas 
the functions of the e s ta tes  belong to a different i r r e -  
ducible representation. Therefore, 

i f  m € t 2  and 

if m ~ e .  Substituting Eqs. (12) and (13) in Eq. ( l l ) ,  we 
obtain 

2. INDIRECT EXCHANGE ENERGY 

The interactions (10) and (12) result  in the interband 
exchange and in the LB exchange mechanisms. Among 
the latter there a r e  also processes which in t_he fourth 
order  of perturbation theory with respect to V result  
finally in renormalization of the energy I in the inter- 
band processes.5 Since the electron s ta tes  a r e  of the 
S type and the matrix elements ( ~ I z I S )  and (m IVIS) 
vanish, the interband mechanism is ineffective. There-  
fore,  we shall  allow only for those processes in which 
the conduction band s ta tes  do not participate. 

In the third order  of perturbation theory (in the f irst  
order  with respect to and in the second o rde r  in V) 
the averaging over the valence band operators yields 
the following expression for  the indirect exchange Ham- 
iltonian: 

Here,  s,, i s  the spin operator of a single particle 
(hole) at  a level m related to the operators bj, ,  b,,, 
by the usual expressions 

b , ~ + b ~ , = s l m + ,  b~+b, , ,=s j , - .  

In the derivation of Eq. (14) we have considered only 
the d5=d6  transitions. We shall  now allow for the fact 
that the exchange between the spins s,, belonging to 
one impurity is  much stronger than the exchange be- 
tween spins belonging to different impurities. To with- 

in t e rms  of higher o rde r s  with respect to the interim- 
purity exchange, we find that the intraatomic Hamil- 
tonian (15) can only be due to processes in which the 
total impurity spin i s  conserved and only the spin pro- 
jection changes. This means that the operators s,, in 
Eq. (15) can be replaced with 

This last  conclusion can easily be proved using the 
relationshipi3 

where M is the projection of the total spin. Conse- 
quently, the Hamiltonian (15) transforms to 

The exchange energy i s  

where the tensor is defined by 

whereas the constant is V = (2~)-3'2j7;cu , p  = x , y  , Z .  

Similarly, the indirect exchange energy H,(Ri ,) or i -  
ginating entirely from the hybridization can be calcu- 
lated in  the fourth order  of perturbation theory. The 
corresponding exchange integral J,o'(R,,) i s  

where the tensor i s  

exp (ikRij) s",.cn.) = x (EkD+ed, r:pT(s r:;,,(k). 
kT 

In the adopted approximation, when the spectrum of 
holes is regarded as spherically symmetric,  the vector 
R,, i s  the only special direction in Eqs.  (17)-(20). 
Therefore, in a coordinate system in which the z axis 
is directed along R,,, al l  the nondiagonal components 
of the tensors qB and J;' vanish and we have J?=qy 
and = J fy  . 

Using the explicit expressions of Eq. (6) for the r 
functions, we obtain 

Here,  
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a',' 

and 51 is the volume of a unit cel l .  

The expression f o r  the components of the tensor  BL'&, 
differ f rom the corresponding components of the tensor  
A& by the replacement of the denominator ck ,+  c,  with 
(ckv + cd)' in the integrals  in Eqs .  (23) and (24). The 
integrals in E q s .  (23) and (24) and the corresponding 
integrals  for  Bb'&, can  easi ly  be  calculated. It i s  then 
found that each component of A:& o r  BL'& contains not 
only t e r m s  which decrease  exponentially on increase  in 
R ,  but a l so  t e r m s  which decrease  a s  a power law and 
a r e  independent of the hole m a s s .  They a r e  due to 
t e r m s  containing cos28 in the integrands of Eqs .  (23) 
and (24), and s ince these t e r m s  appear  in Eqs .  (23) 
and (24) with identical coefficients but with different 
s igns ,  then in the c a s e  of summation with respect  to v 
in Eqs.  (21) and (22) the power t e r m s  cancel  out exact- 
ly, a s  expected. 

We finally obtain 

Here ,  
k!= (?m E . k.= (7m .F,) -, 

0, = [ i f  ~ ~ e ~ p ( - ( ~ - 1 ) k : f < ) ] - ' [ ~ / , ~ ~ T ' e ~ ~ ( - ~ ( ~ - 1 ) k , R )  

+3F2+F(?l;-GT' e s p ( -  (T- l ) k . R ) ) ] ,  

0,-= [ i f  r2exp(-  ( T - I ) l i R ) ]  - ' [ 6 / 5 + ' / 3 ~ ' e s p ( - ( ~ - 1 ) k , R )  

+ l F ( ' : ' 3 + ~ 2  e x p ( - ( T - I )  k , R ) )  -F1] .  

