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We consider photon emission by an electron moving in a constant magnetic field and in the field of an intense
plane electromagnetic wave with circular polarization. With the approach developed here, based on the use of
exact solutions of the quantum equations of motion of charged particles, we obtained for the probability of
emission a compact representation that is convenient for analyzing the fundamental characteristics of the
radiation over a wide range of the parameters. The resonance region is examined, and the limiting expression
for the emission probability is obtained; this is new representation for the total probability of the analogous
process in a constant crossed field + wave configuration. A calculation of the probability of synchrotron
radiation is made which includes the effects of an intense wave (£ = eE/mcw » 1) and of quantum corrections.
An analysis of the resonance region shows that the possibility of realizing resonant modes of particle motion
depends on the parameters of the electromagnetic field and the average electron velocity component along the

magnetic field.

PACS numbers: 41.70. + t

1. INTRODUCTION

The study of quantum effects in the interaction of
elementary particles with intense electromagnetic
fields takes on particular significance owing to the ob-
servation near pulsars! of magnetic fields with inten-
sities comparable with the quantum-electrodyanmic
characteristic field value*’ H, =m?/e.

The systematic study of nonlinear quantum processes
in constant fields, and also in fields of plane electro-
magnetic waves, was begun comparatively recently (see
Refs. 2 and 3 and papers cited there). There has re-
cently been increasing interest in this sort of research
when the action of fields of rather complicated configu-
ration is considered. In our opinion an especially in-
teresting situation is one in which the field taken as
external is that of a plane electromagnetic wave propa-
gating along a magnetic field. A distincitive feature of
this configuration of fields is the possibility of a reson-
ant action of the field on charged particles. Besides
this, the exact solution of the quantum equations of
motion of charged particles in such a field is known.*

There have been several papers on fundamental
quantum-electrodynamical processes in a field consist-
ing of a plane electromagnetic wave and a constant
magnetic field; these have dealt with particular aspects
of the exact treatment of the action of this complicated
external field (see, e.g., Refs. 5~11). It must be
pointed out, however, that the consistent use of the
exact solution is made difficult by the complexity of
the analysis, which is characteristic of many-param-
eter problems.

In the present paper we examine the emission of a
photon by a charged particlez’ of spin %, using quantum-
mechanical methods of describing the states of the
particle in an electromagnetic field and paying close
attention to effects associated with the intensity of the
electromagnetic fields. As our initial field configura-
tion we consider one which is a superposition of a con-
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stant uniform magnetic field and the field of a plane
circularly polarized (g =+1) electromagnetic wave pro-
pagated along the magnetic field:

A,=A" N +A" (9); o= (kz)=0(t—2),

(1

A (H)={0,0,zH,0}; A =E(m/e) {0, —sin g, g cos ¢, 0},

taking the z axis as the direction of the magnetic field
H; the invariant classical parameter for the intensity
of the wave is connected with its amplitude E and the

frequency w:

t=eE/mo. (2)

We note that quantum effects of the intensity on the
scattering of electromagnetic waves by electrons
moving in an external magnetic field have been studied

in an earlier paper,® where some properties of the
radiation of relativistic particles were analyzed. An-
other paper® studied the effects of a strong electromag-
netic wave (EMW) on the emission from weakly excited
electrons moving in a magnetic field; in particular it
was shown that in the neighborhood of the point of cyclo-
tron resonance® the effective parameter of the coupling
of an electron of momentum p, moving in a magnetic
field with the field of an EMW is the quantity

E/6=8[1—max/(kp) 1% wu=eHm. 3)

This conclusion was later confirmed in the fundamental
results of Ref. 8. We also note that an essentially ana-
logous parameter determines the behavior of the cross
section (as found in the classical approximation) for
scattering of a strong EMW by a plasma electron mov-
ing in a magnetic field.*