+ t / 3 F [ 1 - 9 ~ 3  e s p ( - ( ~ - 1 ) k ~ R )  I ] .  

[I+T' 'exp (-(~-i)k!R)]-'(~/,+~/,(i~~)~'esp (- (T-f)k,R; 

+ ' / , [ 1 + 3 ~ '  exp ( - ( ~ - 1 ) k . R ) l F  

+(:jk!R)-'[l-~'ex~(-(~-I)k,R)+1F] [1+3r2 exp(-  ( T - l ) k , R ) - 3 F ] ) ,  

where 

3. INDIRECT EXCHANGE ANISOTROPY 

The functions 9fa(R) and @;"(R) vary  relatively s low- 
ly with the distance and a r e  positive, i.e., exactly as in 
the c a s e  of s imple  bands the interaction J1(R) is f e r r o -  
magnetic, whereas J2(R)  i s  ant i ferromagnet ic .  At long 
distances such that k,R >> 1 and (T  - l)k,R >> 1 ,  the ex-  
change interaction i s  governed by the p a r a m e t e r s  of the 
light holes? '  

It  is then found that @,,,(R) = @,,,(R) = + a n d  cP,,(R) 
= a2,(R) =#, and s ince  k , < k,, it follows that the ex-  
change integrals  Jll, ,,(R) and J,,, ,,(R) decrease  on in- 
c r e a s e  in the distance a s  ~ ' ~ e x ~ ( - 2 k , ~ )  and R"  
xexp(-2k,R), respectively, and the rat ios  of these  
integrals  a r e  

FIG. 2. Dependences of the functions on the distance: a) 
@ill; b) Q 2 i i ;  C )  @*1; d) *21. 

We can  thus s e e  that in the asymptotic region the ex- 
change interaction anisotropy is s t rong  and sp ins  tend 
to become oriented in  a plane perpendicular to a 
s t ra igh t  line joining the two impurity a toms  in a pair.  
The  anisotropy disappears  i f  m ,  =m,. We then have 
91 , , , l (R)=9z , ,4  =$. Since in the asymptotic region the 
value of J 2 ( R )  d e c r e a s e s  with distance m o r e  slowly than 
does J l ( R ) ,  it follows that a t  sufficiently l a r g e  dis tances 
the  indirect  exchange interact ion is always ant i ferro-  
magnet ic .  If the dis tances a r e  not too g r e a t ,  the ex-  
change anisotropy depends i n  a complex manner  on the 
distance. 

F igure  2 shows the dependences on R of the func- 
tions and CP2,,,, which determine the anisotropy 
in the c a s e  of i ron impuri t ies  in  gallium arsen ide .  The 
curves  shown i n  Fig. 2 w e r e  calculated assuming the 
following parameters :  m , = 0.12 and m, = 0.68 i n  units 
of the f r e e  electron m a s s  ( see  Ref. 12,  p. 572); cd 
=0.5 eV ( Ref. 7); k = 0 . 1 3 x 1 0 8  cm" and kh=0.30x  lo8 
cm". We can s e e  that compared  with the fac tors  de- 
c reas ing  rapidly on increase  in R and standing in front 
of Q,(R) and 9,(R) in  Eq. (25), the functions mentioned 
above v a r y  slowly s o  that in  the f i r s t  approximation the 
exchange integrals  decrease  a s  follows with the dis-  
tance: 

J I I ,  - ( R )  -R-'[m, e s p  (-k,R) +m, e s p  (-k,R)l2,  

In the c a s e  of the t r a n s v e r s e  exchange integrals  these 
dependences a r e  practically exact (Fig. 2). 

In view of the high density of s t a t e s  of the heavy 
holes ,  the i r  contribution to the exchange predominates 
o v e r  that of the light holes when dis tances a r e  s h o r t  s o  
that R r k,". However, if k, > k,,  then the contribution 
of the light holes becomes m o r e  important  a s  R in- 
c r e a s e s .  

The  functions 3,,, and CJ2,, va ry  with the distance R 
much m o r e  rapidly than do the functions a,, and 9, s o  
that the exchange interact ion anisotropy depends on R ,  
but fo r  the p a r a m e t e r s  given above we have CJt,, > a;,, 
fo r  a l l  the values of R ,  i.e., the sp ins  tend to become 
oriented in a plane perpendicular to the s t raight  line 
joining a pair  of impuri t ies  and this is t r u e  i r r e s p e c -  
tive of the distance between them. 

Since the impuri t ies  a r e  distributed a t  random, it  
follows that the easy  plane for  each impurity pa i r  i s  
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a lso  oriented a t  random. Therefore,  even when the 
ferromagnetic exchange J,(R) is stronger over the 
average distance than the antiferromagnetic exchange 
J2(R) (according to the experimental resu l t s  of Ref. 8, 
this  i s  t rue  of i ron  dissolved in gallium arsenide) ,  at  
low temperatures an alloy formed by such impurities 
in a 111-V semiconductor should go over not to a fer ro-  
magnetic s t a t e  but to  a spin g lass  s tate .  

The problem of the influence of the random orienta- 
tion of the single-ion anisotropy axes on  the nature of 
spin ordering is currently attracting considerable in- 
terest.'*-l9 Important arguments have been put forward 
in support of the conclusion that in the ca se  of a ran-  
dom orientation of the axes even a weak anisotropy 
can destroy a ferromagnetic s ta te .  

Our  resul ts  show that 111-V semiconductors with 
magnetic impurities a r e  a new c lass  of materials :  
they a r e  magnetic substances with a random exchange 
anisotropy. A phase transition in such a substance i s  
considered in Ref. 20 using a special  model in which 
the number of the spin components goes to the limit 
n-*. 

It i s  impossible to calculate the exchange interaction 
accurately because we do not know the constants I and 
V. We shall  assume that I has the value 1.5 eV obtain- 
e d  in Ref. 21 for the Mn impurities in HgTe. If we 
assume that the matr ix element is f= I ,  it then foll!ws 
that ~ = f  /@7=0.7 eV. At distances R =ki1=7.7 A 
the exchange integrals  a r e  then J,, = 20%, J,,, = 7"K, J2, 

=-lo%, J,,, =-2%. 

We shall  conclude by considering the validity of ou r  
approximations. 

The indirect exchange interaction was calculated 
using perturbation theory. Since the potentials I ( r )  
and V(r) a r e  of the short-range type (their radius i s  
of the order  of the distance between the nearest  neigh- 
bors  a,), it follows that the perturbation theory param- 
eters'' a r e  Ima;/li2 -I/E << 1 and vrna;/ti2 -VIE << 1, 
where E i s  of the o rde r  of the valence band width. 
These est imates a r e  obtained quite easi ly by analyzing 
directly the integrals (23) and (24), for R -a,. 

At distances R 2 k;' for the light holes and R 2 k,' 
for  the heavy holes the main contribution to the inte- 
g r a l s  (23) and (24) i s  given by the energies i n  the range 
cb-c,< &,/2. This  justifies the use of the parabolic 
spectrum of holes given by Eq. (7). 

We assume that the spectrum of holes i s  spherically 
symmetric .  This assumption is fully justified for  the 
light holes, but the anisotropy of the heavy-hole mass  
is generally not weak. Therefore,  at distances at  
which the contribution of the heavy holes to the ex- 
change energy i s  s t i l l  important we can expect an ad- 
ditional exchange anisotropy related to the crystallo- 

graphic axes.  Since the relative change in the heavy- 
hole m a s s  with direction in III-V semiconductors is 
less  than unity (in the ca se  of gallium arsenide i t  
amounts to 25-30%), i t  follows that the random ex- 
change anisotropy i s  usually s t ronger  than the magnet- 
ocrystalline anisotropy and allowance for  the lat ter  
does not give r i s e  to any qualitatively new phenomena. 

The authors a r e  grateful  to V. F. Masterov fo r  a val- 
uable discussion. 

') Here and later we shall assume that ti= 1. 
') The strong intraatomic interaction of electrons i s  not used 

explicitly. 
3, This does not mean that in the calculation of the exchange 

integrals we should not allow for the effect of the heavy 
holes a t  large distances. As pointed out in the preceding 
section, only the combined contribution of the light and heavy 
holes can ensure an  exponential decrease in the exchange 
energy on increase in R. 
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