Here we have derived a compact representation for
the characteristic functions that determine the total
probability of the emission process. This representa-
tion has not been given previously. It corresponds to
an explicit breaking up of the total probability of the
process into a sum of partial probabilities correspond-
ing to a tixed numbers of quanta of the wave in the
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reaction, which is extremely convenient for analysis

of the characteristics of the emission over a wide range
of the parameters. This representation is used to
study the resonance region and to derive a limiting ex-
pression for the probability of emission in the field

(1), which is also a new representation for the total
probability of the analogous process in the constant
crossed field + wave configuration,'®

2. THE TRANSITION AMPLITUDE

The effect of a wave propagated along the magnetic
field [see Eq. (1)] preserves the symmetry of the elec-
tron motion in the magnetic field, so that the probability
of emission does not depend on the azimuthal angle ¢,
at which the photon is emitted in a coordinate system
in which the angle 6 is measured from the direction
of the magnetic field.

Let the frequency of the emitted photon be »; the wave
vector is

»=x%(sin 0 cos ¢, sin O sin @, c0s0).

Without loss of generality we can fix the angle ¢,, say,
at g, =7/2. For a transition of the electron from the
state with the quantum numbers n, p,, p.=(kp)/w,&, the
probability of the electron emitting a photon of definite
polarization can be written in the form®

1 d’x )
WEWZ'J'E-@V@AMDI-, (4)

where the matrix element M, is calculated from the
transition current j,

M=—ie(4) “je", j=§ W @ e, (5)

where ¢ is the polarization vector of the photon and o
are Dirac matrices; primes indicate the final state.

Using the explicit forms of the Dirac matrices and of
the functions ¥, (see Ref. 5), we can put the integrals
(5) in the form

T ) NV (pp- =)0 (b= —t) Y Blgtlo—g )
Iz

]
x[Gl(a1q)sl¢azq)zl)+H1(b1q)1:+b2l1)4;)],
o= QNN (o )8 (ppy =) Y, S(atlo—g—x) (O)
]

X[G, (5D, +b, D)+ (Ho/A+H/A) (0,05 ' +a,0,) 1,

where N and N’ are the normalization coefficients of
the functions ¥, and ¥,., and

y=c,/c,—¢c’cs, ay=a’b, a,=iab”, b,=0bb", by=aad’,
H=0.5gwk(c,—cs) (¢/—¢’), Ga=cicstes’c,ta(ei—e) (¢ —¢')R'RY,
H,=0.5gwk(c,—¢;) (¢’ +cy’), H;=0.5gwk(c;+c:) (¢ —c'),

Ho=n"—%,, P-=p'—p;=¢-=¢"—¢,

9y=Dy-

The spin coefficients ¢, a, b and the functions R, ¥,
are given by the relations

e, =2""(1+gm,/p") ", c;=2""(1=Fm/p") kS
a=2""(1+5m/my)", b=2745 (1—tm/m.)",
R=2""igoEA~'e"™,
a=m~'g-=m~'p-,  m/=p’—ps,
S (¢) =mat+q.9/o+gEA ™ (mwaz+p,) sin g—0.25mA~*E ey sin 20—pyy.

A=ow—gwn, Y=Mmom

poi=m*+2yn+p.?,
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W"=e—is(w)u" (p) .

The general form of the functions &{(=1,2,3,4) and

e,
®/=B.w, ®/=Burn, Oy=B)w_, O=Bl .,
O E=0 /N 0N, OE=0,/AL0T/A ®
is determined by integrals of the type
Mo = [d'zuy () un(p)expliS' (9)—iS (@) +i(xz)],  (8)

ua(p) =7"(2"n!) =" (n) e~ H. (p), p=1"(z—~EA* cos 9) +p,1 7",
(where H, are Hermite polynomials) after one has
separated out from Egs. (8) the & functions which arise
in the integration over space. In this case the general
structural part of the transition amplitude reduces to
the form

M= (24‘[) 8 (P——P—/—K—)ﬁ(Pv—Pu'—Ku) Z 6(qz+lm_qt,_x1)B:ﬂ"
l=—o0

Under the summation sign here there is a § function
which expresses the law of conservation of the systems
quasimomentum component along the direction of the
magnetic field, Hl|z: ¢q,=p,+£*mw/2A. The number I
labels a partial process involving a fixed number of
“wave quanta” that take part in the reaction. This situa-
tion is very typical in processes that take place in the
field of an EMW. The essential difference from the
case of a “pure” EMW (with no effect of a constant
field) is that in the present case the number I can be
either positive or negative.

The functions Bfm, specified by the integral represen-
tation (8) can be written in the form

1

t &, ,
Buw =o—\ 'L, (p)do;

g _! (p)de
f=lg¢—0,5(ete’) gn, sin ¢g—g(n--n") arctg 7.

T=(e—¢’) sin @[x. (mox) ™'+ (e—€") cos¢] ",

2yp=n, "ty (e—e')'—2yx, {e—e') cos @, . =nsin0.

These functions have a rather complicated structure;
only in the special case when the EMW field is com-
pletely absent in Eq. (1) (£ =0) do they reduce to the
well known Laguerre functions I,,,. of the argument
p=w2 /2y (here the index [ takes the value zero). In
the general case, however, we can get for the coef-
ficients B!,,a compact operator representation?’

B.=1,(IRI) (R/R ) *H pn' () | amrer

o 10
n=2z'+y*—2zy cos ¢, =u,%2y, y'=(s—e")/2y, (10)

where J,(|R|) is a Bessel function of the operator
argument |R|=(RR,)'*, with

R }= glete)n, | g(n—n) (e—e’) | x.(e—e’) &
R, 2y 2y 2y an

The functions H,,. are given by
Hyno=exp [—ig (n—n")M] Lnn (n);
A=—(y/z) [1— (2zy) ~* (no—n) "] *Farctg T.
Here I,,. is the Laguerre function, related with the
Laguerre polynomials by the formula

n—s @
L(e)= eI (p), Q=g (e ),

_ 1
(nlst)™
and it is understood that after the operator J,(|R|)(R/

R,)"? has acted on the function H,,. the value is taken
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at the point n, =22 +y2.

For the squared modulus of the amplitude for a
transition of the polarized electron (g, ¢’ =+1 give the
signs of the spin components in the direction of the
magnetic field for the electron in its initial and final
states) with emission of a photon characterized by a
polarization vector with rectangular components e,
and e, (e,.€,=0, €.« =0, e,.% =0) we get the ex-
pression

28= (145 S+ (1-8L) 8, j=1,2;
Si*=F*=(8¢0'¢0") " {o. X [w/*p | @4 | /"t I O |*F 2,0, D]
F0.58% 0" p-p- [ "™ | @47 P * | 00| " 2051, @1~ D]
+got(p-"motp_im,’) [l (W * DO~ "0~ D)
£ps" (W0 —p 0D, ]}
S, *=F,* cos® 0+F* sin® 0—F ", sin 20;
r=F* (D!~ 0/, O,/>—D;), O/~>0), O'>D), O]}, O~>D,*);

Fo*=(8g0"g0") 7' {07 [/ e | @4 [P Hp/* | @4 P 2100 @,/ D]

+/ 800, [ E e 105 2 Tt 0, 220, @17 0,1 ]

oo [ (1 * 0. 0y *0, 0, ) £ ) (e 00y it 0.0 M) 1)
Fz;,ts =(8¢q,"") ! {o:* [£p (D O +p 0,/ D)
it (T 0, O, i 0, D) TH/,E 0% (p-'m /A £p_m, " /A)
X[s (7O 0, 07 BF) (0, 0y 0. 0 |
+l/2gw§[05:t (HA’:Ua_(D11(1)|++P«a’ilh+q)el(ps+iuall3’ ((Dalq)1++q)|lq)&+) )
F0* (0 0 Tt 0,0 gy (0410, M 0,007 13
Here
Hs=(2yn)"*/m,,
m.'=(m*+2yn’)",
G*=pop B—P:Pz’imlm', 0, =popy/+p.p’+2p_p-"04(00—2) Fm,m,’ (1—ay),

=p- p+'/A2+p p+/A":i:2mlm "JAA,
=[ps’ mfFP m,'(1—00) }/A—[m p-"(1—a0) Fp.m '1/A’,

os*=m (p.,/+'/op-"00) £m " (p.,+'/op-00),

wa'= Q) "m,, my=(m*+2yn)",

wE=Axtm/m,, ' *=1xf{m/m,’,

°6t=im¢m¢'—P—P—/ (1—00), o*= (P- p/Etmom,’)/A+ (P-,P+=th_mJ_/) /A,

6o=F'0*/AA’, p.=p°%£p., p.'=p”+p..

Accordingly, the expression for the probability cal-
culated per unit volume and unit time and for specified
polarization characteristics of the particles in the
reaction can be written

udu dcos 0 ,
Wi=mie* (1 5..>Zj(1+u)z Mooy A tlo=a'—x), (11)

i=1,2; By=¢:"/q"; Qo:=Po.TE0’ma/2A%,

where we have introduced the new variable u =(a - a’)/
a’, where a=m™(g¥ -q}).

3. EMISSION AT H<<H, PROBABILITY

For Hx H, the discrete nature of the electron states
in the constant magnetic field manifests itself only
weakly. The electron motion in such fields becomes
quasclassical and for relativistic particles [p,> m,
(2yn)'/2 > m] the discrete transverse momentum of the
electron becomes quasicontinuous (2yn=p? > m?). Con-
sidering this situation and assuming p,> p,, which can
always be obtained by changing (without loss of gen-
erality) to a reference frame that moves in the direc-
tion of the magnetic field, we keep in the integrand of
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Eq. (11) only the principal terms in the expansion in
powers of the energy. We also make use of the fact that
in this approximation

0,/'=J.4,, ©/=J.(4,—B), O/=TJ.[4.+(1+u)B],
O =T (AFuB,), O *=(afmtaT)A /oo,
Ot = (T, xadi-) (4, tuB,)/oan’;
A=AO®(t), B,=BO’(t), B=a(2y/u)"4,
A=(an"™)=*(2x/u)" (1+u)",
where &(#) and & (¢) are an Airy function and its deriva-
tive, with the argument

(12)

t=(u/2)"(1+E*+v—Mfu); Ti=Ji(|R|) (RIR.)",

and J;(|R|) is a Bessel function of order [ of the opera-
tor argument. In the limit considered (H « H,) we can
also get a simpler form for the Bessel-function argu-
ment, which contains the differential operator R =k

+g,a:
u 2g% N 2%\ 'k
h=2gE — (1 — —2 2.
zggx(T A)’ £id zgx(u), o’

_ 20

o T=a 08 0, A=Al X=TI¢_%

Using the properties of the functions J, =J; (R/R,)?,
which are analogous in their general properties to the
Bessel functions of c-number argument, we can bring
the expression for the probability of photon emission
by the electron, in this approximation, to the form

2 Yy
Jiq’on le (1+u)2 (Zx) j o8,

Si=—(7,0)*+ (1+u*/2(1+u)) { (2x/u) V[ (J.®")*+T.0T,0"
+E (T 0)*+h2 (g, O'~1T,0)*—(J,0)%
+2g% (2x/u)" @' T/ 0+T,0T/D")},

(13)

where J, é and J &' are to be taken as meaning that the
derivative is taken with reSpect to the argument: J ®
=8J,®/0h and J, & =a.J,' /ah.

The resulting expression (13) is a generalization of
known results,?*® which hold either when the field of a
plane electromagnetic wave acts on the electron or
whenthere is only a constant field. Consideration of the
limit of ultrarelativistic energies of the emitting elec-
tron (@> 1, a> w,/w) enabled us at H< H, to get from
the general expression (11) for the probability the exact
value of the probability of photon emission by an elec-
tron moving in the superposition of a constant crossed
field EL H, E=H and the field of a plane electromagne-
tic wave propagated along the Poynting vector of the
constant field.

We note that an expression for the probability in such
a configuration of electromagnetic fields in the form
of a multiple integral was first obtained in Ref. 13. The
representation (13) of the total probability of the emis-
sion process as a sum of partial probabilities, corres-
ponding to definite numbers of wave quanta taking part
in the reaction, is more convenient in many cases. In
particular, this is true for the treatment of cases in-
volving a small (or, conversely, a very large) number
of wave quanta. For example, at /=0 the expression
(13) determines the probability of synchrotron radiation
as affected by the action of an EMW of arbitrary inten-

sity:
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2w
= J(1+u)z (._.) j drw(u, 1),
wl(a, -,;)=—(Jo‘(D)z+(1+u’/2(1+u)) { /) [ (J,0")*+T,0],0"]
+E (I D)+ (g./h) 2 (I D) 2~ (J, D) ?]
+2g8 (2/u) * (J,0'1 O+1,01,'0")},  Jo=J(|R]).
If £« 1, we can confine ourselves to the first terms
of the expansion of the zeroth-order Bessel function

(14)

Jo(|R|)®="/.(4—h*+g't) O,

where the second derivative is given by the equation

" =t® that defines the Airy function. In this way, after
integrating over T we get an expression for the prob-
ability in the form of single integral

__em ¢ O (y)du .
W= 37" po !m(ﬁ"'g 12);

(15)

7-5ut+11u®*—4u®

=5+Tu+5u?, fy=-
I whou’,  fe 2(1+u)

+u'In(1+u) (1+u)?

2 l
+= (1 _‘%‘) [4+10u+11u+5u"+3u' —4ut (1+u)* In (1+a) ],

A
u s

v=(3)
At £ =0 this expression agrees with the well known inte-
gral representation for the probability W+ of synchro-
tron radiation in the quasiclassical 1imit.> At £+0 it
contains corrections to W* caused by the influence of
the wave (cf. also Refs. 10 and 15).

For the calculation of the integral (15) it is convenient
to represent its characteristic parts as Mellin-Barnes
integralss’:

. o e
Ina) == )

> 1 VTF + m_"_i)r( +m"")r(s+*/)

= —— S § T —
al(m) 2xi 4 ( 2 2 *
+
n+1 )F(—s+ n22

m=1, n=0; 2=1/9%"

[(s—"/5)T (——s +

) z°ds,

y<v<m/2; (16)

At x>1 the integral (16) can be calculated in terms of
the sum of the “right side” residues at the points s
=Yn+1)+k, s=5(n+2)+k, £=0,1,2,..

Y (e

1 n 5 n 1 -2k
~k+— — b+ —t— 2
p(-rg)r(rgrg)r(es g

1 +2
+I‘(A +—”‘; )r(k+m—9)r(—k—i)-

&

2”1 3
nl(m) Z

o) = ™) (ke 2

2

xr(k+—'2’—+%)r(k+i+i)z—7_k}. a7

In the other region x< 1 we get a series of inverse
powers of y by closing the contour of integration on the
left. The terms in Eq. (15) that contain In(1 +%) are cal-
culated analogously. Some complication in this case
arises in finding the residue at a double pole in the
region x< 1,

Using these results, we present expressions for
the probability (15) in two limiting cases (82« 1, £%x?/
N1, Byt tx1):
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5e*m? 83 g, uex 161’3
I A
2V3 p, 15 2 6 !l s
(18)
146*m?T (*/s) 45 9 5482 22
>1, = 1@ 1———)t.
x 27ps {( A AN I 7 ( 4x2)}

Since a classical limit of the probability in a constant
field exists [the terms proportional to x for x<« 1 in Eq.
(18)] the corrections due to the effects of the field can
be divided into two types: quantum terms proportional
to £%y®, and classical terms ~y£ and ~£%x*/A*, The
quantum correction leads to an increase of the prob-
ability, while the classical terms can give either an in-
crease or a decrease. In the region of large y> 1 the
corrections are decidely nonlinear functions of the field
strength.

The contributions of the other partial terms can be
calculated analogously. It must be pointed out that for
£« 1 the main contribution to the /-th term is propor-
tional to £2!'! whereas in a weak constant field (with
X< £« 1) it is either of the same order as in the field
of an EMW (for [>0), or exponentially small (for [<0).

4. THE REGION OF CYCLOTRON RESONANCE

The range of parameter values for an electron
radiating in the field (1) for which the frequency of the
wave, with the Doppler shift taken into account, is
close to the cyclotron frequency w, =eH/m, is known
asthe region of the cyclotron resonance. We shall char-
acterize the amount of deviation from the point of ex-
act resonance witha parameter ¢ = (aw) A =1 - gwy/aw,
where g==1 is, as usual, a parameter corresponding to
the two directions of rotation of the polarization vector in
a circularly polarized EMW. In what follows we shall
consider the case in which 6§ can take values much
smaller than unity (for definiteness 0< §< 1), so that
we fix g=1. In contrast with the case considered
before, we also assume that in its initial state the elec-
tron has a small transverse momentum, 2yn< m?.

Let us introduce a new variable »=(a = A")/A’
=ua’/(a’ —wy/w). It will be useful in the region con-
sidered. In this case we have

_ u o (1 [} )
o—atus’ *7C 1+1r )

Accordingly, in the quasiclassical region, where the
role of quantum effects is not important, o'~ and
when the condition 0< 6« 1 is satisfied we have » =u/5
2 0. It must be emphasized that we are neglecting here
terms of order »/5 in comparison with unity.

Let us now estimate the effective value of the number
of field photons taking part in the reaction. In par-
ticular, for the minimum value of the number ! we get

1., /1 1 , r
lm‘"—?gm(? ) E.?.ozm 5
Satisfaction of the conditions 0<& <1, >0 allows us to
conclude that the final state of the electron, character-
ized by the parameter5!,is also a resonance state, i.e.,

8" =A’/a’w~8<« 1. Then the estimate of the quantity
lmin leads to the result
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?‘|u.r

u -2, —=r8’ - H
?Z—G ;ou=rd’, /'=7‘]T
In accordance with the results of Ref. 6, where an

expression is given for the spectrum of the emitted
photons, for the motion of the electron in the field (1)
we have

(1 - o[+ (0x/20) (n— n)]
1—3,cosB (19)

where ) is the average value of the velocity of the
electron’s motion along the z axis. It follows from
Eq. (19) that the quantity s=1-»' +n, which under
resonance conditions is the number of the harmonic
that is emitted, is given by the expression

ug’ 24r -

.6 2
s=l—n’ n——-—;ﬁ—(l =7 T cosB,+cos 60) 2(1+r) (20)

where the angle §, is connected with the angle 6; cos 6,
=(cos # - B)/(1 - B cos §), and cos f,~5/¢ with §/6>1.

For the coefficients B} . we get from the integral

(9) |
1 23
v=a [F ((p)e""d(p=— j ¢/ Lo (1)deg, (21)

where in the limit considered, £> 6 (@ < 67'¢), the
arguments f and n of the two factors reduce to the sim-
ple functions

’

: . et
=g li=n T")T'eo : n=(2y) "' (e—e’)™

%, sin @,

Accordingly we have for B},. the expression
Bl =i 1n () Lo (2), (22)

where J,(z) is the Bessel function of the argument

2+r

2(1+r) '

2= (2y) "t (e+e’) m. =%(—§;) ( 1+ 2'5 +cos e.,)

and the argument of the Laguerre function I,,,, is

1 ne_ M BN

::=—2T(e——e) =’51_(_6_> r.
It must be emphasized that kinematically the condition
that the system be close to the resonance point, 6<< &,
means that the average value of the rate of motion of
the electron along the direction of the magnetic field in
the laboratory system is relativistic, 1~ gj« 1. The
connection between the basic parameters in the neigh-
borhood of resonance is given by

() =) (23)

By comparing the expression (19) with the argument z of
the Bessel function, one can see that for £> § we have
z-s, with z/s=(1+5/¢%)""2sin@,, 6,~n/2, and 2nH 'H,
« 1. Accordingly, with increasing parameter /5 the
argument and index of the Bessel function increases

like (¢/6)%, but their ratio approaches unity: 1-2%'¢
=cos?6, +56° /£« 1. It can be verified that in the limit
5« ¢ the expression

BE: (1— z)—1+§—:cos’6“

remains finite, and to describe the angular distribution
of the probability it is convenient to introduce the
quantity
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v=(%/8) cos 6o.

These results indicate that there is qualitative agree-
ment between this limiting case and the situation found
in an intense EMW,® but here the meaning of the sym-
bols is different. Using the asymptotic formula for the
Bessel function for 2> 1 (s- z), we have where ®(t) is

Ji(se)=a=""(2/s)"®[(s/2)"*(1—e?) ],
an Airy function with the argument

s\ 2 uy*® ,
=(3) (1-%)-(z) o (24)
After summing and averaging over the polarizations of

the particles of the reaction the expression far the
probability reduces in the region now considered to

w=2m j“_u> (2/, jduc:(xuy),

2 . 2y, N u 2 2
Caun=—w* (F) (1 5a5) @ W Hew),
y=(u/27)"*(1+v?). u=(a-a) /2 (25)

It must be pointed out that in deriving the expression
(25) we have carried out a summation over the index ',
on which only the Laguerre function I,,.(x) depends. The
argument of this function is a purely quantum variable
xx (m/2wg)7?. It is not hard to verify that the main con-
tribution to the classical part of the probability comes
from terms with n’ = (the so-called coherent or un-
shifted scattering, cf. Ref. 6). The contributions of the
other terms are due to quantum effects. In Eq. (25) we
have also substituted aw =w (1 -~ 6)"! and dropped unim-
portant terms ~6<« 1.9

The resulting expression is the exact result for the
probability of the emission process in a constant
crossed field. Under resonance conditions the effective
parameter for the coupling of the electron and the wave
is £/6, which for even a weak wave (£ < 1) can be large
owing to the small detuning from of the quantities aw
and wy, from the point of exact resonance:

oy/z0=1-8, <1, O<E.

We note that the maximum of the spectral distribution of
the emission probability for an electron whose initial
state is close to the point of cyclotron resonance occurs
at the frequency n=sw ~ (£/6fw =(£/6)*w,/a, where w

is the frequency of the wave, or w= m(H/H,)(£/3) in the
reference system in which g8;=0; this is slightly diff-
erent from an earlier® estimate.

In a similar way we can also get an expression for
the intensity of the radiation. Multiplying the spec-
tral and angular probability distribution by the energy
of the emitted photon

z=mau (1+u)="'(1+3,cos 8,)/(1—3,) (1—cos 6,)

and carrying out the integration over the angular vari-
able v =(£ /8) cos §,, we get for the spectral intensity
distribution

:j udu {}-(y)+l—j(lf )(1,11))0 (y)}

()

<
I

F(y)= Im(.r)d.r.

V. N. Rodionov 1051



This is also the well known expression for the intensity
of emission by an electron moving in a constant crossed
field. The role of the quantum parameter y, however,
is here played by the quantity y = (H/H,)(£/6). In the
region y < 1 we have

55Y3

2
= e?miy? (= ),
I =5-e'm*y (1 T )

(26)
where the first term agrees with the result obtained
earlier® in an exact calculation of the contribution to
the probability from coherent transitions of unexcited
electrons n’ =x =0 in the field (1). The second term is
a quantum correction to the classical 1imit of the inten-
sity (see also Ref. 8).

As has been noted previously (see Refs. 2, 3) many
characteristic features of the radiation of relativistic
particles are not directly due to the type of external
electromagnetic field in which the particles are moving.
With the relativistic motion of an electron in a constant
magnetic field and the field of an intense plane electro-
magnetic wave as examples, it was shown that in these
cases the radiation is produced on a small segment of
the particle trajectory, so that the specific nature of
the external field is manifested only rather weakly. The
situation is analogous for the region of the cyclotron
resonance in the case of an electron moving in an exter-
nal field having the configuration (1). In fact, in the
cyclotron-resonance region the transverse momentum of
the electron is determined by the parameter £/6 (2yn
<« m?) and can be relativistic owing to the resonant
action of the field (1) on the particle:

Pi~mE[6>m.

It is not hard to verify that in this case the region
where the radiation process occurs is a small portion
of the particle trajectory

Al/R~8/E<A,

where R is the instantaneous radius of curvature of the
trajectory, in complete analogy with the well known
results of Refs. 2 and 3 for the relativistic motion of an
electron in a pure magnetic field or the field of an
EMW. Because the regionin which the process occurs

is small compared with the characteristic period of
change of the field, in the limit £/6> 1 we can, as the
results show, completely neglect the change of the
field (1) within the region where the radiation is pro-
duced. This fact is illustrated in Egs. (25) and (26),
where the effect of the electromagnetic field (1) has
been reduced to the effective action of a constant field
on the particle.”’

Using the expression (23), we can see that as the
magnetic field increases from zero, beginning at
* values

" — a + ‘h+ s
o= (5 )"(1 ﬁ") E2U) 8Nt ppn e (1 2um) ],

o Ve /. \"t+p (1+2pn) ™
n=ox/m 27

there are three possible values of the energy parameter
a for each value of w,/w. Subject to the condition (27),
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we can judge as to the possibility of realizing various
types of resonant behavior. For example, if £« 1 and
2un< 1, then in a system where g, =0 we have (w,/w)
21. For £>1+2un in the same system, calculation
with Eq. (27) gives (w,/w) > £, which agress with the
analogous condition of Ref. 12 and corresponds to rela-
tivistic resonance inthe intense wave. If the opposite
inequality holds

' <1+2pn,

the main factor in the determination of the resonance
region is the energy of the particle in the magnetic

field (w,/w) 2 (1 +2un)*’®. The determination of the
upper boundary of the resonance region is based on con-
sideration of the energy lost by the system in radiation.

In conclusion the writer expresses his gratitude to
I. M. Ternov and V. P. Khalilov for helpful discussions
and valuable comments.

DUnits in which = ¢=1 are used here throughout.

DFor definiteness, we consider here throughout an electron
with charge ¢ and mass m.

9By the point of cyclotron resonance we mean the parameter
value at which the frequency of the wave is equal to the fre-
quency of the particle motion in the magnetic field, with the
Doppler effect taken into account.

Ywe point out that operator representations for some special
functions are well known, For example, for Bessel functions
there is the expression

Jn(z)=

z" d?\ "' ginz
_ 1+ — )
2=t T (n+1/2) ' (Y/2) dz? z

5We note that by a simple change of parameters this integral
reduces to the so-called G function of Meijer.

®We also note that in obtaining the argument (24) of the Airy
function, which is a classical quantity, quantum terms of
order u « 6 were dropped. Consequently in this approxima-
tion there is no dependence on the sign of 6. -

We note that without the condition 2yn <« m? the electron mo-
tion is more complicated, and this region calls for further
study. However, in this case also these qualitative conclu-
sions are apparently still valid.
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